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EDITOR'S  FOREWORD 


The  problem  of  communicating  in  a  coherent  fashion  the  recent 
developments  in  the  most  exciting  and  active  fields  of  physics 
seems  particularly  pressing  today.  The  enormous  growth  in  the 
number  of  physicists  has  tended  to  make  the  familiar  channels  of 
communication  considerably  less  effective.  It  has  become  increas- 
ingly difficult  for  experts  in  a  given  field  to  keep  up  with  the  cur- 
rent literature;  the  novice  can  only  be  confused.  What  is  needed  is 
both  a  consistent  account  of  a  field  and  the  presentation  of  a  definite 
"point  of  view"  concerning  it.  Formal  monographs  cannot  meet 
such  a  need  in  a  rapidly  developing  field,  and,  perhaps  more  im- 
portant, the  review  article  seems  to  have  fallen  into  disfavor.  In- 
deed, it  would  seem  that  the  people  most  actively  engaged  in  devel- 
oping a  given  field  are  the  people  least  likely  to  write  at  length 
about  it. 

"Frontiers  in  Physics"  has  been  conceived  in  an  effort  to  im- 
prove the  situation  in  several  ways.  First,  to  take  advantage  of  the 
fact  that  the  leading  physicists  today  frequently  give  a  series  of 
lectures,  a  graduate  seminar,  or  a  graduate  course  in  their  special 
fields  of  interest.  Such  lectures  serve  to  summarize  the  present 
status  of  a  rapidly  developing  field  and  may  well  constitute  the  only 
coherent  account  available  at  the  time.  Often,  notes  on  lectures  ex- 
ist (prepared  by  the  lecturer  himself,  by  graduate  students,  or  by 
postdoctoral  fellows)  and  have  been  distributed  in  mimeographed 
form  on  a  limited  basis.  One  of  the  principal  purposes  of  the 
"Frontiers  in  Physics"  series  is  to  make  such  notes  available  to 
a  wider  audience  of  physicists. 
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It  should  be  emphasized  that  lecture  notes  are  necessarily  rough 
and  informal,  both  in  style  and  content,  and  those  in  the  series  will 
prove  no  exception.  This  is  as  it  should  be.  The  point  of  the  series 
is  to  offer  new,  rapid,  more  informal,  and,  it  is  hoped,  more  effec- 
tive ways  for  physicists  to  teach  one  another.  The  point  is  lost  if 
only  elegant  notes  qualify. 

A  second  way  to  improve  communication  in  very  active  fields  of 
physics  is  by  the  publication  of  collections  of  reprints  of  recent  ar- 
ticles. Such  collections  are  themselves  useful  to  people  working  in 
the  field.  The  value  of  the  reprints  would,  however,  seem  much  en- 
hanced if  the  collection  would  be  accompanied  by  an  introduction  of 
moderate  length,  which  would  serve  to  tie  the  collection  together 
and,  necessarily,  constitute  a  brief  survey  of  the  present  status  of 
the  field.  Again,  it  is  appropriate  that  such  an  introduction  be  in- 
formal, in  keeping  with  the  active  character  of  the  field. 

A  third  possibility  for  the  series  might  be  called  an  informal 
monograph,  to  connote  the  fact  that  it  represents  an  intermediate 
step  between  lecture  notes  and  formal  monographs.  It  would  offer 
the  author  an  opportunity  to  present  his  views  of  a  field  that  has 
developed  to  the  point  at  which  a  summation  might  prove  extraor- 
dinarily fruitful,  but  for  which  a  formal  monograph  might  not  be 
feasible  or  desirable. 

Fourth,  there  are  the  contemporary  classics— papers  or  lectures 
which  constitute  a  particularly  valuable  approach  to  the  teaching 
and  learning  of  physics  today.  Here  one  thinks  of  fields  that  lie  at 
the  heart  of  much  of  present-day  research,  but  whose  essentials 
are  by  now  well  understood,  such  as  quantum  electrodynamics  or 
magnetic  resonance.  In  such  fields  some  of  the  best  pedagogical 
material  is  not  readily  available,  either  because  it  consists  of  pa- 
pers long  out  of  print  or  lectures  that  have  never  been  published. 

' 'Frontiers  in  Physics"  is  designed  to  be  flexible  in  editorial 
format.  Authors  are  encouraged  to  use  as  many  of  the  foregoing 
approaches  as  seem  desirable  for  the  project  at  hand.  The  publish- 
ing format  for  the  series  is  in  keeping  with  its  intentions.  Photo- 
offset  printing  is  used  throughout,  and  the  books  are  paperbound,  in 
order  to  speed  publication  and  reduce  costs.  It  is  hoped  that  the 
books  will  thereby  be  within  the  financial  reach  of  graduate  students 
in  this  country  and  abroad. 

Finally,  because  the  series  represents  something  of  an  experi- 
ment on  the  part  of  the  editor  and  the  publisher,  suggestions  from 
interested  readers  as  to  format,  contributors,  and  contributions 
will  be  most  welcome. 


Urbana,  Illinois 
August  1961 


DAVID  PINES 


PREFACE 


In  June,  1958,  at  the  invitation  of  Professor  J.  C.  Slater,  I  gave 
at  the  Massachusetts  Institute  of  Technology  a  series  of  ten  lectures 
entitled  "Interactions  of  Elastic  Waves  in  Solids."  The  aim  was  to 
present  the  application  to  a  concrete  physical  problem  of  rather 
general  techniques  developed  by  N.  M.  Hugenholtz  and  me  for  the 
study  of  interaction  effects  in  quantum  systems  of  many  particles. 
The  first  part  of  the  present  book  contains  an  expanded  version  of 
these  lectures,  prepared  by  L.  P.  Howland  and  originally  circulated 
as  a  Technical  Report  of  the  Solid  State  and  Molecular  Theory 
Group  of  M.I.T.  A  number  of  original  papers  by  G.  Placzek,  N.  M. 
Hugenholtz,  and  me,  dealing  with  problems  or  methods  discussed  in 
the  lectures,  are  represented  in  the  second  part. 

By  presenting  first  a  detailed  discussion  of  a  special  and  rather 
simple  physical  system,  an  anharmonic  crystal  lattice  at  the  abso- 
lute zero  of  temperature,  and  then  a  number  of  articles  of  greater 
generality,  we  hope  to  give  the  reader  a  convenient  and  self-con- 
tained introduction  to  one  of  the  methods  that  has  been  developed 
and  used  in  recent  years  for  the  study  of  interactions  in  quantum 
systems  containing  a  large  number  of  particles.  In  the  study  of  an- 
harmonic crystals  we  have  considered  among  other  things  the  effect 
of  the  interaction  between  elastic  waves  on  slow  neutron  scattering 
by  the  crystal.  It  is  for  this  reason  that  a  few  somewhat  older  pa- 
pers on  slow  neutron  scattering  have  been  included. 

On  behalf  of  L.  P.  Howland  and  myself  I  gladly  express  our  grat- 
itude to  Professor  J.  C.  Slater  for  his  stimulating  interest  in  the 
lecture  series  and  in  the  preparation  of  the  lecture  notes. 
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Authors  and  publishers  are  indebted  to  the  Solid  State  and  Mo- 
lecular Theory  Group  of  M.I.T.,  and  to  the  editors  of  the  Physical 
Review  and  Physica,  for  permission  to  republish  the  material  con- 
tained in  this  book. 

L.  VAN  HOVE 

Geneva,  Switzerland 
August  1961 
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INTERACTIONS  OF  ELASTIC  WAVES  IN  SOLIDS 

L.  INTRODUCTION 

In  this  report  it  is  intended  to  discuss  several  problems  in  solid-state 
physics  by  means  of  a  new  perturbation  method  for  many-particle,  quantum-mechan- 
ical systems.    The  particular  problems  to  be  discussed  concern  effects  of  the  inter- 
actions of  elastic  waves  in  ideal  single  crystals,  especially  non-conducting  crystals. 
Some  of  these  problems  have  been  treated  earlier  by  other  methods,  but  they  still 
serve  well  as  illustrative  applications  of  the  new  method. 

The  solid-state  problems  to  be  discussed  have  much  in  common  with  other 
many-particle  problems.    Examples  of  these  are  the  Fermi  gas  with  interactions 
(Brueckner  and  Levinson,   1955;  Bethe,   1956;  Goldstone,  1957)  and  the  Bose  gas  with 
interactions  (Bogolyubov,   1947;  Huang  and    Yang,  1957;  Brueckner  and  Sawada,  1957). 
The  perturbation  method  presented  here  was  actually  developed  in  a  treatment  of  the 
Fermi  gas  (Hugenholtz,   1957  a, b),  but  it  is  applicable  to  all  of  the  problems  mentioned 
above.    Furthermore,  the  method  is  closely  related  to  methods  used  in  field  theory, 
and,  in  fact,  it  was  largely  inspired  by  those  methods  (Van  Hove,   1955  b  and  1956; 
Frazer  and  Van  Hove,  1958). 

There  are  many  types  of  waves  in  addition  to  elastic  waves  which  are  famil- 
iar in  solid-state  physics.    Among  these  are  the  Bloch-type  wave  functions  for  elec- 
trons, the  spin  waves  of  magnetic  materials  at  low  temperatures,  and  the  waves  of 
x-rays  and  neutrons  which  are  used  to  study  solids  in  scattering  experiments.  In 
each  of  these  examples  the  wave  is  a  useful  concept  because  it  is  relatively  indepen- 
dent and  long-lived  in  the  total  system.    When  the  system  is  described  in  terms  of 
such  waves,  there  only  remains.the  problem  of  treating  small  interactions  between 
the  waves  to  obtain  a  complete  description  of  the  system.    When  the  interactions  are 
not   small,  of  course,  the  concept  of  the  wave  is  not  so  useful.    Even  when  the  wave 
description  is  quite  good,  however,  some  of  the  most  important  properties  of  the 
system  derive  from  the  small  interactions  which  remain.    This  is  the  case  for  all 
transport  properties,  for  example,  and  the  new  method  actually  originated  as  a  new 
approach  to  the  related  irreversible  statistics  (Van  Hove,   1955  a  and  1957). 

In  an  ideal  non-conducting  crystal  the  vibrational  problem  is  generally 
treated  in  the  following  way.    The  crystal  is  assumed  to  have  a  total  potential  energy 
which  is  only  a  function  of  nuclear  positions  (the  electrons  are  assumed  to  follow 
the  nuclei),  and  this  energy  is  written  as  a  series  in  powers  of  the  displacements  of 
nuclei  from  their  equilibrium  positions.    The  potential  energy  is  therefore  given  by  a 
constant  plus  quadratic  and  higher-order  terms  in  the  nuclear  displacements.    If  only 
the  quadratic,  or  harmonic,  terms  are  significant,  the  crystal  vibration  problem  can 
be  completely  solved  in  terms  of  independent  elastic  waves,  each  wave  being  charac- 
terized by  a  wave  vector  q,  a  polarization  vector  e,  and  a  frequency  w.    In  a  quantum- 
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mechanical  description  of  the  vibrations,  the  energy  of  each  elastic  wave  is  quantized, 
and  there  is  said  to  be  one  phonon  present  for  each  quantum  of  energy, 

The  higher -order  or  anharmonic  terms  in  the  expanded  potential  energy  give 
rise  to  interactions  between  the  elastic  waves  or  phonons  of  the  harmonic  approxima- 
tion.   Except  near  the  melting  point  of  the  solid,  these  interaction  terms  turn  out  to 
be  small  enough  that  the  elastic  waves  or  phonons  still  provide  a  good  basis  for  treat- 
ing the  vibrational  problem.    Once  the  harmonic  problem  is  solved,  then,  there  re- 
mains the  problem  of  calculating  the  effects  of  small  phonon-phonon  interactions.  The 
calculation  of  such  effects  when  the  crystal  is  at  equilibrium  or  in  its  ground  state  is 
the  main  problem  which  is  treated  in  the  present  report. 

In  an  ideal  conducting  crystal  the  vibrational  problem  is  complicated  by  the 
presence  of  conduction  electrons,  which  are  not  constrained  to  follow  the  vibrations 
of  the  nuclei  (or  the  ionic  cores).    If  the  nuclei  were  fixed  rigidly  in  their  equilibrium 
positions,  these  conduction  electrons  could  be  described  by  Bloch-type  one -electron 
wave  functions,  each  of  these  functions  being  characterized  by  a  wave  vector,  an 
energy,  and  a  spin  quantum  number.    If  the  nuclei  make  displacements  from  their 
equilibrium  positions,  however,  as  they  do  in  an  actual  vibrating  crystal,  the  crystal 
symmetry  is  no  longer  that  appropriate  to  Bloch  electrons,  and,  furthermore,  the 
electrons  cannot  be  assumed  to  follow  the  nuclei,  as  they  do  in  a  non-conducting 
crystal.    In  the  usual  treatment  of  this  problem,  the  conduction  electrons  are  descri- 
bed in  terms  of  the  Bloch  functions  of  the  non-vibrating  crystal,  and  they  are  then 
allowed  to  interact  with  the  lattice  vibrations  or  phonons.    When  a  conducting  crystal 
is  thus  described  in  terms  of  phonons  and  Bloch  electrons,  there  remains  the  problem 
of  calculating  the  effects  of  three  different  types  of  interaction:  phonon-phonon, 
phonon-electron,  and  electron-electron. 

The  interactions  described  above  for  non-conductors  and  conductors  are 
responsible  for  important  physical  effects.  The  phonon-phonon  interaction  gives 
rise  to  heat  conduction,  and  it  also  leads  to  the  effect  of  thermal  expansion.  The 
phonon-electron  interaction  also  gives  rise  to  heat  conduction,  and  it  is  responsible 
for  electrical  resistance  and  superconductivity.  The  electron-electron  interaction 
gives  rise  to  plasma  oscillations.  There  are  other  effects,  of  course,  but  those 
given  should  be  sufficient  to  illustrate  the  point. 

Theoretical  treatments  of  these  and  other  interaction  effects  are  generally 
quite  difficult,  and  the  best  treatments  of  some  are  still  far  from  satisfactory.  Since 
the  interactions  of  interest  are  small  and  non-singular,  some  form  of  perturbation 
theory  is  the  natural  basis  for  any  treatment.    Standard  perturbation  theory  is  gen- 
erally inadequate  for  a  large  system,  however,  because  some  high-order  terms  may 
be  quite  large,  even  though  the  interaction  forces  are  small. 
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There  are  also  other  difficulties  which  arise  in  treating  many-particle 
systems  by  perturbation  methods,  and  some  of  these  can  be  related  to  certain  phys- 
ical characteristics  of  the  interaction  effects.    In  the  first  place,  many  of  the  inter- 
action effects  are  at  least  partly  dissipative  in  character.    This  is  not  surprising, 
of  course,  since  a  solid  could  not  come  to  thermal  equilibrium  without  such  effects. 
Thermal  conductivity  is  one  dissipative  effect,  and  electrical  conductivity  is  another. 

For  a  dissipative  effect  which  is  somewhat  simpler  theoretically,  consider 
the  decay  of  an  extra  phonon  in  a  non-conducting  solid.    Such  a  phonon  might  have 
been  excited  by  neutron  bombardment,  for  example.    In  any  case,  the  phonon  decays 
with  a  finite  lifetime  into  two  or  more  phonons,  and  the  secondary  phonons  and  all 
the  later  products  also  decay.    The  original  system  containing  the  single  extra 
phonon  thus  decays  irreversibly  into  a  system  in  which  the  energy  of  the  original 
extra  phonon  is  distributed  among  all  the  vibrational  degrees  of  freedom  of  the 
system  and  thermal  equilibrium  is  restored.    Such  effects  are  involved  in  many 
physical  processes  of  interest,  and  one  of  the  difficulties  in  many-particle  perturba- 
tion theory  is  to  account  for  them  in  a  natural  and  practical  way. 

In  the  second  place,  some  of  the  effects  depend  upon  interaction-produced 
energy  shifts  and  involve  the  physical  characteristics  of  such  shifts.    The  particular 
characteristic  which  is  of  interest  here  is  the  volume  dependence  of  an  energy  shift, 
as  will  be  seen  below.    Thermal  expansion  is  an  energy-shift  effect,  since  it  occurs 
because  of  an  interaction-produced  shift  in  the  free  energy  of  a  crystal.    The  equilib- 
rium value  of  the  lattice  constant  at  0°K  also  involves  an  energy-shift  effect,  since  it 
depends  upon  an  interaction-produced  shift  in  the  zero-point  energy  of  a  crystal.  In 
both  of  these  examples  the  energy  shift  is  an  extensive  (bulk)  quantity,  and  it  should 
be  proportional  to  the  volume  of  the  crystal. 

For  a  different  energy-shift  effect,  consider  again  the  extra  phonon  in  a 
non-conducting  solid.    The  energy  of  this  phonon  (the  energy  required  to  excite  it)  is 
not  exactly  equal  to        as  predicted  by  harmoinc  theory,  but  it  is  shifted  from  this 
value  by  the  anharmonic  forces.    This  energy  shift  is  an  intensive  (local)  quantity, 
and  it  should  be  independent  of  the  volume  of  the  crystal. 

One  of  the  difficulties  in  many-particle  perturbation  theory  is  to  obtain  ex- 
pressions for  energy-shift  effects  which  exhibit  the  expected  volume -dependence  in 
a  simple  way.    For  many  of  these  effects  a  straightforward  calculation  leads  to  an 
expression  in  which  intensive  and  extensive  effects  are  intermixed,  even  though  the 
effect  itself  is  expected  to  be  purely  extensive  or  intensive. 

Finally,  many  interaction  effects  involve  both  dissipative  processes  and 
energy  shifts,  and  these  mixed  effects  exhibit  further  difficulties.    The  extra  phonon 
in  a  non-conducting  solid  again  provides  a  good  example.    The  lifetime  of  this 
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phonon  is  a  dissipative  effect,  but  it  is  influenced  by  the  energy-shift  effect,  since 
energy  conservation  is  involved  in  each  decay.    The  mixing  of  the  effects  is  really 
more  complete  than  this,  however.    In  view  of  the  finite  lifetime  of  the  phonon,  its 
energy  cannot  be  perfectly  well  defined.    The  phonon  therefore  has  an  energy  spec- 
trum, and  the  spectrum  must  have  a  width  corresponding  to  an  imaginary  part  of  the 
phonon  frequency  and  depending  on  the  decay  probability  of  the  phonon.    The  spectrum 
may    also  have  a  peak  position  which  depends  upon  the  decay  probability.    If  the  mix- 
ing in  such  mixed  effects  is  quantitatively  important,  intuitive  perturbation  treat- 
ments become  impossible  and  a  completely  systematic  perturbation  method  is  re- 
quired. 

In  this  report  a  general  many-particle  perturbation  method  which  handles 
the  difficulties  mentioned  above  is  presented.    The  presentation  is  accomplished  in 
the  course  of  a  discussion  of  a  relatively  simple  system  consisting  of  interacting 
phonons  in  a  non-conducting  crystal.    The  problems  for  this  system  which  are  dis- 
cussed are  the  ground-state  energy  and  wave  function  at  0°K,  the  cross-section  for 
neutron  scattering  at  0°K,  the  free  energy  at  an  arbitrary  temperature,  and,  very 
briefly,  the  cross -section  for  neutron  scattering  at  an  arbitrary  temperature.  In 
view  of  the  purpose  of  this  report  the  results  presented  are  not  in  general  those  in 
which  an  experimentalist  would  be  interested.    Important  factors  such  as  the  presence 
of  impurities  are  neglected,  mainly  low-temperature  properties  are  discussed,  and 
many  other  simplifications  are  made.    Results  of  interest  to  experimentalists  can 
be  obtained  by  the  new  perturbation  method,  but  they  will  not  be  presented  here.  No 
quantitative  calculations  have  as  yet  been  made  for  any  of  the  problems  considered 
in  this  report,  but  the  theory  has  reached  a  point  where  such  calculations  are  feasible 
and  desirable. 
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2.  INTERACTING  PHONONSINAN  IDEAL  NON-CONDUCTING  CRYSTAL:  HAMILTONIAN 

The  vibrations  of  the  nuclei  in  a  crystal  are  described  here  in  terms  of  the 
displacements  of  the  nuclei  from  rigid-lattice  equilibrium  positions,  which  are  de- 
fined below  in  terms  of  the  Born-Oppenheimer  approximation.    The  crystal  is  assum- 
ed to  be  perfect,  having  no  impurities,    vacancies,  interstitials,  grain  boundaries, 
dislocations,  or  disorder. 

If  the  nuclei  are  all  fixed  in  their  rigid-lattice  equilibrium  positions,  the 
resulting  crystal  can  be  considered  as  constructed  from  a  large  number  of  identical 
(except  near  the  surface)  cells  packed  together  with  no  space  left  over.    A  cell  of 
this  sort  containing  the  least  number  of  nuclei  is  called  a  unit  cell  of  the  crystal.  The 
shape  of  the  unit  cell  for  a  particular  crystal  is  not  uniquely  defined,  but  in  the  follow- 
ing discussion  it  is  assumed  that  some  choice  has  been  made. 

In  the  particular  unit  cell  which. contains  the  origin  of  coordinates  the  differ- 
ent nuclei  will  be  designated  by  indices  n  running  from  1  to  nQ.    The  rigid-lattice 
equilibrium  positions  of  all  the  nuclei  in  the  crystal  then  will  be  designated  by  vectors 
Rgn  which  are  given  by 

R      =  s  +  R     .  (2-1) 
sn  on  v  ' 

Here  R      is  the  position  of  nucleus  n  in  the  unit  cell  on  the  origin,  s  is  a  crystal 
on 

translation  vector  (a  vector  from  the  origin  to  the  equivalent  point  in  another  unit  cell 
in  the  crystal),  and  the  arrow  over  a  letter  which  designates  a  vector  is  omitted  when 
the  letter  appears  as  a  subscript  (as  with  s  in  Rsn)-    Each  of  the  translation  vectors 
s  can  be  written  as  an  integral  linear  combination  of  three  primitive  translation  vec- 

(2-2) 


tors,  a^,  a^,  and  a^  as  follows 


Here  S\,  s^,  and  s^  are  positive  or  negative  integers  or  zero. 

Finally,  the  actual  positions  of  all  the  nuclei  in  the  crystal  will  be  designated 
by  vectors  rsn»  each  equal  to  the  corresponding  equilibrium  vector  Rsn  plus  a  dis- 
placement vector  usn-    A  position  vector  rgn  is  therefore  given  by  the  following 
equation: 

r      =R      +u    .  (2-3) 
sn       sn       sn  x  ' 

For  an  ideal,  non-conducting  crystal  the  Born-Oppenheimer  or  adiabatic 
approximation  offers  a  good  starting  point  for  a  quantum-mechanical  treatment.  In 
this  approximation  a  ground-state  electronic  wave  function  for  the  crystal  is  calcula- 
ted from  a  Hamiltonian  which  neglects  the  nuclear  kinetic  energy  and  thus  assumes  a 
rigid  lattice.    The  electronic  wave  function  and  the  total  crystal  energy  obtained  from 
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this  Hamiltonian  only  depend  upon  the  nuclear  coordinates  as  parameters.    The  total 
wave  function  for  the  crystal  is  then  written  as  the  product  of  a  nuclear  wave  function 
and  this  rigid-lattice  electronic  wave  function,  the  nuclear  coordinates  appearing  in 
both.    To  a  good  approximation,  the  nuclear  wave  function  can  be  determined  from 
a  Hamiltonian  consisting  of  just  the  kinetic  energies  of  all  the  nuclei  and  a  potential 
energy  which  is  the  rigid-lattice  energy  determined  in  the  original  electronic  calcula- 
tion.   In  the  Born-Oppenheimer  approximation,  therefore,  the  electrons  are  taken  to 
follow  the  nuclear  motions  without  excitations  and  without  inertia,  on  the  assumption 
that  any  electronic  excitation  would  require  an  appreciable  energy  transfer. 

In  the  standard  treatment  of  the  nuclear  part  of  the  problem,  the  potential 
energy  in  the  nuclear  Hamiltonian  described  above  is  expanded  in  powers  of  the  dis- 
placements of  the  nuclei  from  their  equilibrium  rigid-lattice  positions.    The  resulting 
Hamiltonian  can  then  be  written  in  the  following  form: 

H  =  H^  +  V,  (2-4) 

where  H^  includes  all  the  terms  through  second  order  in  products  of  the  displace- 
ments and  V  includes  all  the  terms  of  higher  order.    The  energies  h'2^  and  V  will  be 
called  the  harmonic  and  anharmonic  energies  respectively. 

The  harmonic  energy  H^   in  Eq.  (2-4)   is  given  by  the  following  equation: 

H(2)  =  e    +IS    m  |u     |2  +  V(2),  (2-5) 
o     2     sn    n  sn 


where 


(2)  =  2       ,2       "2       ,Cf2)        ,       ,     ,u      u  ,  ,  ,.  (2-6) 
s,  s     n,  n    a,  a1         s-s'.nn'aa'  sna  s'n'a  v  ' 


In  these  equations  eq  is  the  equilibrium  rigid -lattice  energy  of  the  crystal,  mn  is  the 
mass  of  a  nucleus  of  type  n,  ugn  is  a  nuclear  displacement  as  defined  in  Eq.  (2-3),  the 
dot  over  u      designates  a  time  derivative,  and  u       is  the  a'th  rectangular  component 

S  n  Slid 

of  the  vector  usn«    For  a  proper  Hamiltonian,  of  course,  the  kinetic  energy  terms  in 

Eq.  (2-5)  should  be  rewritten  explicitly  in  terms  of  the  conjugate  momenta  psn, 

where  each  p^,    is  equal  to  m  u 

^sn        M  n  sn 

The  anharmonic  energy  V  in  Eq.  (2-4)  is  given  by  the  following  equation: 

V  =      2     V^v\  (2-7) 
v  =  3 

where 

V(v)  =  2  2  2  C(v) 

Sl,s2,...sv   nrn2,...nv   Oj.a^...^       VlV  S2n2al* '  * "  Svnv% 

X  u  u  .  .  .  u  .  (2-8) 

s.n.a.   s,n,a.        sna  v  ' 

111     222  v  v  v 
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Each  of  the  coefficients  C^.  .  .  (including  v  equals  2)  in  the  foregoing  equa- 
tions is  proportional  to  a  v'th-order  derivative  of  the  rigid-lattice  energy,  evaluated 
for  the  equilibrium  lattice.    Each  is  essentially  an  atomic  force  constant,  therefore. 

The  second-order  coefficients  C^       ,       ,     ,  only  depend  on  the  cell  posi- 
_         _  S^sJ,  nn'aa'       J       v  K 

tions  s  and  s'  through  the  separation  vector  s-s\    This  is  because  of  the  equivalence 
of  all  the  unit  cells  in  the  infinite  crystal.    In  addition  the  second-order  coefficients 
obey  the  following  symmetry  relations: 

C(2)        ,     ,  =  C(2)        .     .  •  (2-9) 
s,  nn'aa'  -s,  n'na'a 

In  general  the  expectation  value  of  a  v'th-order  potential  energy  term 
(including  v  equals  2)  is  of  the  order  of  magnitude  o)(u/a)V  2  per  unit  volume.  Here 
u  is  a  characteristic  nuclear  vibration  frequency,  u  is  an  average  nuclear  displace- 
ment for  a  given  temperature,  and  a  is  the  smallest  equilibrium  distance  between 
two  nuclei.    At  the  melting  point  of  the  crystal  u  is  smaller  than  a,  but  it  is  of  the 
same  order  or  magnitude.    At  temperatures  which  are  low  compared  to  the  melting 
point,  however,  u  is  much  smaller  than  a.    Under  these  circumstances  the  expecta- 
tion values  of  the  terms  decrease  rapidly  with  increasing  v,  and  V  itself  can  be 
considered  as  a  small  term  in  the  Hamiltonian  of  Eq.  (2-4).    This  fact  provides  the 
basis  for  the  use  of  perturbation  methods  in  treating  the  effects  of  anharmonic  forces 
on  crystal  vibration  phenomena. 
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3.    THE  CLASSICAL  THEORY  OF  LATTICE  VIBRATIONS 

The  classical  theory  of  lattice  vibrations  is  described  here  as  a  means  of 
introducing  concepts  and  notations  which  will  be  used  throughout  this  report.  The 
theory  is  the  Born-von  Karman  theory,  and  complete  descriptions  of  it  may  be 
found  in  many  books  and  articles  (Liebfried,   1955;  Born  and  Huang,  1954). 

In  the  Born-von  Karman  theory  anharmonic  forces  are  entirely  neglected. 
The  Hamiltonian  for  the  system  is  therefore  given  by  Eq.  (2-4)  with  V  set  equal  to 
zero,  and  it  is  just  equal  to  H^.    The  equilibrium  lattice  is  defined  somewhat  differ- 
ently in  the  classical  problem  than  in  the  quantum -mechanical  problem,  but  this  does 
not  affect  the  form  of  the  Hamiltonian.    The  equations  of  motion  for  the  nuclei  are 
obtained  from  the  Hamiltonian  H^  by  use  of  Hamilton's  equations,  and  they  are  given 
by: 

m  if       =  -22  .  ,  ,C^      ,      ,     ,u  .  ,  ..  (3-1) 
n  sna  s'n'a'        s-s',  nn'aa1  s'nV  x  ' 

The  mathematical  treatment  of  the  equations  of  motion  is  simplified  by  use 

of  the  periodic  boundary  conditions  of  Born  and  von  Karman.    For  this  the  crystal  is 

taken  to  be  a  parallelopiped  with  its  edges  parallel  to  the  principal  translation  vectors 

aj,  a^,  and  a3  and  with  L  unit  cells  along  each  direction.    This  crystal  contains  NQ 

unit  cells,  where  N    equals  L^,  and  it  has  a  volume  ft,  where  ft  equals  N  v  v 
'  o  n  o  o  o 

being  the  volume  of  a  unit  cell.  The  total  number  of  cells,  NQ,  is  taken  to  be  very 
large.  The  crystal  is  then  extended  in  all  directions  to  infinity  by  translations  Ls  of 
the  original  crystal  ,  where  s  is  any  translation  vector  of  the  form  shown  in  Eq.  (2-2) 
The  resulting  infinite  crystal  is  exactly  periodic  at  every  instant  of  time,  and  a 
nuclear  displacement  ugln  is  identical  to  another  displacement  us,,n  if  the  separation 
vector  s"-s~'  is  equal  to  one  of  the  translations  Ls.  The  number  of  degrees  of  freed- 
om of  this  infinite  crystal  is  finite  and  equal  to  3noNQ. 

Consider  the  following  plane  wave  as  a  trial  solution  to  the  equations  of 


motion  (3-1): 


aqmn"l/2[i^n)  cos  (a.  q)  +  T  £  }  sin  (s  .  q)]  .  (3-2) 


Here  q  is  the  wave  vector  of  the  plane  wave,        is  a  real  amplitude  coordinate,  and 

e  ^  and  f   ^  are  real  vector  coefficients  which  determine  the  phase  and  polariza- 
q  q 

tion  of  the  wave.    If  this  vibrational  wave  is  to  satisfy  the  periodic  boundary  condi- 
tions, the  dot  product  of  q  with  any  of  the  crystal  translation  vectors  Ls  must  be  equal 
to  an  integral  multiple  of  2ir.    To  explain  the  effect  of  this  condition  it  is  usual  to  in- 
troduce the  reciprocal  lattice. 

The  reciprocal  lattice  for  a  particular  crystal  is  the  infinite,  periodic  lattice 
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which  is  defined  by  a  particular  set  of  primary  translation  vectors,  b^,  b^,  and  by 
These  vectors  are  determined  by  the  following  set  of  equations: 

a.  .  b .  =  6...  (3-3) 

i    3  n 

Here  a^,  a^,    and  a*3  are  the  primary  translation  vectors  of  the  real  crystal,  and  6.^ 
is  a  Kronecker  delta.    A  translation  vector  of  the  reciprocal  lattice  then  can  be 
written  in  the  following  way: 

?  =  tlPl  +  T2bVT3f3'  (3"4) 

Here  t^,  t-,,  and  t-j  are  positive  or  negative  integers  or  zero.    The  translation  vector 
t  has  the  important  property  that  its  dot  product  with  any  translation  vector  s  of  the 
real  crystal  is  an  integer,  as  is  easily  verified  by  examination  of  Eqs.  (2-2),  (3-3) 
and  (3-4). 

In  terms  of  the  above  definitions  the  trial  wave  of  Eq.  (3-2)  satisfies  the 
periodic  boundary  conditions  if  and  only  if  the  wave  vector  q  satisfies  the  following 
equation: 

<f  =  2ir  (t/L),  (3-5) 

where  t  is  one  of  the  translation  vectors  of  the  reciprocal  lattice.    The  dot  product  of 
such  a  wave  vector  with  a  translation  vector  Ls  is  clearly  equal  to  an  integral  multiple 
of  2ir,  as  required. 

Not  all  of  the  wave  vectors  q  satisfying  Eq.  (3-5)  give  different  trial  solu- 
tions when  used  in  Eq.  (3-2),  however.    In  the  first  place,  using  q  plus  any  of  the 
vectors  2ttt  for  q  in  that  equation  gives  essentially  the  same  trial  solution  as  using 

q  itself.    The  coefficients  e  ^  and  F  ^  can  therefore  be  taken  to  obey  the  following 
q  q 

relation: 

e  in)     n?WfW     =f(n)  .  (3.6) 
q+2iTT       q         q+2-TTT  q 

Furthermore,  using  -q  for  q  in  Eq.  (3-2)  gives  essentially  the  same  trial  solution  as 
using  q  itself.    The  coefficients  e  ^  and  f  ^  can  therefore  be  taken  to  obey  the 
following  relations  in  addition  to  those  in  Eq.  (3-6): 

e     (n)  _  -  (n)    f    (n)  =  _f  (n)#  (3_7) 
-q  q     '     -q  q 

On  the  basis  of  Eqs.  (3-6)  and  (3-7)  the  coefficients  andt^  are  periodic 

functions  in  q-space,  and  they  are  symmetric  and  antisymmetric  respectively  on  in- 
version of  q.    They  are  only  defined  at  the  discrete  values  of  q  given  in  Eq.  (3-5),  but 
as  NQ  approaches  infinity  these  values  approach  a  continuum. 
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In  view  of  the  results  above,  all  the  different  allowed  trial  solutions  of  the 
form  of  Fq.  (3-2)  can  be  obtained  by  considering  only  a  finite  set  of  wave  vectors  q. 
The  wave  vectors  in  this  set  are  conveniently  defined  (to  within  an  inversion)  by  the 
following  three  conditions:   first,  each  satisfies  Eq.  (3-5);  second,  each  belongs  to 
the  central  unit  cell  in  q-space  (which  is  understood  to  be  just  the  ordinary  first 
Br illouin  zone  of  the  crystal);  and,  third,  no  one  is  the  inverse  of  any  other.  These 
vectors  will  be  described  hereafter  as  those  belonging  to  half  the  central  unit  cell  in 
q-space.    The  linear  independence  or  orthogonality  of  two  trial  solutions  with  differ- 
ent wave  vectors  in  this  set  can  be  established  by  use  of  the  orthogonality  relations 
for  the  functions  sin  s  .  q  and  cos  s  .  q. 

In  the  discussion  which  follows  there  should  really  be  special  consideration 
of  complications  which  arise  for  wave  vectors  which  are  zero  or  belong  to  the  sur- 
face of  a  unit  cell.    This  is  omitted  for  the  sake  of  brevity,  but  it  should  be  remem- 
bered that  these  complications  do  exist. 

When  the  trial  solution  of  Eq.  (3-2)  is  substituted  into  the  equation  of  motion, 
Eq.  (3-1),  the  following  equation  is  obtained: 

a  m  l/2[eHos(s  .  q)  +  f(n)cos(s\  q)] 
q    n  qa  M/       qa  4/J 

2a  2  ,  ,(m  m  ,)1/2|[C(2)  ,     ,cos  (s  .  q)  +  S(2)  ,     ,sin      .  q)]  e(n? 
q  n'a*v    n    n"       1  L    qnn'aa'        v       H/       qnn'aa'  H/J  qa' 

+    [C(2),      ,Sin  (S.   q)  -  S(2),      ,C0»(8.  q)jf 

L    qnn'aa'  H/       qnn'aa'  M/J    qa'  f 

(3-8) 

C       .       =  (m  m  ,)_1/2S     C^  .     .cos  (s  .  q)  (3-9) 
qnn'aa'      v    n    n"  sn   snn'aa'        v       H'  v  ' 

S      ,     ,=  (m  m  ,)_1^22    C^2^  ,     .  sin  (s  .  q).  (3-10) 
qnn'aa'     v    n    n"  sn   snn'aa'        v       My  v  ' 

Because  of  Eq.  (2-9)  the  new  quantities  C^nn,aa,  and  S^nn,  qq,  obey  the  following  use- 
ful symmetry  relations: 

C  -  C  S  =-S  (3-11) 

-q,  nn'aa'        qnn'aa"     -q,  nn'aa'         qnn'aa'*  ' 

It  is  now  assumed  that  the  quantity  a^  in  Eq.  (3-8)  can  be  replaced  by  -co2a^, 
where  w2  is  real  and  positive.    Under  this  assumption  a^  obeys  the  equation  of  motion 
of  a  linear  harmonic  oscillator  of  frequency  w  .    On  the  basis  of  this  assumption  and 
the  orthogonality  relations  for  sin  s  .  q  and  cos  s  .  q,  Eq.  (3-8)  can  be  transformed 
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to  the  following  pair  of  equations: 

22  ,  ,[C       ,     ,e(n?  -  S      ,     ,f(n!>]       2  (n) 
n'a'L    qnn'aa*  qa'       qnn'aa1  qa'  J  =  e^7 

22  ,  ,[S      ,     ,e(n?  +  C       ,     ,f(n|']  =  w2f(n'  (3-12) 
n'a       qnn'aa'  qa        qnn'aa'  qa'  q  qa 

These  equations  are  actually  quite  practical,  since  there  are  only  a  few  of  them  for 
each  value  of  the  wave  vector  q  (as  will  be  seen  below),  and  since  the  summations  in 
the  associated  equations  (3-9)  and  (3-10)  only  involve  a  few  terms  and  can  be  calcula- 
ted for  reasonable  models  of  many  crystals. 

For  a  particular  wave  vector  q,    Eqs.  (3-12)  define  a  standard  eigenvalue 
problem.    The  associated  secular  equation  is  of  order  6nQ  in  general,  since  a  runs 
over  the  three  rectangular  components  of  a  vector,  n  runs  over  the  nQ  nuclei  in  a 
single  unit  cell,  and  both  an^  f^"'  are  to  be  determined.    The  number  of  eigen- 

values of  a  secular  equation  is  equal  to  the  order  of  the  equation.    In  the  present  case, 

then,  there  must  be  6n    eigenvalues  cj  .    For  each  of  these  6n    eigenvalues  there  is 

o     6      /  \        .q.  o 
an  independent  eigenvector  (e^  ' ,  ^^n')>  where  the  first  vector  in  parentheses  is  the 

coefficient  of  cos  (s  .  q)  and  the  second  of  sin  (s  .  q)  in  the  trial  solution  of  Eq.  (3-2). 

For  each  eigenvector  (e  f   ^n'),  however,  there  is  a  second,  (-f   ^n',  e  ^), 

6  q  q  q  q 

having  the  same  wave  vector,  which  is  degenerate  with  the  first.    For  a  given  wave 
vector  q,  then,  there  are  only  3nQ  eigenvalues  which  can  be  different.    These  3nQ 
eigenvalues  will  be  written  as        with  j  running  from  1  to  3nQ.    The  two  independent 
eigenvectors  corresponding  to  an  eigenvalue  oj2  .  will  then  be  written  as  (e^,  f '  ^  ) 
and  (-fW  eq/). 

The  following  set  of  equations  express  the  condition  for  the  linear  independ- 
ence of  different  eigenvectors  with  the  same  wave  vector,  and  they  also  express  a 
convenient  normalization  for  the  eigenvectors: 

2  [i"<n).  i^n!  +  f(n).  f(n!]  =6..,, 
nL   q]        qj*       qj         qj'J  Jj' 

2  ^.f^f^.e^!]    =  0.  (3-13) 

n  qj      qj'     qj     qj  J 

Here  j  and  j*  can  each  have  any  one  of  3nQ  values.    The  orthogonality  expressed  by 
these  equations  can  be  proved  directly  from  Eqs.  (3-12). 

The  eigenvalues  and  eigenvectors  discussed  above  comprise  the  solutions  of 
Eqs.  (3-12).    If  one  of  these  solutions  is  substituted  into  Eq.  (3-8),  that  equation 
reduces  to  the  expected  harmonic  oscillator  equation  for  the  appropriate  amplitude 
coordinate.    This  result  justifies  the  assumption  made  in  the  derivation  of  Eqs.  (3-12). 
Each  solution  describes  what  is  called  a  normal  mode  of  vibration  for  the  crystal, 
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and  the  associated  amplitude  coordinate  is  called  the  amplitude  of  the  normal  mode. 

There  are  found  to  be  just  3nQNo  independent  normal  modes,  and  this  is  just  equal  to 

the  original  number  of  degrees  of  freedom,  as  should  be  expected. 

At  this  point  it  is  useful  to  mention  a  few  characteristics  of  the  solutions 

discussed  above.    For  a  given  wave  vector  q,  there  are  eigenvalues  w^.  with  j  running 

from  1  through  3nQ.    If  the  order  of  the  indices  j  is  chosen  to  arrange  the  eigenvalues 

in  order  of  increasing  magnitude,  the  frequency  co^..  for  a  given  j  can  be  considered  a 

continuous  function  of  q  (in  the  limit  of  infinite  N  ).    Since  there  are  3n    values  for  i, 
n  o  o  J 

there  are  3nQ  such  frequency  functions.    Three  of  these  functions  are  found  to  become 
proportional  to  the  magnitude  q  as  q  approaches  zero,  and  these  frequencies  corres- 
pond to  acoustic  vibrational  modes  of  the  crystal.    The  acoustic  modes  with  q  equal  to 
zero  represent  pure  translations  of  the  crystal.    The  remaining  3(nQ-l)  frequency 
functions  approach  non-zero  values  as  q  approaches  zero,  and  these  correspond  to 
optical  vibrational  modes.    The  modes  themselves  (acoustic  and  optical)  are  both 
longitudinal  and  transverse,  and  there  are  two  modes  for  each  frequency. 

The  solutions  discussed  above  are  all  obtained  by  considering  only  the  wave 
vectors  q  in  half  of  the  central  unit  cell  in  q-space.    For  later  work,  however,  it  is 
useful  to  consider  other  values  of  q  as  well.    The  solution  for  an  arbitrary  value  of  q 
can  be  obtained  from  the  basic  solutions  by  use  of  Eqs.  (3-6)  and  (3-7).    When  these 
equations  are  used,  the  following  relations  are  obtained: 

An)     r  Hn)      2  2 

q  +  2ttt,  j       q,  j  '     q  +  2itt,  J        qj        q  +  2ttt,  J  qj 

e       .  =  e    '     f    '.  =  -f    /,<*>  =  co  ..  (3-14) 

-q.  j  qj      -qj  qj    -qj  qj 

These  relations  should  be  taken  to  mean  that  the  wave  vector  associated  with  a  par- 
ticular normal  mode  or  frequency  is  only  defined  modulo  2ttt  and  to  within  an  inver  - 
sion.    The  reason  for  this  convention  will  become  clear  in  later  sections. 

The  instantaneous  displacement  of  an  individual  nucleus  in  a  crystal  is  equal 
to  the  sum  of  its  instantaneous  displacements  in  each  of  the  normal  modes  of  the 
crystal.    This  fact  is  expressed  in  the  following  equation: 


vT     =  (2N 


sn 


rl/2su.c2  /     {^n)         (-    5)  +  f(n)sin(£\ 
on7  q         J  \  qjL   qj  H'  qj 

+  "'qjt-fqf  cos  (»  ■  5)  +  sin  (s  .  q)]  .  (3-15) 

Here  the  superscript  u.  c.  on  the  summation  sign  indicates  that  the  summation  is  to 
run  over  the  entire  central  cell  in  q-space,  and  the  constant  factor  (2NQ)  which 
does  not  appear  in  Fq.  (3-2),  has  been  introduced  to  simplify  later  expressions.  The 
summation  on  q  only  needs  to  run  over  half  a  unit  cell  to  include  all  the  different 
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normal  modes,  but  it  is  formally  convenient  to  extend  it  as  shown.  With  this  exten- 
sion, each  normal  mode  having  a  general  wave  vector  appears  twice. 

If  the  extension  of  the  summation  in  Eq.  (3-15)  is  to  make  sense,  the  ampli- 
tude of  a  particular  normal  mode  must  be  taken  to  be  independent  of  how  the  wave 
vector  of  the  mode  is  specified.    On  the  basis  of  Eqs.  (3-14)  for  the  normal  modes, 
then,  the  amplitudes  can  be  taken  to  obey  the  following  relations: 

a     .  ,       .  =  a   .,  a1    ,  -,       .  =  a1  . 
q  +  2ttt,  J       qj        q  +  2ttt,  j  qj 


a 


a'  =  -a*  ,  (3-16) 


q,  j  qj>    -q.  j  qj 


These  relations  are  obviously  more  general  than  is  required  for  Eq.  (3-15),  but  they 
will  prove  useful  in  later  work. 

Eq.  (3-15)  can  be  described  as  a  transformation  to  normal  coordinates  for 
the  vibrating  crystal.    The  normal  coordinates  are  the  independent  amplitudes  of  the 
normal  mode  vibrations.    As  shown  by  earlier  results  the  number  of  degrees  of  free- 
dom of  the  system  is  preserved  by  this  transformation. 

The  harmonic  Hamiltonian  for  a  crystal  can  be  obtained  in  terms  of  the 
normal  coordinates  by  substituting  the  transformation  of  Eq.  (3-15)  into  the  energy 
expression  of  Eq.  (2-5).    The  resulting  Hamiltonian  must  correspond  to  an  infinite 
energy,  since  Eq.  (2-5)  must  be  taken  to  give  the  energy  of  the  infinite  crystal  with 
periodic  boundary  conditions.    The  energy  per  independent  region  of  the  infinite 
crystal  is  easily  extracted,  however,  and  this  is  given  by  the  following  equation: 

H(2)  =  t    +  (1/4)  2U-C'2.3n°  [a    2  +  a»    Z)  +  u  2  (a  2  +  a'    1  )]  .  (3-17) 

o    w  '  q      j  =  i    qj       q]       qj    qj  qj 

The  symbols  H^  and  eq  used  here  are  the  same  as  those  used  in  Eq.  (2-5),  but  they 
are  now  to  be  interpreted  as  energies  per  independent  region  of  the  crystal,  such  a 
region  containing  NQ  cells  and  having  a  volume  12.    The  Hamiltonian  H    ^  with  its  new 
meaning  still  involves  all  of  the  degrees  of  freedom  of  the  infinite  crystal,  and  it  is  a 
perfectly  good  Hamiltonian  on  which  to  base  either  a  classical  or  a  quantum-mechan- 
ical description  of  the  infinite  crystal.    In  Eq.  (3-17)  for  H^  the  contribution  for 
each  normal  mode  with  a  general  wave  vector  appears  twice  because  the  summation 
on  q  again  runs  over  an  entire  unit  cell  in  q-space. 

Eq.  (3-17)  may  be  used  to  verify  various  properties  of  the  transformation  to 
normal  coordinates.    In  the  first  place,  the  equations  of  motion  for  the  normal  coor- 
dinates are  easily  obtained  from  it  by  use  of  Hamilton's  equations.    The  momenta 
which  are  conjugate  to  the  coordinates  a  .  and  a1  .  are  o    .  and  a1  .  respectively. 

qj        qj        qj  qj 

The  equations  of  motion  are  therefore  found  to  be 
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*d   .  =-w^.a   .,  a'   .  =  -w^.a'   .,  (3-18) 

qj      qj  q]     qj      qj  qj  ' 

and  these  are  the  equations  of  motion  of  simple  harmonic  oscillators,  as  expected. 

In  the  second  place,  the  eigenvalues  u>2 .  can  be  proved  to  be  positive  from 

(2)  ^ 
the  form  of  H    '  in  Eq.  (3-17),  and  they  must  be  positive  if  Eqs.  (3-18)  are  to  lead 

to  undamped  harmonic  oscillation.    The  eigenvalues  are  positive  because  the  poten- 
tial energy  in  must  be  positive  for  every  set  of  values  of  the  normal  coordinates, 
this  energy  being  the  deviation  of  the  potential  energy  of  the  crystal  from  its  mini- 
mum in  the  limit  of  small  nuclear  displacements  (when  V  is  negligible). 

Since  the  solutions  of  the  equations  of  motion  (3-18)  are  well  known,  the 
classical  problem  of  lattice  vibrations  in  the  harmonic  approximation  is  solved.  Once 
the  procedures  outlined  above  have  been  carried  out,  it  is  only  necessary  to  specify  a 
set  of  initial  conditions  in  order  to  know  the  nuclear  displacements  of  a  crystal  at 
ever  instant  of  time. 

As  a  final  note,  it  is  useful  to  express  the  nuclear  displacements  of  a 
crystal  in  terms  of  complex  modes  instead  of  the  real  modes  of  Eq.  (3-15).    This  is 
done  by  rewriting  the  trigonometric  functions  in  Eq.  (3-15)  in  terms  of  exponentials, 
and  the  result  is  as  follows: 

u^M^mJ^/^^^Z^^a^-ia^Jtel^-if^e^-  S]  .  (3-19) 


qj       qj     qj  qj 


In  this  expansion  each  pair  of  indices  q  and  j  designates  a  distinct  complex  mode,  and 

there  are  3n  N    such  modes,  which  is  the  same  as  the  number  of  distinct  real  modes, 
o  o 

The  amplitude  of  a  complex  mode  is  itself  complex,  and  it  has  no  simple  behavior 
under  inversion  of  q.    Since  both  a  .  and  a'  .  oscillate  harmonically  with  the  same 

H  qj  qj 

frequency  w^,  the  complex  amplitude  (a^  -  ia'qj)  also  oscillates  harmonically  with 
this  frequency. 
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The  quantum  theory  of  harmonic  lattice  vibrations  is  based  on  the  harmonic 
Hamiltonian  which  is  given  in  Eq.   (3-17).    It  thus  assumes  that  the  secular  equa- 

tion arising  from  Eqs.  (3-12)  have  been  solved  and  that  the  normal  modes  and  their 
frequencies  are  known.    The  harmonic  Hamiltonian  H^  is  then  quantized  in  a 
fashion  familiar  from  second  quantization  in  field  theory.    This  procedure  is  out- 
lined below. 

The  momenta  conjugate  to  the  normal  coordinates        and  a'^  will  be  sym- 
bolized by        and  p'^   respectively,  as   mentioned  in  Section  3.    These  momenta  are 
given  by  the  following  equations: 

p  .  =  a       p«  •  =  a1  ..  (4-1) 

qj     qj     qj  qj 

In  view  of  Eqs.  (3-16),  these  momenta  must  have  the  following  symmetry  properties: 
Pq  +  2ttt,  j  "  Pqj'  P  q  +  2ttt,  j  "  P  qj' 

p  =  p   .,  p1  =  p'   -  (4-2) 

q»  j         Hqj     ~q»  j  qj 

Quantization  proceeds  by  treating  the  normal  coordinates        and  a*^  and 
their  conjugate  momenta  p^  and  p'^  as  operators,  although  retaining  in  them  the 
symmetry  with  respect  to  cfof  the  classical  quantities.    As  operators  they  are  taken 
to  obey  the  following  set  of  commutation  rules: 


All  other  commutators 

Here  the  symbol  [  x,  y]   denotes  the  commutator  of  the  operators  x  and  y  (which  is  just 
the  operator  xy-yx),  ifi  is  h/2ir,  the  reduced  Planck's  constant,  t  is  any  vector  of  the 
reciprocal  lattice,  and  "all  other  commutators"  means  all  those  which  can  be  obtained 
by  choosing  pairs  from  the  normal  coordinates  and  their  conjugate  momenta. 

The  commutation  rules  discussed  above  are  somewhat  different  than  those 
which  are  usual  for  coordinates  and  momenta  because  the  indices  q  and  j  do  not  al- 
ways designate  distinct  operators.    They  reduce  to  the  ordinary  rules  if  the  wave 
vectors  q  and  q*  are  restricted  to  half  of  the  central  unit  cell  in  q-space,  however. 


r   1  if  q'  =  q  +  2ttt  or  q'  =  -q'  =  2itt 
\  0  otherwise 

r   1  if  q'  =  q  +  2ttt  ^  -q  +  2ut' 
\   -1  if  q1  =  -q  +  2ttt  £  +q  +  Zirr' 
0  otherwise 

=  0.  (4-3) 
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As  in  field  theory  it  is  convenient  at  this  point  to  introduce  a  transformation 
from  the  operators  defined  above  to  creation  and  annihilation  operators.  This  trans- 
formation is  defined  by  the  following  equations: 

aqj  =  u/zK.yw'/^-iay  ♦  (1/2)i(^q.)-1/2(Pq.-tp.q.). 

4  ■  (^M-y^V^V  -  o/iwifcj-'/'fe^y.  (4-4) 

* 

Here  a  .  and  a  .  are  respectively  creation  and  annihilation  operators,  and  one  is  the 
Hermitian  conjugate  of  the  other. 

On  the  basis  of  Eqs.  (4-4)  the  coordinate  and  momentum  operators  can  be 
written  out  in  terms  of  the  creation  and  annihilation  operators  as  follows: 

a  .=     Im/c  .)1/2  [(a*.+a  •)  +  (a*     .+a  .)] 

qj     z     m         qj  qj      ~q>  J  'q'3 

p  .  *    iittu    .)1/2  [(a*. -a  .)  +  (a*     .-a  .)] 

pqj      2V/  qr         qj   qr      -q.J  -q»J 

a'  .  =  -dm/u,  .)1/2  [(a*. -a  .)  -  (a*     .-a  .)] 

qj      2  f/  qj  qj   qr      -q.j   -q. r 

p  .  =     J-Ofo    .)1/2  [(a*.+a  .)  -  (a*     .+a       .)]  . 

Pqj        2       qj  qj     ^  (4-5) 

* 

By  the  nature  of  their  definitions  a  .  and  a  .  are  both  transformed  into 

J  _    qj  qj 

different  operators  by  the  inversion  of  q.    This  fact  is  reflected  in  the  appearance  of 

these  operators  with  both  plus  and  minus  q  in  Eqs.  (4-5).    In  order  to  define  all  the 
* 

distinct  operators  a  .  and  a  .,  therefore,  it  is  necessary  to  consider  all  the  wave 

H  qj        qj  _ 

vectors  in  a  whole  unit  cell  in  q-space.    In  view  of  this  there  are  6nQNQ  distinct  crea- 
tion and  annihilation  operators  just  as  there  were  6nQNQ  distinct  coordinate  and 
momentum  operators. 

In  view  of  Eqs.  ( 3 - 1 6 )  and  (4-2)  the  creation  and  annihilation  operators  are 
carried  into  themselves  by  lattice  translations  in  q-  space  .     This  is  expressed  by 
the  following  equations: 

a  .  =  a  .,    a*  .  =  a  ..  (4-6) 

q+2TTT)  J       qj        q+2TTT,  ]  qj 

Although  the  creation  and  annihilation  operators  do  not  have  the  simple 
properties  under  inversion  which  the  coordinate  and  momentum  operators  have,  they 
have  the  advantage  of  very  simple  and  useful  commutation  rules.    These  rules  are 
the  following: 
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[a   .,  a*,.,]    =  6..,  A 

1  qj   qj*       jj  q-q 

where  the  wave  vectors  q  and  q'  can  be  either  general  or  special.    The  quantity  A^ 
appearing  here  is  defined  by  the  following  equation: 

A    =26     .     .  (4-8) 
q        t  q,  Ittt 

It  is  therefore  equal  to  one  if  q  is  equal  to  any  vector  2ttt  and  zero  otherwise. 

If  the  harmonic  Hamiltonian  of  Eq.  (3-17)  is  written  out  in  terms  of  creation 
and  annihilation  operators,  on  the  basis  of  Eqs.  (4-5),  it  is  given  by  the  following  ex- 
pression: 

»w=vvc'i^v;''  <4-9) 

In  this  form  the  Hamiltonian  is  a  sum  of  3nQNo  terms,  each  of  which  is  independent  of 
the  others. 

The  eigenfunctions  and  eigenvalues  of  the  Hamiltonian  given  above  can  be 
constructed  formally  in  a  very  simple  way.    Each  eigenfunction  can  be  generated  (to 
within  a  normalizing  constant)  by  the  operation  of  some  product  of  creation  operators 
on  the  ground-state  eigenfunction.    The  corresponding  eigenvalue  is  then  given  by  the 
following  expression: 

c    +  S  U*  G-  S3"0,  fa  .(n  .  +  1),  (4-10) 
o      q        j  =  i '  qj   qj  2' 

where  n  .  is  the  number  of  times  (including  zero)  that  the  operator  a  .  appears  in  the 

qj  ^J 

product  which  generates  the  eigenfunction.    These  facts  are  easily  verified  by  opera- 
ting on  the  proposed  eigenfunctions  with  the  Hamiltonian  of  Eq.  (4-9)  and  by  then 
using  the  commutation  relations  (4-7)  and  the  fact  that  an  annihilation  operator  opera- 
ting on  the  ground  state  wave  function  gives  zero. 

Each  eigenfunction  generated  by  a  product  of  creation  operators  is  uniquely 

characterized  by  the  set  of  3n  N    numbers  n  .  which  tell  the  number  of  times  the 

J  o   o  qj 

creation  operator  of  each  mode  appears  in  the  product.    The  order  of  the  creation 

operators  in  a  product  is  immaterial.    The  orthogonality  of  different  eigenfunctions 
is  easily  proved  by  use  of  the  commutation  relations  (4-7). 

If  Eq.  (3-19)  for  the  nuclear  displacements  is  written  out  in  terms  of  crea- 
tion and  annihilation  operators  on  the  basis  of  Eqs.  (4-5),  the  result  is  as  follows: 

u      -Z  U'C-2.  (2m  N  w  .)"l/Z(a  *»*    Jffft  "fffeWf  *  * 
sn        q  ]  1      n   o  qj'  qj     -q,  3     qj  qj 
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q  J         n   °  \    qjV  qj  qj  ;e 


From  either  of  these  equations  it  can  be  shown  that  the  expectation  value  of  a  nuclear 
displacement  is  zero  for  any  eigenstate  of  H^Z\  as  should  be  expected. 

The  time -dependence  of  the  operator  for  a  nuclear  displacement  can  be  ob- 
tained from  that  of  the  appropriate  creation  and  annihilation  operators.    Since  all  of 
the  matrix  elements  of  an  annihilation  operator  a^  between  the  eigenfunctions  defined 
above  are  independent  of  time,  a^  must  obey  the  following  equation 

kqj  =  W"1[aqj'H(2)]'  (4"13> 
which  is  obtained  from  the  Heisenberg  equation  of  motion.    On  use  of  the  Hamiltonian 
H      as  given  in  Eq.  (4-9)  and  the  commutation  rules,  this  becomes: 

which  gives 


aqj(t)  =  aqj(0)  GXP  t"lwqjt>'  (4"15> 

With  this  result  the  following  expression  is  obtained  from  Eq.  (4-12)  for  a  nuclear 
displacement: 

-«W  =  V2mnVqj>~'/2{  V0'^"'  "  O^"^  ?- V  ] 

♦  .^WtfW  -  expI-UcT.  s  -  UqJt)  ]}.  (4-16) 

The  operator  for  a  nuclear  displacement  is  thus  seen  to  be  given  by  a  linear  combina- 
tion of  traveling  waves  with  coefficients  containing  creation  and  annihilation  operators. 
Each  of  these  traveling  waves  is  characterized  by  a  single  pair  of  indices  q  and  j. 

For  convenience  the  quantum-mechanical  vibrating  crystal  is  generally 
described  in  terms  of  phonons.    For  each  creation  operator  a*,  in  the  product  which 
generates  an  eigenfunction  of  the  vibrating  crystal  there  is  said  to  be  a  phonon  q  j  in 
the  crystal.    For  each  phonon  qj  in  a  crystal,  then,  there  is  a  contribution  to  the  total 
energy  of  Jta  .,  according  to  Eq.  (4-10).    The  phonon  itself  is  therefore  said  to  have 
an  energy  ^qy    A  creation  operator  a^  acting  on  any  eigenfunction  of  the  crystal 
produces  another  eigenfunction  (to  within  a  normalizing  constant)  with  one  more 
phonon  qj  than  the  original,  and  it  is  therefore  said  to  create  a  phonon  qj.  An 
annihilation  operator  a^  acting  on  any  eigenfunction  can  be  shown  to  annihilate  one 
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OPERATORS 

phonon  qj  if  there  is  such  a  phonon  in  the  eigenfunction  and  to  give  zero  if  there  is  not. 
Because  of  the  form  of  Eq.  (4-l6)  each  phonon  is  to  be  thought  of  as  a  traveling  quan- 
tum of  vibrational  energy.    The  name  "phonon"  reflects  the  fact  that  sound  waves  in  a 
crystal  are  just  lattice  vibrations  of  small  q,  but  the  word  is  generally  taken  to  apply 
to  optical  as  well  as  acoustic  vibrations. 
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5.    FORMULATION  OF  THE  PERTURBATION  PROBLEM 

In  the  preceding  section  the  nuclear  vibrations  in  a  crystal  were  assumed 
to  be  determined  entirely  by  the  harmonic  Hamiltonian  H^,  and  this  led  to  a  descrip- 
tion of  the  vibrations  in  terms  of  independent  phonons.    The  problem  now  is  to  deter- 
mine the  effects  of  the  anharmonic  energy  V  which  appears  with  in  the  total  Ham- 
iltonian of  Eq.  (2-4).    If  V  is  sufficiently  small,  the  concept  of  phonons  is  still  mean- 
ingful, and  V  can  just  be  regarded  as  causing  interactions  between  the  phonons.  In 
this  case  the  effects  of  V  can  be  investigated  by  means  of  perturbation  theory.  In 
anticipation  of  such  an  investigation  it  is  useful  to  study  the  complete  Hamiltonian  in 
some  detail  and  to  introduce  an  improved  notation. 

The  Hamiltonian  which  is  the  basis  of  all  of  the  work  to  follow  is  the  quan- 
tum-mechanical form  of  the  Hamiltonian  H  which  is  given  by  H^  +  V.    The  harmonic 
part  of  this  Hamiltonian,  H^,  is  given  in  a  form  suitable  for  present  purposes  in 
Eq.  (4-9).    The  anharmonic  part,  V,  can  be  obtained  in  a  suitable  form  from  Eqs. 
(2-7)  and  (2-8)  by  use  of  the  transformation  to  creation  and  annihilation  operators 
which  is  given  in  Eq.  (4-5).    The  resulting  anharmonic  energy  is  infinite,  since  Eqs. 
(2-7)  and  (2-8)  give  the  anharmonic  energy  of  the  infinite  crystal  with  periodic  bound- 
ary conditions,  but  the  anharmonic  energy  per  independent  region,  which  is  finite,  is 
easily  extracted  from  this.    This  anharmonic  energy  per  independent  region  is  given 
by  the  following  equation: 


V  =     2  V 
v  =  3 


(v) 


[5-D 


where 


V(v)  =  (8*3/N  v  )(v/2)-I  SUiC- 


qrq2. 


K  qi3i-V2'"-V 


x  [ 


q,j 


.    ]  [a     .    +  a       .  ] 


X  A 


1  +  "2  +  • 


(5-2) 


In  the  latter  equation  vq  is  the  volume  of  the  unit  cell  of  the  crystal,  and  the  factor 
(8tt3/vo/V/2^  1  is  introduced  to  simplify  later  expressions.    The  other  quantities 
are  discussed  below. 

The  symbols  V  and  used  in  Eqs.  (5-1)  and  (5-2)  are  the  same  as  were 

used  in  Eqs.  (2-7)  and  (2-8),  but  they  are  now  to  be  interpreted  as  energies  per  inde 
pendent  region  of  the  infinite  crystal.    Since  H^  in  Eq.  (4-9)  has  a  similar  interpre 
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tation,  the  sum  of  the  new  and  the  new  V  gives  a  new  total  Hamiltonian  H  which 

also  is  an  energy  per  independent  region.  Like  H^  this  new  total  Hamiltonian  H  in- 
volves all  the  degrees  of  freedom  of  the  infinite  crystal,  and  it  is  perfectly  adequate 
as  the  basis  for  a  quantum-mechanical  description  of  this  crystal. 

The  quantity  A^  +      +        :    which  appears  in  Eq.  (5-Z)  is  equal  to  one  or 
zero  depending  on  whether  the  total\ave  vector  (ql  +  q2  +  .  .  .  qy)  is  or  is  not  equal  to 
one  of  the  translation  vectors  of  q-space,  2ttt.    It  occurs  in  Eq.  (5-2)   as  a  result  of 
the  following  equality: 

<i/*0>*,«t!r-'sr"'V  <5"3) 

and  it  leads  to  important  consequences,  which  will  be  discussed  later. 

The  quantity  B^v).         .     .  .  .  q  j    appearing  in  Eq.  (5-2)  is  essentially  the 
Fourier  transform  of  the1  appropriate  coefficient  C^n  Q    s  n  a        s  n  a    in  Eq.  (2-8), 
but  in  view  of  the  scope  of  the  present  report  it  neefc  nolf  be2 written  out  explicitly  here. 
Several  properties  of  this  quantity  should  be  mentioned,  however.    Most  importantly, 

turns  out  to  be  a  finite  quantity  which  is  independent  of  the  size  of  the  crystal  (as 
long  as  the  crystal  is  reasonably  large).    It  does  contain  a  factor  [  uq  ^  uq  j  .  .  .to    j  ] 
which  can  become  infinite  if  one  of  the  frequencies  corresponds  to  an^couitical  v 
mode  with  a  wave  vector  of  zero  (or  Ztrr),  but  the  infinities  arising  from  this  factor 
are  not  important.    In  the  few  cases  in  which  these  infinities  are  not  eliminated  by 
weighting  factors  multiplying  the  coefficients  B^  ,  they  are  excluded  explicitly  on 
the  ground  that  an  acoustical  mode  with  a  wave  vector  zero  (or  2ttt)  is  just  a  pure 
translation  of  the  crystal  as  a  whole.    Other  properties  of  B^  are  that  it^ts  un- 
changed by  permutations  of  its  index  pairs  qj,  and  that  it  is  changed  into  its  complex 
conjugate  by  an  inversion  of  all  its  wave  vectors. 

The  effect  of  the  perturbing  term  acting  on  an  eigenstate  of  the  harmonic 

Hamiltonian  H^  is  easy  to  describe  in  the  phonon  representation.    If  the  operators  in 
square  brackets  in  Eq.  (5-2)  for  V(v)  are  multiplied  together,  V(v)  is  given  by  a  lin- 
ear combination  of  v'th-order  products  of  creation  and  annihilation  operators.  One 
such  product  operating  on  a  phonon  state  gives  either  another  phonon  state  (to  within  a 
normalizing  constant)  or  zero.    Because  of  the  factor  Aq  +  q  +  _  _  _      multiplying  each 
of  these  products  of  operators,  however,  the  only  new  phonon  statesvwhich  can  be  gen- 
erated are  those  having  the  same  total  wave  vector,  module  Zvt,  as  the  initial  phonon 
state. 

As  an  illustration,  consider  the  following  typical  contribution  to  the  third- 
order  perturbing  term  V  : 
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Let  us  apply  this  on  a  phonon  state  containing  phonons  and  q-J.,  among  others. 

Then  a*     ■    creates  a  phonon  -q,jv  a    ,    annihilates  a  phonon  q  j    and  a  • 
annihilates  a  phonon  q^jj-    The  total  wave  vector  of  the  final  state  equals  that  of  the 
initial  state  plus  a  vector  -q1  -  ql  -  q"3>  and  this  vector  must  be  zero  or  2ttt  if  the 
final  state  is  not  to  be  multiplied  by  a  factor  of  zero. 

In  view  of  the  remarks  above,  the  effect  of  the  total  perturbing  term  on 
a  phonon  state  is  to  induce  transitions  to  other  states  having  the  same  total  wave 
vector,  modulo  2ttt,  as  the  initial  state.    The  selection  rule  on  these  transitions  re- 
sembles a  momentum  conservation  except  for  the  qualification  "modulo  2ttt"  ()4  times 
a  wave  vector  q  has  the  dimensions  of  momentum).     The  total  wave -vector 
for  a  particular  phonon  state  cannot  correspond  to  an  actual  momentum 
of  the  crystal,   however,   because  the  only  modes  of  vibration  which 
correspond  to  non-vanishing  values  of  the  total  crystal  momentum  are  the 
acoustical  modes  with  wave  vectors  which  are  zero,  and  these  are  excluded  from  the 
total  wave  vector.    The  total  wave-vector  is  therefore  only  associated  with  the  pro- 
pagation of  internal  energy  through  the  crystal.    In  scattering  problems  this  wave 
vector  multiplied  by  l/i  does  enter  into  conservation  equations  with  real  momenta,  how- 
ever, and  this  will  be  shown  later.    In  view  of  these  facts,  the  wave  vector  times  Ji 
is  called  a  pseudo-momentum.    The  selection  rule  on  the  transitions  induced  by  V  v^ 
can  therefore  be  called  a  conservation  of  pseudo-momentum,  modulo  Zttt. 

In  the  limit  of  very  large  NQ  (the  number  of  cells  in  an  independent  region  of 
the  crystal  with  periodic  boundary  conditions)  the  density  of  wave  vectors  q  satisfying 
Eq.  (3-5)  becomes  very  large.  In  this  limit  it  is  necessary  to  replace  all  sums  over 
wave  vectors,  such  as  appear  in  Eqs.  (4-9)  and  (5-2),  by  integrations.  Before  going 
on  to  actual  perturbation  calculations,  it  is  desirable  to  introduce  a  notation  which  is 
suited  to  this  limit. 

The  new  notation  is  based  on  the  following  definitions: 

C*r3/o)  z^c-(...)  =  ;q(...).  (5-4) 

(n/8Tr3)Aq  =  A®,  (5-5) 

and  (n/8»3)l/2ac»£Aqj  (5"6) 

Here  fi  is  the  volume  of  an  independent  region  of  the  crystal  and  is  equal  to  In 
the  first  of  these  equations,  (5-4),  the  summation  of  a  quantity  over  all  wave  vectors 
in  a  unit  cell  in  q-space  multiplied  by  the  volume  of  q-space  per  wave  vector  is  given 
a  special  name,  /  (...),  because  this  combination  becomes  the  integral  /  dq  (...)  in 
the  limit  of  large  N  .  Integration  over  just  one  unit  cell  in  q-space  is  to  be  understood 
in  this  notation.  In  Eq.  (5-5)  the  quantity  A(q)  is  defined  from  Aq  in  such  a  way  that  it 
has  the  following  property: 
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/qA(3  =  l.  (5-7) 

With  this  property,  A(q)  can  be  treated  as  a  Dirac  delta-function  in  the  limit  of  large 
N  i  and  it  can  then  be  replaced  as  follows: 

A(q)  =  ST6(q+  2itt). 

Finally,  in  Eq.  (5-  6  ),  the  operator  A^  is  defined  from  the  operator  a^  in  such  a 
way  that  the  following  useful  commutation  rules  are  obtained: 

u,r\r]  -[<y\;r]  "«»•  (5"8) 

With  these  new  notations  the  transition  to  the  limit  of  large  NQ  is  usually  quite  easy. 

On  the  basis  of  the  new  notations  the  Hamiltonian  H  (which  now  corresponds 
to  the  total  energy  per  independent  region  of  the  infinite  crystal)  can  be  written  out  as 
follows: 

H  =  e    +  e      +  H    +  V  (5-9) 
o      zp  o 

where  the  individual  terms  are  given  by  the  following  equations: 

ezp  =  (n/8lr3)S.;q(l/2)^qj  (5-10) 
H  =  S.f  fa  -A*  A  .  (5-11) 
V       =Sv°°=3V(v)  (5-12) 

v(v)  =  2         .  r  b(v). 

X  [\  +  A-q,J  J  [V2  +  ^  W  *  *  '  [\JV  ♦  A^J 
X  A(qj  +  q2-  •  •  +qy).  (5-13) 

These  equations  are  based  on  Eqs.  (4-9),  (5-1)  and  (5-2),  but  the  harmonic  Hamilton- 
ian H^  in  Eq.  (4-9)  has  been  divided  into  the  following  three  parts;  EQ,  which  is  the 
equilibrium  rigid-lattice  energy,  t^,  which  is  the  zero-point  energy  (the  vibrational 
energy  of  the  crystal  in  its  ground  state  in  the  harmonic  approximation),  and  Hq, 
which  is  the  phonon  energy  and  contains  all  of  the  dependence  of  H^  on  creation  and 
annihilation  operators.    In  the  present  notation,  the  zero-point  energy  has  a  form 
which  directly  shows  its  expected  proportionality  to  fi,  the  volume  of  the  independent 
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region  of  the  crystal. 

The  new  operators  A^  and  A^  are  creation  and  annihilation  operators  in  the 
same  sense  as  the  original  operators    a  .  and  a  .  are.    For  this  reason  the  earlier 

qj  qj 

discussion  of  the  quantum  mechanical  crystal  in  terms  of  creation  and  annihilation 
operators  is  just  as  valid  if  the  new  notation  is  employed  rather  than  the  old  one. 

The  ground-state  wave  function  for  the  harmonic  Hamiltonian  will  be 

designated  hereafter  by  the  symbol  |  0  >,  and  it  will  be  called  the  vacuum  state,  since 
it  involves  no  phonons.    This  vacuum  state  is  assumed  to  be  normalized  such  that 

<  0|  0  >  =  1,  (5-14) 

where  <  0|  0  >  is  a  diagonal  matrix  element  of  the  identity  operator. 

The  excited  states  of  the  harmonic  Hamiltonian  will  be  designated  by  symbols 
such  as   |qj,  q'j\  q"j",  .  .  .  >,  which  is  supposed  to  represent  the  state  in  which  phonons 
qj>  q'j''  q"j">  •  •  •  are  excited.    The  normalizing  constants  for  these  excited  states 
will  be  fixed  by  the  following  definition: 

Iqj.q'j'.q'T'.        >  =  AqjAq'j'Aq"j"'  ■  '  I  0  >'  (5"15) 

From  this  definition  and  the  commutation  rules  of  Eq.  (5-8),  the  following  sample 
normalization  integrals  for  excited  states  are  easily  obtained: 

<  qjlqT  >  =  6j:jlA(q-q')  (5-16) 

<qj  q,i,k,,J,,.q,,,J'"  >  =  6jjn6  yy„  4<f-? ')  A(q«-?") 

+  6jjm6.I.11A(q-q")A(q'-q").  (5-17) 

The  normalizations  are  quite  convenient  in  the  limit  of  large  £2.  The  existence  of  the 
two  terms  on  the  right  in  Eq.  (5-17)  is  a  reflection  of  the  fact  that  phonons  obey  Bose 
statistics. 

The  effect  of  an  annihilation  operator  A   .  acting  on  a  phonon  state  like  that 

qj 

given  in  Eq.  (5-15)  is  to  annihilate  a  phonon  qj  if  one  is  present  and  to  give  zero  other- 
wise.   This  statement  is  expressed  in  the  following  equation: 

Aqj|a>  =  nqjA(0)|(3>,  (5-18) 

where  state  |a  >  contains  n^  phonons  qj,  and  where  the  state  |p*  >  differs  from  |a  > 
only  in  that  it  has  one  less  phonon  qj.    This  result  is  easily  proved  by  use  of  Eq.  (5-15) 
and  the  commutation  relations  (5-8).    From  Eq.  (5-5),  A(0)  is  equal  tol2/8ir^,  which  is 
the  density  of  wave-vectors  in  q-space,  and  therefore  the  constant  n^  A(0)  in  Eq.(5-18) 
above  can  be  interpreted  as  a  density  of  phonons  in  q-space,  n'qj- 
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As  can  be  shown  by  operating  on  both  sides  of  Eq.  (5-18)  with  A    .,   a  phonon 

ajt  qj 
state  is  an  eigenstate  of  the  operator  AqjAqj  •    The  eigenvalue  is  just  the  phonon  den- 
sity n'   .  or  n  .A(0)  for  that  state.    Since  the  operator  HQ  in  Eq.  (5-11)  is  just  a  sum 
of  operators  A   .A   .,  then,  a  phonon  state  is  also  an  eigenfunction  of  H    (it  was  con- 
structed  for  this,  of  course).    The  effect  of  HQ  acting  on  a  phonon  state   |  a  >  is  ex- 
pressed in  the  following  equation: 

H   la  >  =  /  2   Au  .n  Ala  >  =  J  T  S.tfw  .n  1  .1  la  >.  (5-19) 
0 1  a        \    qf    qj  qj/1  \  1  q   jf    qj    qj  |  1 

The  eigenvalue  of  HQ  given  here  is  consistent  with  the  corresponding  eigenvalue  given 
in  Eq.  (4-10). 


-25- 


30 


INTERACTIONS  OF  ELASTIC  WAVES  IN  SOLIDS 

6.    ELEMENTS  OF  THE  PERTURBATION  FORMALISM 

The  remainder  of  this  report  is  devoted  to  formal  calculations  of  effects  of 
the  anharmonic  perturbation  V  in  the  Hamiltonian  of  Eq.  (5-9).    The  perturbation 
theory  by  which  these  effects  are  calculated  is  based  on  the  use  of  the  following  opera- 
tor, 

Rz  =  l^Ho  +  V  "  z)'  (6"^ 

which  can  also  be  written  as 

Rz  =  It®  '  Eo  -  £zp  -  <6"2) 

In  both  of  these  equations  the  term  on  the  right  is  meant  to  represent  the  inverse  of 
the  operator  which  is  written  as  a  denominator;  z  is  a  complex  variable  with  the  units 
of  energy,  and  the  other  quantities  are  defined  in  Eqs.  (5-9)  through  (5-13).    The  op- 
erator Rz  will  be  called  the  resolvent  operator,  or  simply  the  resolvent,  a  name  es- 
tablished for  it  in  mathematics  some  time  ago.    In  the  coordinate  representation  this 
operator  reduces  to  the  Green  function  for  Schrodinger 's  equation. 

The  effects  of  the  anharmonic  perturbation  V  which  are  of  interest  are  calcu- 
lated in  terms  of  matrix  elements  of  the  resolvent  and  related  operators  between 
eigenstates  of  the  harmonic  Hamiltonian  (phonon  states).    For  the  determination  of 
these  matrix  elements  the  resolvent  is  expanded  in  powers  of  the  operator  V,  and  it 
is  this  expansion  which  makes  the  method  a  perturbation  method. 

The  expansion  of  the  resolvent  in  powers  of  V  is  obtained  from  the  following 

equation: 

Rz(Hq  +  V  -  z)  =  I,  (6-3) 

which  is  equivalent  to  the  definition  of  Rz  in  Eq.  (6-1).    By  manipulation  this  becomes 

Rz  =  (1/HQ  -  z)  -  RZV(1/HQ  -  z).  (6-4) 

If  Rz  on  the  right  side  of  this  equation  is  replaced  by  use  of  the  whole  equation,  if  Rz 
on  the  right  side  of  the  resulting  expression  is  also  replaced  by  use  of  Eq.  (6-4),  and 
if  the  iteration  is  repeated  ad  infinitum,  the  following  expansion  of  Rz  in  powers  of  the 
operator  V  is  obtained: 

Rz  =  (1/HQ  -  z)  -  (i/ho  -  z)Vz(l/H0  -  z)  (6-5) 

where  Vz  is  defined  by 

Vz  =  V  -  V(1/HQ  -  z)V  +  V(1/HQ  -  z)V(l/HQ  -  z)V  .  .  .    .  (6-6) 
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Since  the  operator  H     is  diagonal  with  respect  to  phonon  states  and  since  z 
is  merely  a  number,  the  operator  l/HQ  -  z  is  diagonal  with  respect  to  phonon  states. 
On  the  basis  of  Eq.  (5-19),  the  operation  of  l/HQ  -  z  on  a  phonon  state  |a  >  gives  the 
following  result: 

(1/H0  -  z)|a>  =  (1/E  q.uq.nq.  -  z)|a  >.  (6-7) 

In  this  equation  and  in  all  further  work  it  is  assumed  that,  in  the  units  being  used,  the 
reduced  Planck's  constant  l/i  is  equal  to  one. 

Consider  the  matrix  element  of  the  second-order  operator  V(l/HQ  -  z)V  in 
Eq.  (6-6)  between  the  two  one -phonon  states  <  q'j'|  and  |qj  >.    Since  the  phonon  states 
form  a  complete  set,  the  following  equation  is  true: 

V|  qj  >  =  Sja  X  o|  V|  qj  >  (6-8) 

The  complete  matrix  element  can  therefore  be  written  as  follows: 

<q'j'|  V(1/HQ  -  z)V|qj  >  =  2q<  q'  j 1 1  V  |  a  >  ( 1  /EQ  -  z)<  a|v|qj  >,  (6-9) 

where  l/E    -  z  is  an  abbreviation  for  the  eigenvalue  in  Eq.  (6-7).    This  result  is 
'  a 

quite  similar  to  expressions  which  occur  in  ordinary  second-order  perturbation  theory. 
It  exhibits  the  familiar  energy  denominator  (though  with  a  complex  energy  parameter) 
and  the  product  of  two  elements  of  V  in  the  numerator.    The  resolvent  formalism  to 
be  used  here  is  closely  related  to  the  formalism  of  ordinary  perturbation  theory,  but 
it  has  a  much  more  condensed  mathematical  structure  than  the  latter.    Because  of 
this  condensed  structure  it  is  well  suited  to  handle  the  complications  which  arise  in 
the  treatment  of  a  many-particle  system. 

The  remainder  of  the  present  section  is  devoted  to  sample  calculations  of 
matrix  elements  of  terms  in  the  expanded  resolvent.    Only  in  later  sections  is  it 
shown  how  these  elements  arise  in  actual  problems.    In  later  sections  also  it  is 
shown  how  the  matrix  elements  of  other  operators  can  be  calculated  by  methods 
analagous  to  those  used  for  the  resolvent. 

Since  the  operator  l/HQ-z   is  diagonal,  the  problem  of  finding  matrix  ele- 
ments of  R    reduces  directly  to  the  problem  of  finding  matrix  elements  of  the  opera- 
tor V  ,  as  can  be  seen  by  Eq.  (6-5).    When  each  operator  V  in  Eq.  (6-6)  for  is 
expanded  in  terms  of  the  operators  V^,  Vz  is  seen  to  be  made  up  of  a  sum  of  pro- 
ducts of  the  following  general  form: 

±V(v>(l/H    -  z)V(v">(l/H    -  z)V(vH)...(l/Hrt  -  z)vH  (6-10) 


o 


o 


Products  such  as  this  with  any  number  of  V^'s  can  occur.    A  matrix  element  of  V, 
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can  then  be  calculated  approximately  by  calculating  enough  of  the  largest  of  the 
matrix  elements  of  these  products,  at  least  if  the  infinite  series  involved  is  reason- 
ably convergent. 

Matrix  elements  of  a  few  products  of  the  form  of  Eq.  (6-10)  are  calculated 
below  to  illustrate  the  general  method.    This  general  method  is  based  upon  analysis 
of  the  matrix  element  in  terms  of  Goldstone  diagrams  (Goldstone,  1957),  which  are 
closely  related  to  the  Feynman  diagrams  of  field  theory  (Feynman,   1949).  Diagram 
analysis  not  only  simplifies  the  calculation  of  the  matrix  elements;  it  also  helps  point 
the  way  out  of  some  of  the  characteristic  difficulties  of  many-particle  perturbation 
theory. 

Example  1:   Calculate  the  matrix  element  <  0  |  V^3^(l/Ho-z)V^3^  |0  >.  The 
operator  involved  in  this  element  comes  from  the  second-order  term  in  the  express- 
ion for  Vz,  Fq.  (6-6).    The  effects  of  an  operator  like  V(3)  acting  on  a  phonon  state 
have  already  been  discussed,  and  these  effects  will  now  be  used.    The  defining  equa- 


(3),, 


tion  for  V      is  taken  to  be  Eq.  (5-13)  with  the  products  of  creation  and  annihilation 
operators  multiplied  out. 

One  class  of  contributions  to  the  desired  matrix  element  can  be  said  to  occur 
when  a  term  in  the  first         (on  the  right  in  the  complete  operator)  generates  a  3- 
phonon  state  and  a  term  in  the  second  (on  the  left)  annihilates  these  three  phonons. 

This  class  of  contributions  is  represented  by  the  diagram  in  Fig.    6-1  .    The  diagram 
_^  is  to  be  read  from  right  to  left  as  the  sequence  of 

states  and  operations  just  described,  starting  with 
the  state  |  0  >  and  ending  with  the  state  <  0  | .    At  any 
particular  "time"  in  this  sequence  the  existing  state 
is  specified  by  the  number  and  names  of  the  lines  in 
the  diagram,  each  line  representing  a  phonon. 
Each  vertex  in  the  diagram  represents  the  opera- 
tion of  a  term  in  some         on  the  state  to  the  right 
of  the  vertex.    The  total  number  of  lines  entering 
a  vertex  is  equal  to  the  order  v  of  the  which 
that  vertex  represents,  and  a  vertex  of  v  lines  is  said  to  describe  a  v'th-order  pro- 
cess. 

The  total  contribution  to  the  desired  matrix  element  from  all  of  the  processes 
characterized  by  the  diagram  of  Fig.     6-1    is  given  by  the  following  expression: 

(jr  j2,  j3)f  (qyqz,  q3)  I  3  |  2A  (q^+q^d  f^^+^yz).  (6-11) 

In  this  expression  the  indices  of  summation  are  indicated  in  parentheses  after  the 
summation  signs,  and  each  subscript  i  on         or  one  of  the  w's  stands  for  the  pair 


Fig.  6-1 
First  diagram  for  Example  1 
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of  indices  q.j.. 

The  result  in  Eq.  (6-11)  above  is  obtained  by  using  Eq.  (5-13)  and  Eq.  (6-7) 
in  conjunction  with  the  diagram  of  Fig.     6-1  ,  as  is  now  described.    The  three  inter- 
mediate-state phonons  q1jv  q232,  and  q^  are  generated  from  the  vacuum  by  a  term 
in  the  first  V(3)  which  contains  the  product  of  creation  operators  A  ^A-j  (where  each 
subscript  i  again  stands  for  Since  a  summation  over  all  phonon  indices  q^, 

q  j  ,  and  q3j3  is  to  be  performed  below,  terms  in  containing  the  operators 

j^f  A*    and  A*  in  a  different  order  should  not  be  considered  separately.  ^  When 
operating  on  the  vacuum  state  |o>,  this  term  containing  the  product  A^A^A-^  yields 
the  following  result: 

B{-1,  -2,  -3A(-?r«2--*3>lVl'  ^2'  ^3  >•  (6"12) 
where  each  subscript  -i  on  B(3)  stands  for  -?.]..  The  operation  of  (l/HQ-z)  on  this 
then  introduces  an  additional  factor  of  (l/o^+t^+c^-z). 

The  three  intermediate -state  phonons  in  expression  (6-12)  above  are  annihil- 
ated by  a  term  in  the  second         which  contains  the  product  of  annihilation  operators 
ALA2A3  or  one  of  its  31  permutations.    Any  one  of  these  3!  terms  operating  on  the 
intermediate  state  Iq^,  q2j2,  q3j3  >  gives  the  following  result: 

A  (OjV^  3A(q1+?2+q*3)|0>,  (6-13) 

where  it  is  assumed  for  simplicity  that  the  three  intermediate  phonons  are  all  differ- 
ent.   This  result  is  obtained  by  use  of  Eqs.  (5-13)  and  (5-18). 

The  final  result  in  E  q.  (6-11)  is  obtained  by  combining  the  result  above, 
closing  the  matrix  element  with  the  vacuum  state  <  0| ,  and  introducing  the  summa- 
tions from  the  equation  for  V(3).    The  normality  integral  <  0  j  0  >  which  appears  in 
this  process  is  just  one.    The  summation  from  the  first  V(3)  gives  the  summation  over 
intermediate  phonons  in  Eq.  (6-11),  and  the  summation  from  the  second  V      gives  a 
combinatorial  factor  of  3.' ,  the  number  of  terms  in         which  can  annihilate  the 
three  intermediate -state  phonons,  and  a  factor  A(0)~3,  from  the  three  essentially 
unused  summations  f  .    In  introducing  these  summations  the  special  cases  in  which 

q 

two  or  three  phonons  are  the  same  can  be  included  without  special  consideration. 
This  procedure  leads  to  a  correct  result  in  this  simple  example,  as  can  be  readily 
verified  by  explicit  consideration  of  the  special  cases.    The  procedure  is  also  valid 
in  the  general  case,  however,  and  this  will  be  illustrated  shortly.    In  the  present 
example  it  should  be  noted  that  the  factors  A(0)  cancel  one  another  exactly. 

The  quantity  A(q*1  +  q2+q3)2  which  appears  in  Eq.   (6-11)  does  not  make  much 
sense  as  it  stands.    It  can  be  replaced  by  A(0)A(q1  +  q2+q3),  however,  as  can  be 
proved  by  squaring  both  sides  of  the  equality  (5-3)  from  which  it  arises.    With  this 
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substitution,  the  total  contribution  to  the  matrix  element  <  0|  V^(l/H  -z)V^|0  > 
from  all  of  the  processes  characterized  by  the  diagram  of  Fig.    6-1    is  given  by 

(3J  )(«/8lr3)  S(jr  j2,  j3)/  (qrq2,  q3)  |b£^  3  I  ^(q^q^^Jd/u^^+^-z).       (6-  14) 

One  important  result  which  has  been  achieved  in  Eq.  (6-14)  is  that  the  de- 
pendence of  the  contribution  on  the  size  of  the  crystal  (or,  more  properly,  on  the 
size  of  an  independent  region  of  the  infinite  crystal  with  periodic  boundary  conditions) 
is  exhibited  explicitly.    Except  for  the  simple  factor  of  fi  ,  expression  (6-14)  is 
essentially  independent  of  the  size  of  the  crystal  in  the  limit  of  a  large  crystal.  The 
resulting  proportionality  to  f2  for  the  complete  expression  is  consistent  with  the  fact 
that  this  expression  with  z  set  equal  to  zero  occurs  as  a  term  in  the  ground  state 
energy  of  the  crystal,  which  is  an  extensive  quantity. 

There  is  only  one  other  class  of  contributions  to  the  matrix  element  of  this 
example,  and  this  class  is  represented  by  the  diagram  in  Fig.  6-2.    In  this  diagram 

the  loop  at  each  vertex  describes  what  will  be 
Q3J3  .  q(  J|         called  an  instantaneous  phonon,  a  phonon  which 

Q  ^2  ^2  Q  is  created  and  annihilated  at  the  same  vertex. 

An  instantaneous  phonon  belongs  to  the  vertex 
^  ^  alone  and  not  to  a  state  preceding  or  following 

„         .  ,.  „         ,  the  vertex.    The  first  instantaneous  phonon 

Second  diagram  for  Example  1 

in  the  diagram  of  Fig.  6-2  arises  from  the 
*  (3) 
presence  of  a  product  A, A    in  a  term  in  the  first  VK  ' .    The  same  term  must  contain 

*  * 
another  operator,  A^,  as  a  factor,  however,  and  A^  can  be  the  first,  second,  or  third 

operator  in  the  term.    The  first  vertex  therefore  represents  any  one  of  three  terms 

in  the  first  V^.    Similar  considerations  apply  to  the  second  vertex. 

The  total  contribution  to  the  desired  matrix  element  from  all  of  the  pro- 
cesses characterized  by  the  diagram  in  Fig.  6-2  is  given  by  the  following  expression: 

9(«/8ir3)S(j1,j2,j3)/(qi>q2)q:3)B;3)_1)2B^_3  ^(l/^-z)  A  (?2).  (6-15) 

This  result  is  obtained  by  much  the  same  procedure  as  is  described  above  for  the  first  con- 
tribution. Again  a  factor  A(0)3  arising  from  three  annihilations  is  canceled  by  a  factor 
A(0)   arising  from  three  essentially  unused  summations  /  .  Again  also  a  square  of  a  delta 
function  is  replaced  by  A(0)  times  the  delta  function,  giving  proportionality  to  R.  The 
combinatorial  factor  of  nine  in  Eq.  (6- 1 5)  is  made  up  of  a  factor  of  three  for  the  three 
terms  in  the  first         and  another  factor  of  three  for  the  three  terms  in  the  second  V^. 

According  to  the  selection  rule  in  expression  (6-15),  the  intermediate  phonon 
q2 j2  must  have  a  wave  vector  of  zero  or  2ttt.  The  only  intermediate  phonons  of  interest  are 
the  optical  phonons,  therefore,  because  acoustical  phonons  with  wave  vectors  of  zero  only 
describe  pure  translations  of  the  crystal. 


-30- 


35 

6.    ELEMENTS  OF  THE  PERTURBATION  FORMALISM 

Example  2:    Calculate  the  matrix  element  <  qj  |v(3)(l/Ho-z)V(3)  (?$«>  .  This 
is  an  element  between  one-phonon  states  of  the  same  operator  which  appeared  in  Ex- 
ample 1.    One  class  of  contributions  to  this  element  is  represented  by  the  diagram  in 
Fig.  6-3.    According  to  this  diagram  a  term  in  the  first  V(3)  annihilates  the  initial- 


Fig.  6-3     First  diagram 
for  Example  2 

^2 

state  phonon  and  creates  two  intermediate -state  phonons.    A  term  in  the  second  V(3) 
then  annihilates  the  intermediate -state  phonons  and  creates  the  final  state  phonon. 

The  total  contribution  to  the  desired  element  from  the  diagram  in  Fig.  6-3 
is  given  by  the  following  expression: 

ISA^-?)^^)^  (6"16) 

The  first  part  of  the  calculation  of  this  result  can  be  carried  out  like  the  calculations 
in  the  first  example.    Then,  after  the  last  operation  in  the  diagram,  there  remains  a 
normalization  integral  <  qj  |  qj  >.    This  integral  is  equal  to  A  (0)  from  Eq.  (5-l6),  and 
it  is  canceled  exactly  by  a  factor  A  (0)3  from  the  three  annihilations  and  a  factor 
A(0)"4  from  the  four  essentially  unused  sums  f  .    In  order  to  obtain  the  result  in 
Eq.  (6-13)  it  is  also  necessary  to  use  the  following  identity: 

A^  +  q^-qjAff'-q^-q^)  =  A(q'-q,)A(  q'-q^-q^). 

Because  of  the  factor  A(q-q< )  which  this  identity  introduces,  the  initial  and  final  wave 
vectors  q  and  q'  must  be  equal  modulo  2Tr7if  the  total  contribution  to  the  matrix  ele- 
ment is  to  be  non-zero.    Except  for  this  factor,  the  total  contribution  is  independent 
of  R  in  the  limit  of  large  . 

A  second  class  of  contributions  to  the  desired  matrix  element  is  represented 
by  the  diagram  in  Fig.  6-4.    This  diagram  is  said  to  be  disconnected,  since  it  con- 


Fig.  6-4      Second  diagram 
for  Example  2 
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tains  components  which  are  not  connected  to  one  another  by  any  phonon  lines.    One  of 
the  components  in  the  diagram  looks  just  like  the  diagram  in  Fig.  6-1,  and  the  other 
is  a  simple  line  with  no  vertices.    Disconnected  diagrams  such  as  this  cause  much  of 
the  difficulty  in  the  perturbation  theory  of  many-particle  systems,  as  will  become 
apparent  later. 

The  total  contribution  to  the  desired  matrix  element  from  the  diagram  in 
Fig.  6-4  is  given  by: 

{A(cT-?)6^ 

x  |6(fi/8*3)S(j1,j2,j3)^  . 

This  result  is  easily  calculated  by  the  methods  already  described.    It  is  seen^to  be  the 
product  of  two  factors,  one  which  is  the  same  as  if  the  simple  line  were  alone  in  the 
diagram,  and  another  which  is  almost  the  same  as  if  the  second  component  were  alone 
in  the  diagram,  as  it  is  in  Fig.  6-1.    Only  the  energy  denominator  reflects  the  co- 
existence of  the  two  components.    It  should  be  noted  that  the  contribution  (6-17)  con- 
tains the  same  factor  A(q-q')  as  the  contribution  (6-16),  and  that  it  is  otherwise  inde- 
pendent of  £2  in  the  limit  of  large  . 

There  are  other  diagrams  which  give  contributions  to  the  matrix  element  of 
this  example,  but  for  the  sake  of  brevity  they  are  not  considered  here.    Instead  some 
matrix  elements  of  first-order  operators  are  considered.    The  diagrams  for  the 
latter  elements  can  have  only  one  vertex  each,  while  the  diagrams  considered  above 
have  two  vertices  each. 

Example  3:  Calculate  the  matrix  element  <  qj  |  V^|  0  >.  The  only  diagram 
is  that  shown  in  Fig.  6-5,  and  the  corresponding  contribution  to  the  matrix  element 
is 

3A(o:)2(j1);(J1)B(_3q).t  lf_r  (6-18) 

Because  of  the  selection  rule  on  q,  the  only  final  states  of  interest  are  those  in  which 
the  single  phonon  is  an  optical  phonon. 

J, 

Fig.  6-5  Diagram  for  Example  3 
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Example  4:    Calculate  the  matrix  element  <  qj,  q'j',  q"j"|  0  >.    The  only 

diagram  is  that  shown  in  Fig.  6-6,  and  the  corresponding  contribution  to  the  matrix 
element  is 


6A(o>q^)B^i.qTi  _q.T- 


(6-19) 


Fig.  6-6 
Diagram   for   Example  4 


To  obtain  this  result  the  normalization  inte- 
gral for  the  state  |  qj,  q'j1,  q"j">  is  required, 
but  this  is  just  A  (0)3,  as  found  by  an  exten- 
sion of  the  procedures  which  lead  to  Eq.  (5-17). 
This  factor  A(0)3  is  canceled  by  a  factor 
A(0)"3,  which  arises  from  the  three  essen- 
tially unused  sums  J*  • 


Example  5:    Calculate  the  matrix  element  <  q'j' I  V(4)q1  >.    The  only  diagram 
is  that  shown  in  Fig.  6-7,  and  the  corresponding  contribution  to  the  matrix  element 


(6-20) 


ti' 


a 


q  j 


Fig.  6-7    Diagram  for  Example  5 


(4)  I 


Example  6:  Calculate  the  matrix  element  <  qj,  q'j'  |  Vv  '  \  0  >.  The  only  dia- 
gram is  that  shown  in  Fig.  6-8,  and  the  corresponding  contribution  to  the  matrix  ele- 
ment is 


.'2A(J?)2!(j1);(q1>B^i.qI3i 


(6-21) 


To  obtain  this  result  the  normalization  inte- 
gral of  the  state  |  qj,  q'j'  >  is  required,  but 
this  is  just  A(0)2  by  Eq.  (5-17). 

Fig.  6-8      Diagram  for  Example  6 


Example  7:  Calculate  the  matrix  element  <  0|  V^\0  >.  The  only  diagram  is 
that  shown  in  Fig.  6-9.  The  diagram  represents  two  instantaneous  phonons  belonging 
to  the  same  vertex.    The  corresponding  contribution  to  the  matrix  element  is 
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3(fi/81r3)2(ji,j2)/(qrq2)B^)_i)2(_2. 


(6-22) 


Fig.  6-9      Diagram  for  Example  7 


The  final  example,  which  is  given  below,  is  the  matrix  element  of  another  second- 
order  operator. 

Example  8:    Calculate  the  matrix  element  <  0|v^(l/H  -z)V^|0  >.  One 
diagram  for  this  element  is  shown  in  Fig.  6-10,  and  the  contribution  corresponding 
to  this  diagram  is 

,(4) 


4.'(n/8*  )2(jr  j2.j3.j4)/(q1.q2.?3,5k4)|B\/2f3f4|    (l/u^+o^-z)  A^+q^+q^) 

ii 


(6-23) 

This  contribution  is  proportional  to  fi. 


Fig.  6-10      First  diagram  for  Example  8 


Another  diagram  for  this  element  is  shown  in  Fig.  6-11.    This  is  a  dis- 
connected diagram  in  which  each  of  the  two  components  is  identical  to  the  diagram  of 
Fig.  6-9.     The  two  components  do  not  coexist,  however.    The  contribution  to  the 

matrix  element  corresponding  to  this  dia- 
gram  is  (6-24) 

t(4) 


^2 


Fig.  6-11 
Second  diagram  for   Example  8 


(-l/z)[  (3n/8,r3)Z(j1,  j2)/(q1,  q^E^  2  ^ 

Except  for  the  energy  factor,   -l/z,  this  is 
seen  to  be  the  product  of  two  identical  fact  - 
ors,  each  of  which  is  the  same  as  if  one  of 
the  two  components  were  alone  in  the  dia- 
gram, as  in  Fig.  6-9.    It  should  be  noted 

that  the  total  contribution  is  proportional  to 
.2 


,  even  though  the  contribution  (6-23)  is 
proportional  to  f2 . 

There  is  a  third  diagram  for  the  matrix  element  of  this  example,  but  it  need 
not  be  considered  here,  as  it  does  not  involve  anything  new. 
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At  this  point  it  is  useful  to  summarize  the  procedure  for  calculating  matrix 
elements  which  is  illustrated  in  the  foregoing  examples.    First,  it  should  be  noted 
that  because  of  the  way  in  which  the  matrix  elements  will  be  used  there  should  never 
be  any  explicit  identities  among  the  initial-  and  final-state  phonons  in  a  particular 
matrix  element.    The  procedure  for  calculating  a  matrix  element  is  then  the  following: 
first,  construct  all  possible  diagrams  for  the  element;  and  second,  calculate  the  total 
contribution  from  each  diagram,  performing  the  summations  over  intermediate -state 
phonons  without  introducing  any  correction  factors  for  the  special  cases  of  identical 
phonons.    The  justification  of  this  treatment  of  the  special  cases  will  be  discussed 
shortly.    The  calculation  of  the  contribution  from  a  particular  diagram  is  simplified 
by  the  use  of  certain  rules,  which  will  now  be  stated.    These  rules  are  suggested  by 
the  results  in  the  examples  which  have  been  presented,  and  they  are  born  out  by  fur- 
ther analysis. 

In  the  first  place,  each  component  in  a  given  diagram  contributes  an  almost 
separate  factor  to  the  corresponding  contribution,  and  only  the  energy  denominators 
prevent  these  factors  from  being  entirely  separate.    Except  for  the  energy  denomina- 
tors, which  are  easily  incorporated,  the  factor  for  a  particular  component  is  the  same 
as  if  that  component  were  alone  in  the  diagram.    The  energy  denominators  depend  on 
complete  states,  and  they  therefore  link  all  components  which  coexist  when  an  opera- 
tion (1  /HQ-z)  is  performed.    Two  Goldstone  diagrams  which  differ  in  the  relative 
locations  of  their  components  are  therefore  not  equivalent,  and  in  this  property  the 
Goldstone  diagrams  differ  from  Feynman  diagrams. 

In  the  second  place,  the  almost-separate  factor  which  is  contributed  by  each 
component  of  a  given  diagram  always  can  be  written  to  contain  a  factor  A(q),  where 
q  here  is  the  total  wave  vector  of  the  final  state  in  the  component  minus  the  total  wave 
vector  of  the  initial  state.    For  a  vacuum  component  (a  component  with  no  initial  or 
final-state  phonons),  the  factor  A(q)  just  mentioned  becomes  A(0)  or  (n/8u  )• 

The  delta  factors  A(5)  described  above  are  the  only  factors  in  the  contribu- 
tion to  a  matrix  element  which  can  depend  on  the  size  of  the  crystal,  in  the  limit  of  a 
large  crystal.    The  other  factors  A(0)  which  arise  because  of  annihilations,  unused 
sums,  and  normalization  integrals  can  always  be  shown  to  cancel  one  another  exactly, 
and  they  can  therefore  be  ignored  entirely. 

The  application  of  the  rules  given  above  will  be  illustrated  briefly  by  con- 
sideration of  the  diagram  in  Fig.  (6-U).    This  diagram  belongs  to  the  matrix  element 

<a:T>q«T^q••r'^qiYV|V(3\l/H0-z)V(4V/Ho-z)V^3)(l/Ho-z) 
X  V(4)(l/H  -z)V(3)|5  >. 
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7*<iv):(iv) 


Fig.  6-12 

Diagram  to  illustrate 
the  general  rules  for 
finding  contributions 
to  matrix  elements  of 
the  resolvent 


Since  the  diagram  has  three  components,  the  corresponding  total  contribution  to  the 
matrix  element  is  made  up  of  three  almost  separate  factors,  one  for  each  component. 
The  energy  denominators  which  link  these  components  are  easily  determined.  As 
for  the  size -dependence  of  the  total  contribution,  the  uppermost  component  in  the 
diagram  yields  a  factor  A  (q"+q'"+qlV),  the  middle  component  yields  a  factor  A(q'-q), 
and  the  lowest  component,  which  is  a  vacuum  component,  yields  a  factor  A  (0),  or 
R/8tt  .    The  total  contribution  from  the  diagram  is  therefore  given  by  the  factor 

A(q"+q"'+qiv)A(q'-ql^/8Tr3) 

times  a  quantity  which  is  easy  to  write  out  and  which  is  essentially  independent  of  the 
size  of  the  crystal. 

In  view  of  the  general  rules  given  above,  the  contribution  to  a  matrix  ele- 
ment from  a  particular  diagram  contains  an  explicit  factor  ft  for  each  vacuum  com- 
ponent in  the  diagram.    It  is  therefore  clear  that  the  matrix  element  of  an  operator 
which  contains  many  V^'s  can  have  contributions  proportional  to  high  powers  of  ft. 
Such  matrix  elements  appear  in  the  high-order  terms  of  standard  perturbation  theory, 
and,  because  of  these  high  powers  of  ft,  the  terms  in  question  are  important  even 
when  the  phonon  interaction  is  small.    As  stated  in  Sec.   1,  the  importance  of  such 
high-order  terms  is  one  of  the  principal  difficulties  in  the  perturbation  theory  of 
many-particle  systems.    The  observation  that  the  high  powers  of  ft  result  from  dis- 
connected diagrams  helps  point  the  way  out.  of  this  difficulty,  however,  as  will  be 
seen  later. 
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One  feature  of  the  calculation  of  matrix  elements  still  remains  to  be  dis- 
cussed, and  that  concerns  the  special  cases  of  two  or  more  identical  phonons.  Accord- 
ing to  the  procedure  which  is  described  above,  the  summation  over  intermediate 
phonons  for  a  particular  diagram  is  to  be  performed  without  including  correction 
factors  for  identities  of  the  phonons.    This  leads  to  a  rigorously  correct  expression 
for  the  matrix  element  when  the  contributions  from  all  the  diagrams  are  added 
together,  and  the  proof  of  this  was  given  by  Wick  (1955).    The  result  is  due  to  a 
compensation  of  errors,  and  it  is  illustrated  by  examples  below. 

Consider  the  diagram  of  Fig.  6-1  and  the  resulting  contribution  in  Eq.  (6-14). 
The  sum  which  makes  up  this  contribution  includes  some  terms  in  which  two  of  the 
three  intermediate -state  phonons  are  identical  and  others  in  which  all  three  are  ident- 
ical.   From  Eq.  (6-14)  the  sum  of  all  those  terms  in  which  just  two  phonons  are  ident- 
ical is  given  by  the  following  expression: 

18*1  /8.3)2  (jr  j2)/(q\,  q2)|B^>2>  ?  |2A  (qj+Z^JU/^+Z^-z)  (6-25) 

where  the  prime  on  the  summation  sign  means  that  if  j1  equals  j2>        should  not  equal 
q2<    It  turns  out  that  this  expression  is  the  same  as  is  obtained  by  explicit  considera- 
tion of  the  special  case,  and  that  it  is  therefore  correct  as  it  stands.    The  numerical 
coefficient  in  the  expression  is  only  correct  due  to  a  compensation  of  errors,  however. 
To  verify  this  statement,  consider  the  diagram  of  Fig.  6-1  when  it  is  modified  to 
make  phonons  2  and  3  identical.    The  numerical  coefficient  in  the  corresponding  con- 
tribution is  a  product  of  a  combinatorial  factor  of  3  from  the  first  vertex,  another 
combinatorial  factor  of  3  from  the  second  vertex,  and  a  factor  of  2  from  the  annihila- 
tion of  the  first  of  the  two  identical  phonons  at  the  second  vertex.    The  complete  co- 
efficient is  18,  therefore,  in  agreement  with  Eq.  (6-25).    The  annihilation  factor  of  2 
here  is  a  new  feature,  and  it  appears  because  of  the  factor  n^.  in  Eq.  (5-18).  The 
errors  which  compensate  to  give  the  correct  coefficient  in  Eq.  (6-25)  are  the  use  of 
the  wrong  combinatorial  coefficient  at  the  second  vertex  and  the  omission  of  the 
annihilation  factor  at  the  second  vertex. 

The  other  special  case  in  the  diagram  of  Fig.  6-1  is  that  of  three  identical 
phonons.    The  sum  of  all  the  terms  in  Eq.  (6-14)  in  which  the  three  phonons  are  ident- 
ical is  given  by  the  following  expression: 

6(f2/8u3)  =(1^/(^)1  B(13)11|2A(3q*1)(l/3c1-z).  (6-26) 

This  expression  is  also  the  same  as  is  obtained  by  explicit  consideration  of  the 
special  case,  and  the  correctness  of  the  numerical  coefficient  again  results  from  a 
compensation  of  errors.    The  errors  which  compensate  here  are  the  use  of  the  wrong 
combinatorial  coefficients  at  both  vertices  and  the  omission  of  the  annihilation  factors 
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at  the  second  vertex  (3  for  the  first  annihilation  and  2  for  the  second). 

For  an  example  in  which  contributions  must  be  added  before  a  special  case  is 
correctly  included,  consider  the  diagram  in  Fig.  6-13.    One  special  case  arising  from 
this  diagram  is  that  in  which  phonons  5  and  7  are  identical.    In  this  case  the  diagram 
in  question  is  identical  to  another  diagram  for  the  same  matrix  element.    That  other 
diagram  is  shown  in  Fig.  6-14.    The  contributions  from  these  two  diagrams  will  not 
be  written  out,  but  when  all  the  terms  in  which  phonons  5  and  7  are  identical  are  added 
together  from  both  general  contributions,  the  resulting  expression  contains  a  num- 
erical factor  of  4  X  3    which  is  the  sum  of  a  factor  2  X  35  for  each  diagram.  The 
factor  for  each  diagram  is  the  product  of  combinatorial  factors  for  each  vertex,  and 
these  factors  are  given  below  the  vertices  in  the  figures.    The  total  contribution  for 
the  special  case  which  is  obtained  in  this  way  by  the  general  procedure  is  exactly  the 
same  as  the  contribution  which  is  obtained  by  explicit  consideration  of  the  special 
case.    In  the  explicit  consideration  the  numerical  coefficient  of  4  x  35  is  obtained  as 
the  product  of  the  same  combinatorial  factors  which  occur  for  either  of  the  general 
diagrams  (the  two  diagrams  being  identical  in  the  special  case)  and  a  factor  of  2  from 
the  annihilation  at  the  fourth  vertex.    The  errors  which  compensate  to  give  the  correct 
result  in  the  general  procedure  are  the  treatment  of  two  diagrams  separately  when 
only  one  process  is  involved  and  the  omission  of  annihilation  factors. 
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Fig.  6-13 

iagram  illustrating  a  special  case  of  identical  phonons 
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3  x         3         x        3       x      3  x  6 


Fig.  6-14 

Second  diagram  illustrating  a  special  case  of  identical  phonons 


For  an  example  with  still  another  feature,  consider  the  diagram  in  Fig.  6-13 
again,  and  consider  the  special  case  in  which  phonons  5  and  8  are  identical.    Again  the 
general  procedure  yields  the  correct  result  for  the  special  case.    In  the  general  pro- 
cedure the  numerical  coefficient  is  obtained  as  a  product  of  the  combinatorial  factors 
shown  in  Fig.  6-13.    In  the  explicit  calculation,  each  vertex  yields  the  same  factor 
as  in  the  general  procedure,  but  the  factor  from  the  fourth  vertex  is  made  up  in  a 
very  different  way.    In  the  special  case  the  operator  for  this  fourth  vertex  is  a  pro- 
duct of  two  creation  operators  and  an  annihilation  operator,  all  with  the  same  phonon 
indices.    If  the  annihilation  comes  last,  it  yields  an  annihilation  factor  of  2,  but  if  it 
comes  second,  it  yields  an  annihilation  factor  of  one.    Since  each  of  these  possibilities 
can  occur  in  only  one  way,  the  numerical  factor  for  the  fourth  vertex  is  3,  just  as  in 
the  general  procedure.    The  coefficient  obtained  by  the  general  procedure  is  again 
correct,  therefore. 

The  examples  given  above  show  how  the  general  procedure  for  calculating 
matrix  elements  does  give  correct  results  even  though  the  special  cases  of  identical 
phonons  are  not  considered  explicitly.    Other  examples  lead  to  the  same  result.  The 
fact  that  the  general  procedure  does  give  the  correct  result  is  fortunate,  of  course, 
since  much  of  the  utility  of  diagram  analysis  depends  upon  this. 
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7.    RESULTS  FOR  THE  PERTURBED  GROUND  STATE 

When  a  crystal  is  at  a  temperature  of  0°K,  it  is  in  its  quantum-mechanical 
ground  state.    When  it  is  at  a  higher  temperature,  however,  it  is  not  in  any  single 
quantum  state.    The  properties  of  a  crystal  at  0°K  are  therefore  of  particular  inter- 
est because  of  the  direct  importance  of  a  single  quantum  state.    In  the  present  section 
the  results  for  the  ground-state  wave  function  and  energy  of  a  crystal  are  presented, 
andsome  properties  of  the  crystal  at  0°K  are  discussed  on  the  basis  of  this  wave 
function.    In  the  succeeding  section  the  ground  state  results  will  be  derived. 

The  ground-state  energy  of  a  crystal  as  obtained  by  many-particle  perturba- 
tion theory  is  given  by  the  following  expression: 

E    =  e    +  e      +  Z^onn  <  0||  V  \  J0>.  (7-1) 
o      o      zp       6  1  l     of  6 1  v  ' 

This  expression  was  first  derived  by  Goldstone  (Goldstone,   1957).    In  the  present 
case  it  represents  the  expectation  value  of  the  Hamiltonian  of  Eq.  (5-9)  with  respect 
to  the  perturbed  ground-state  wave  function  of  the  crystal.    In  the  expression  6 
designates  a  diagram  for  the  matrix  element  <  0|  VQ  |0>,  and  the  symbol  <  o|-f  VQj-  6|0 
refers  to  the  contribution  to  the  matrix  element  which  is  represented  by  the  diagram 
6.    The  operator  Vq  is  simply  Vz  with  z  set  equal  to  zero.    The  superscript  on  the 
summation  sign  in  Eq.  (7-1)  means  that  the  summation  over  diagrams  6  is  to  be 
restricted  to  connected  diagrams  (diagrams  with  only  one  component  each).  The 
last  term  in  Eq.  (7-1)  is  therefore  the  sum  of  all  the  contributions  to  the  matrix 
element  <  o|  VQ  |0  >  which  come  from  connected  diagrams.    This  term  by  itself  is  the 
expectation  value  of  the  anharmonic  energy  of  the  crystal  at  0°K. 

Since  the  anharmonic  energy  in  Eq.  (7-1)  is  given  by  a  sum  of  contributions 
from  only  connected  vacuum-to-vacuum  diagrams,  it  is  proportional  to  the  volume  J2 
in  the  limit  of  a  large  crystal.    This  follows  from  the  discussion  of  diagrams  and 
their  contributions  to  a  matrix  element  in  the  preceding  section.    The  anharmonic 
energy  therefore  has  the  proper  dependence  on  crystal  volume  (as  do  eq  and  eZp)»  and 
it  does  not  exhibit  any  of  the  spurious  dependence  on  high  powers  of  the  volume  which 
is  characteristic  of  the  terms  obtained  in  standard  perturbation  theory.    The  spurious 
dependence  on  ft  is  absent  because  the  troublesome  contributions  from  disconnected 
diagrams  do  not  enter  the  final  expression  for  the  energy.    The  reasons  for  this  will 
become  apparent  later. 

Eq.  (7-1)  gives  the  exact  ground-state  energy  of  a  crystal.    For  practical 
purposes,  however,  it  is  useful  to  classify  contributions  to  the  anharmonic  energy  in 
this  equation  in  rough  orders  of  magnitude  and  only  retain  the  largest  of  these.  Con- 
sider the  diagram  in  Fig.  7-1.    This  is  a  diagram  which  enters  the  calculation  of  the 
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anharmonic  energy.    The  order  of  magnitude 
of  the  contribution  from  this  diagram  is  de- 
termined in  the  figure  on  the  assumption 
that  an  energy  is  of  the  order  of  mag- 

nitude of  u(u/a)v~2  per  unit  cell  (the  nota- 
tion is  explained  Sec.  2)  and  that  an  eigen- 
value of  l/HQ  is  of  the  order  of  magnitude 
of  l/w.    Since  the  first  vertex  in  the  diagram 
of  Fig.  7-1  represents  a  term  in  V^,  it 
yields  a  factor  proportional  to  something  like 
co(u/a);  the  succeeding  operation  of  l/HQ 
then  yields  a  factor  of  l/u>;  etc.   In  this  way 

(^)2  x   i    x     »(£)     X    ±   X     »  (*)    =  "(f  )4 

Fig.  7-1      Diagram  for  illustration  of  an  order -of -magnitude  calculation 


the  complete  contribution  from  the  diagram  is  about  equal  to  N^u/a)4,  in  which  the 
known  size -dependence  is  included.    The  contribution  is  therefore  of  fourth  order  in 
(u/a).    For  comparison,  the  zero-point  energy  in  Eq.  (7-1)  is  about  equal  to  Nou>, 
and  this  is  of  zeroth  order  in  (u/a).    The  order  of  magnitude  of  any  contribution  to 
the  anharmonic  energy  in  Eq.  (7-1)  can  be  determined  by  this  method. 

The  ground-state  wave  function  of  a  crystal  as  obtained  by  many-particle 
perturbation  theory  is  given  by  the  following  equation: 


|+    >  =  en/2[  l+O+0/2.')O2  +  (l/2J)03+...(l/m.')Om+...]  |  0  >,  (7-2) 
where  n  is  the  following  constant: 

„,{  JL  S--<0|  {vz}6|0>]z,0,  (7-3) 
and  where  O  is  the  following  operator: 

°  =  ~N~  1  "  3N)f(^r  ^'  *  •  •  V[  S  6°nn  *  Wv^V  '  '  '  ¥n'  {Vo}6 

X  (l/&>1+u>2+.  •  •  wN)AtA2'  '  '  AN'  (?_4) 
The  wave  function  in  Eq.  (7-2)  is  normalized  such  that 

<  Oj   U    >  =  1,  (7"5) 


0  > 
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as  can  be  proved  by  methods  which  will  be  described  later. 

The  operator  O  defined  in  Eq.  (7-4)  is  a  linear  combination  of  products  of 
creation  operators.    The  products  for  which  N  equals  one  generate  one-phonon  states 
from  the  vacuum  state,  the  products  for  which  N  equals  two  generate  two-phonon 
states,  and  so  on.    The  states  which  are  generated  by  terms  in  O  all  have  pseudo- 
momenta  of  either  zero  or  some  vector  ZttT,  however.    This  is  because  the  matrix 
element  <  q^.  .  -qN3Nl  JV  J.  Jo  >  which  appears  in  any  term  introduces  a  factor 
+        '  •  A  few      the  dia&rams  6  which  contribute  in  Eq.  (7-4)  are  shown 

in  Fig.  (7-2).    The  diagrams  shown  are  for  N  equals  1,  2,  and  3. 


Fig.  7-2 

Sample  diagrams  contributing  to  O  in  Eq.  (7-4) 


In  view  of  the  nature  of  O  as  described  above,  the  ground-state  wave  function 
in  Eq.  (7-2)  is  a  linear  combination  of  unperturbed  states  containing  all  numbers  of 
phonons,  each  unperturbed  state  having  a  pseudo-momentum  of  zero  or  some  vector 
2ttt.    The  first  term  in  the  square  brackets  in  Eq.  (7-2)  generates  the  vacuum  state, 
the  second  generates  unperturbed  states  with  one  or  more  phonons,  the  third  gener- 
ates unperturbed  states  with  two  or  more  phonons,  and  so  on.    This  series  of  terms 
extends  to  infinity,  and  the  resulting  wave  function  is  only  intended  to  apply  in  the 
limit  of  infinite  volume. 

The  constant  n  as  defined  in  Eq.  (7-3)  is  obtained  from  only  matrix-element 
contributions  which  have  connected  vacuum-to-vacuum  diagrams  and  which  are  there- 
fore proportional  to  n.    Because  of  this,  n  itself  is  proportional  to  «.    In  fact  it  can 
be  shown  that  n  is  given  by  -Oc,  where  c  is  a  finite,  positive  constant.    The  factor 
e11/2  which  appears  as  a  normalizing  constant  in  Eq.  (7-2)  is  therefore  equal  to  e~Kc/2 
This  exponential  dependence  of  the  normalizing  constant  on  J2  is  reasonable  in  view  of 
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the  fact  that  wave  functions  are  essentially  multiplicative  as  large  sections  of  a 
crystal  are  put  together. 

The  constant  n  discussed  above  has  a  further  meaning  which  is  related  to  the 
probability  of  finding  the  perturbed  crystal  in  the  unperturbed  ground  state.  This 
probability  is  given  by  |  <0|4>Q  >|2-    Upon  examination  of  Eq.  (7-2),  this  quantity  is 
seen  to  reduce  to  just  en  or  e"cR.    In  the  limit  of  infinite  0,  then,  the  probability  of 
finding  the  crystal  in  its  unperturbed  ground  state  is  infinitessimally  small.    This  is 
reasonable,  of  course,  since  the  density  of  unperturbed  states  available  for  mixing 
becomes  infinite  in  this  limit. 

Because  of  the  anharmonic  forces  in  a  crystal,  the  equilibrium  positions  of 
the  nuclei  are  not  equal  to  those  predicted  by  rigid-lattice  theory  or  by  harmonic-vi- 
bration theory.    This  effect  occurs  even  at  0°K,  as  a  result  of  the  zero-point  vibra- 
tions.   Part  of  this  effect  can  be  calculated  by  simply  evaluating  the  expectation 
value  of  the  nuclear  displacements  with  respect  to  the  perturbed  ground-state  wave 
function  |+    >•    As  will  be  seen  below,  however,  the  expectation  value  of  a  displace- 
ment u      J  necessarily  the  same  as  that  of  any  other  displacement  u^  with  the  same 
n.    These  expectation  values  therefore  can  only  describe  shifts  of  the  equilibrium 
positions  within  a  unit  cell.    The  remainder  of  the  effect  is  the  change  of  the  unit  cell 
itself,  and  this  must  be  calculated  by  minimizing  the  perturbed  ground  state  energy  EQ 
with  respect  to  the  primitive  translation  vectors.    The  first  part  of  the  effect,  the 
change  within  a  cell,  is  treated  in  detail  below.    This  provides  an  example  of  the  use 
of  the  perturbed  ground-state  wave  function. 

The  expectation  value  of  a  displacement  ugn  with  respect  to  the  wave  function 

U    >  is  <  4>  |u     U    >.    The  operator  for  the  displacement  u      can  be  obtained  from 
IMo  To'   snITo  r 

Eq.  (4-12)  by  introducing  the  notation  of  Sec.  5  .    This  leads  to  the  following  equation: 

^n  =  (v0/i6,3mn)1/2Sj;q(Wqj)-1^[Aqj+A!qfj] 

x  [eqn)  -  if^  ]  exp  (iq.  s).  (7-6) 

If  the  expectation  value  of  Aqj  with  respect  to  |+Q  >  can  be  determined,  the 

expectation  value  of  this  operator  u*sn  can  be  evaluated  easily.    The  expectation 

value  of  A*  .  is  just  the  complex  conjugate  of  that  of  A     .,  and  it  does  not  require 
-qj  hj 

special  treatment. 

As  a  first  step  in  the  evaluation  of  <  ^Ja^I^  >,  consider  the  function 
A    U    >.    When  use  is  made  of  the  definition  of  U  >,this  function  can  be  written  out 

qj 1  o 
as  follows: 

A   .U    >  =  en/2A   .[l+O+0/2!)O2+...]  1 0  >.  (7-7) 
qj    o  qj 
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A  term  Aqj|Om+1 1  0  >  which  occurs  in  this  equation  will  now  be  rewritten  as  follows: 

AqjOm+1|0  >  =  (m+l)Om(AqjO)|0>  (7-8) 

Eq.  (7-8)  can  be  proved  by  use  of  the  following  equation,  which  in  turn  can  be  proved 
by  using  Eq.  (7-4)  for  O: 

[Aqj,0]0  =  0[Aqj,0]  +02Aqj.  (7-9) 

When  use  is  made  of  Eq.  (7-8),  Eq.  (7-7)  can  be  rewritten  in  the  following  way: 

Aqj,4'o>  =  en/2U  +  0+(l/2J)02+...]  (AqjO)|0>.  (7-10) 

In  the  equation  above  the  operator  (AqjO)  on  the  right  can  be  treated  as  a 
single  operator  acting  on  the  vacuum.    This  is  desirable  because  (Aqj°)  can  be  written 
as  a  linear  combination  of  just  creation  operators,  as  in  the  following  equation: 

Aqjo|0>     ,  •'^(j^.j3•••••^v>/(^2•^3••••%>(l/"l+v•••uv, 

*    26C°nn<3.?2j2....Vvl{vJ6|0>A*A*  ..A>>.  (7-11) 

The  annihilation  operator  A^  has  been  absorbed  by  what  will  be  called  contraction 
with  a  creation  operator  in  O.    The  advantage  of  having  (AqjO)  in  a  form  which  con- 
tains no  annihilation  operators  will  become  clear  shortly. 

In  view  of  the  results  above,  the  desired  expectation  value  of  A  .  can  be 
written  out  in  either  of  the  following  ways: 


^O^qjl 


4>Q  >  =  en  <  0|  1 1  +  0*+  (1/2!  )0*2+.  . .  j  j[  1  +  0+  (l/2J  )02+.  .  .  ]  Aqjo|  |  0  > 

1  1  q     J  (7-12) 

or 

<k|jo|Aqi^o>=    *        *     en(l/m.')(l/p.')<0|  (o*ml(oP(A  .O)}|0>. 

qj    °        m  =  0    p  =  0  I        I  I         qJ     J  (?13) 

From  the  second  way  it  is  apparent  that  <  ^Q I  Aqj  I  ^Q  >  can  °e  calculated  from  auxiliary 
matrix  elements  of  the  follow  ing  form: 

en(l/m')(l/p.')<0|  |o*m||oP(AqjO)||0>.  (7-14) 

These  auxiliary  elements  in  turn  can  be  calculated  readily  by  means  of  a  pictorial 
analysis  which  is  quite  similar  to  the  diagram  analysis  already  described.  An  ex- 
ample of  this  is  presented  below. 

The  picture  in  Fig.  7-3  is  supposed  to  represent  a  contribution  to  the  auxili- 
ary matrix  element  of  Eq.    (7-14)  when  m  and  p  are  equal  to  3  and  4  respectively.  It 
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is  called  a  picture  rather  than  a  diagram  because  it  does  not  involve  vertices.  The 
set  of  circles  on  the  right  in  the  picture  represents  one  term  in  the  product  operator 

)4(A  .0)\,  where  (A  .O)  is  the  operator  given  in  Eq.  (7-U),  and  the  set  of  circles 
m  the  ?ift  represents  one  term  in  the  product  operator  O*3.    By  one  term  is  meant 
one  product  of  creation  operators  with  their  coefficient.    Each  term  of  this  sort  is  a 
product  of  terms  from  each  of  the  individual  operators  (AqjO)  and  O  on  the  right  and 
O*  on  the  left.    These  terms  from  the  individual  operators  are  represented  by  the 
individual  circles  in  the  picture,  and  the  right-to-left  order  of  the  terms  is  represen- 
ted by  the  top-to-bottom  order  of  the  circles.    The  cross-hatched  circle  represents  a 
term  in  the  operator  (A  -O),  and  each  shaded  circle  represents  a  term  in  an  operator 
O  if  it  is  on  the  right  and  O    if  it  is  on  the  left. 

For  each  phonon  created  by  a  term  in  the  product  operator  J  < 
line  emanates  from  the  appropriate  circle  on  the  right  in  the  picture,  and  for  each 
phonon  annihilated  by  a  term  in  the  product  operator  O*3  a  line  enters  the  appropriate 
circle  on  the  left.    The  emanating  and  entering  lines  are  numbered  in  the  picture, 
and  each  number  i  is  meant  to  designate  a  set  of  phonon  indices  J.j..    For  a  non-zero 
contribution  to  the  desired  matrix  element,  the  number  of  phonons  annihilated  on  the 
left  must  be  equal  to  the  number  created  on  the  right,  and  each  phonon  which  is 
created  must  be  annihilated.   j_ 

2-tfc'  AqjO 


st 


2nd  0 


3rd0 


4th0 


Fig.  7-3 

Picture  symbolizing  one  contribution  to  the  matrix  element 


;n(l/m! 


;ing  one  contribution  to  the  matrix  eiei 
)(l/p.')<  0|  {O*3}  {o4(AqjO)|    |0  > 
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The  total  contribution  to  the  desired  matrix  element  from  the  picture  in 
Fig.  7-3  contains  a  factor  A  (cf-q')6  jj '  for  each  phonon  line,  and  it  involves  summations 
over  all  the  initial  and  final  phonon  indices  qj  and  q'j'.    Because  of  the  presence  of 
the  delta  factors,  however,  half  of  the  summations  can  be  performed  immediately. 
As  in  the  case  of  diagrams,  the  summations  here  are  supposed  to  be  performed  with- 
out introducing  correction  factors  for  the  special  cases  in  which  phonons  are  identical. 
The  justification  for  this  procedure  is  the  same  as  for  diagrams. 

By  convention  one  picture  is  changed  into  a  new  picture  if  the  roles  of  the 
successive  operators  O  or  O    are  interchanged.    For  example,  the  picture  in  Fig.  7-3 
is  changed  into  a  new  picture  if  the  three  phonons  6,  7,  and  8  are  said  to  be  created 
by  a  term  in  the  first  O  instead  of  the  third  and  the  phonons  3  and  4  are  said  to  be 
created  by  a  term  in  the  third  O  instead  of  the  first.    All  pictures  differing  only  by 
interchanges  of  the  roles  of  the  operators  O  or  O*  yield  the  same  total  contribution 
to  the  desired  matrix  element,  however.    If  there  are  m  operators  O*  and  p  opera- 
tors O,  there  are  m.'  p.*  such  pictures. 

According  to  Eq.  (7-13)  the  desired  expectation  value  <  iji  |  A   .  |  *J>    >  is  given 
by  the  sum  of  all  matrix  elements  having  the  form  (7-4).    In  view  of  this  it  is  also 
given  by  the  sum  of  the  contributions  to  such  matrix  elements  from  all  pictures  with 
all  possible  numbers  of  shaded  circles  and  all  possible  schemes  for  connecting  the 
circles.    This  latter  sum  becomes  quite  managable  when  use  is  made  of  the  following 
theorem:   the  sum  of  the  contributions  from  all  the  pictures  which  contain  the  cross- 
hatched  circle  in  the  same  connected  component  is  just  equal  to  e~n  times  the  con- 
tribution from  that  connected  component  alone.    To  illustrate  what  is  meant  by 
connected  component  in  this  context,  the  picture  in  Fig.  7-3  has  two  connected  com- 
ponents, one  connecting  AqjO  with  the  first  and  third  O  and  the  first  and  second  O*. 
and  the  other  connecting  the  second  and  fourth  O  with  the  third  O*.    Connected  com- 
ponents in  different  pictures  should  be  regarded  as  the  same  if  they  look  the  same 
when  isolated  from  the  other  components.    The  proof  of  the  theorem  is  outlined  be- 
low. 

Consider  a  particular  fully-connected  picture  involving  m'  operators  O*  and 
p'  operators  O.    Now  let  this  picture  be  a  component  in  another  picture  which  involves  rr. 
operators  O    and  p  operators  O,  assuming  that  m  and  p  are  greater  than  or  equal  to 
m1  and  p*  respectively.    In  the  latter  picture  the  m"  operators  O*  and  p'  operators  O 
which  are  involved  in  the  component  can  be  chosen  in  any  one  of  [  m.1  p.'  /m'.'p'.1  (m-m').1 
(p-p1).'  ]  ways.    The  total  contribution  from  all  such  pictures  which  have  m  operators 
O    and  p  operators  O  and  which  contain  the  component  in  question  is  therefore  given 
by  the  following  expression: 
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(1/m!  )(l/pi  )[  ml  /m'J  (m-m')'  ]  [  p.'  /p'J  (p-p*)J  ] 
x  (m'.'p'.'  )/  contribution  from  the  connected  picture  involving  Aqj°j- 

L  *  1 

x  (m-m1).'  (p-p')."  ^contribution  from  all  pictures  containing  (n-n')O's  and  (m-m'jO  "s|. 
The  factor  in  the  second  line  of  this  expression  is  equal  to 

<0|{o*m'oP,(AqjO)}6|0>) 
where  6  designates  the  particular  component.and  the  factor  in  the  third  line  is  equal  to 

<o|  jo*m-m,jjop-p|  |0>. 

On  the  basis  of  the  results  above,  the  sum  of  the  contributions  from  all  the 
pictures  which  contain  the  connected  component  6  is  given  by  the  following  expression: 

en(l/m'J  )(l/n'.'  )  <  0  |  j  0*m'oP'(Aq;jO)}6  |  0  > 
x  <  0  |  jl+0*+(l/2  .'  )0*2+.  .  .  j  |  l+0+(l/2  !  )02+.  • .  j  |  0  >.  (7-16) 

On  examination  of  Eq.  (7-2)  for  |  4>Q  >  however,  the  last  matrix  element  in  the  ex- 
pression above  is  seen  to  be  just  the  normalization  integral  <  4>Qk0  >  times  a  factor 
e~n.    Since  <  4^  |+    >  is  equal  to  one,  the  theorem  is  proved. 

It  should  be  noted  that  the  proof  given  above  is  the  result  of  a  rigorous  formal 
treatment  of  an  infinite  number  of  pictures.    In  a  certain  sense  this  treatment  corres- 
ponds to  carrying  out  standard  perturbation  theory  to  infinite  order.    The  elimination 
of  all  but  connected  pictures  which  is  achieved  by  such  a  treatment  is  a  characteristic 
result  in  many-particle  perturbation  theory. 

On  the  basis  of  the  theorem  given  above,  the  expectation  value  <  4>0lAq.|4>0  > 
is  given  by  the  sum  of  expression  (7-l6)  over  all  connected  pictures  which  involve 
p'  operators  O  and  m"  operators  O*  and  over  all  non-negative  integers  m'  and  p'. 
The  expectation  value  can  therefore  be  written  in  the  following  way: 

<*ol\ii+o  >  -  SmpSrnn('/m;  >"/"•'><  01  {0tm0P(AqjO)j6  |0  >  (7-17) 

or 

|A   .|*  >  =  S^onn<0|  f[l  +  0%(l/2.')0*2+...][l+0+(l/2.')02+...](A  O)}6|0> 
o     qj     o  t>  |  '(7-18) 

The  latter  equation  is  seen  to  be  identical  to  Eq.  (7-12)  except  for  the  restriction  to 
connected  pictures  and  the  absence  of  the  factor  en.    The  present  equation  is  much 
more  practical  than  the  earlier  one,  however.    The  pictures  involved  in  the  present 
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equation  give  contributions  which  are  easily  classified  as  to  order  of  magnitude  in 
powers  of  u/a,  and  for  any  particular  order  there  are  only  a  finite  number  of  pictures. 
The  pictures  involved  in  the  earlier  equation  also  give  contributions  which  can  be 
classified  as  to  order  of  magnitude,  but  for  a  particular  order  there  is  an  infinity  of 
pictures. 

As  shown  by  examination  of  Eq.  (7-18),  the  desired  expectation  value 
<  ^0'Aqj'^o  >  involves  no  contribution  which  is  independent  of  u/a.    This  is  to  be 
expected,  of  course,  since  the  expectation  value  of  a  nuclear  displacement  with 
respect  to  the  unperturbed  ground  state  is  zero.    The  desired  expectation  value  does 
contain  one  contribution  which  is  of  first  order  in  u/a,  however.    This  contribution 
comes  from  a  picture  which  is  a  single  cross-hatched  circle  with  no  phonons  at  all, 
and  it  is  given  by  the  following  expression: 

(i/Uq.)2--<5l|voj6,|o>. 

The  first-order  part  of  this  contribution  is  obtained  when  V    is  replaced  bv  iust  V^. 

-  i    (3)  i  ° 
The  matrix  element  <  qj  |  Vv  7|0  >  which  then  appears  is  given  by  Eq.  (6-18).  To 

first  order  in  u/a,  then,  the  expectation  value  <  4>q  |  A ^  |  4*q  >  is  given  by  the  following 

equation: 

<^lAoj^o>  =  -^©WVsai)/(?i|Boj.,ii-r  (7"19) 

Once  this  expectation  value  of  A^  is  known,  it  is  a  simple  matter  to  find  the 
expectation  value  of  a  nuclear  displacement  u     ,  at  least  formally.    On  the  basis  of 
Eqs.  (7-6)  and  (7-19),  the  first-order  approximation  to  this  expectation  value  of  u"sn 
is  given  by  the  following  equation: 

<4>  |u  >  =  -3/2  S.(v  /m  Tr3-  3)1/2e(nn) 

o1   sn1  Yo  '       y  o'     n      Oj  '  Oj 

x  js  (]1)/(q1)B^)1  c.j  ,  (7-20) 

where  c.  c.  stands  for  the  complex  conjugate  of  the  preceding  term.    As  shown  by 

this  equation,  <  +0I-A QAtyQ  >  is  determined  completely  by  the  normal  modes  for  which 

q  is  zero  (modulo  2itt),  and  this  result  occurs  in  all  orders.    The  index  j  which 

appears  in  Eq.  (7-20)  and  the  corresponding  index  which  appears  in  higher  order 

equations  should  therefore  be  restricted  to  the  optical  modes,  since  acoustical  modes 

with  q  equal  to  zero  only  lead  to  pure  translations. 

Since  only  optical  modes  with  q  equal  to  zero  contribute  to  the  expectation 

value  of  ur  ,  the  expectation  values  of  two  displacements  u      and  u  .    must  be  ident- 
sn  r  sn  s'n 

ical.    This  is  the  justification  for  the  statement  made  earlier  that  the  expectation 
values  <  ^0lAqjl^0  >  cannot  describe  an  alteration  of  the  unit  cell  but  can  only 
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describe  changes  within  the  cell. 

The  problem  of  nuclear  shifts  which  is  discussed  above  illustrates  one  effect 
of  the  anharmonic  forces  for  a  crystal  in  its  ground  state.    Other  effects  which  can 
be  calculated  by  similar  techniques  are  the  correlations  of  the  displacements  of 
pairs  of  nuclei  and  the  distribution  of  phonons.    The  first  of  these  effects  is  given  by 
the  expectation  value  of  a  product  usnus,n,,  and  it  requires  the  calculation  of  the 
quantities  <  *J  Aq.  Aqlj,  |  ^0  >  and  <  *J  AqjA*tj,  J +Q  >.    The^second  effect  is  given  by 
the  expectation  value  of  the  operator  for  phonon  density,  AqjAqf 
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8.    DERIVATION  OF  RESULTS  FOR  THE  GROUND  STATE 

In  the  following  discussion  a  derivation  of  the  expressions  for  the  perturbed 
ground-state  energy  and  wave  function  is  outlined.    For  a  more  detailed  presentation 
of  some  parts  of  this  derivation,  the  reader  is  referred  to  the  literature  of  Van  Hove 
and  Hugenholtz  which  is  listed  in  the  bibliography.    In  some  respects  the  derivation 
outlined  below  is  simpler  than  the  original,  however. 

The  derivation  is  based  on  a  property  of  the  vacuum-to-vacuum  matrix 
element  of  the  resolvent.    This  element  will  now  be  symbolized  by  Dz(0),  so  that 

Dz(0)  =  <  0  |  Rz  |  0  >.  (8-1) 

The  property  of  interest  is  that  in  the  limit  of  an  infinite  crystal  Dz(0)  has  a  simple 
pole  on  the  positive,  real  z  axis,  z  being  a  complex  number.  Near  this  pole,  then, 
Dz(0)  can  be  approximated  by  the  expression  (Qo/xQ-z),  where  xq  is  the  location  of 
the  pole  and  -QQ  is  the  residue.  It  also  turns  out  that  Dz(0)  has  a  cut  along  the 
positive,  real  z  axis  from  xq  (which  is  positive)  to  plus  infinity.  The  discontinuity 
across  this  cut  approaches  zero  as  the  real  part  of  z  approaches  xq  from  the  positive 
side,  however,  and  the  simple  pole  at  x  remains  well-defined.  The  proof  of  these 
properties  of  Dz(0)  will  be  discussed  later  in  the  present  section. 

As  a  result  of  the  simple  pole  in  Dz(0),  the  function  RjO  >  also  has  a  simple 
pole  at  z  equals  xq  in  the  limit  of  an  infinite  crystal.    The  proof  of  this  is  based  on 
the  diagram  analysis  by  which  Rjo  >  is  to  be  evaluated.    For  this  the  resolvent  Rz 
is  first  expanded  in  powers  of  V  according  to  Eqs.  (6-5)  and  (6-6),  and  each  V  is 
then  replaced  by  the  V^'s.    With  these  expansions  the  resolvent  is  given  by  a  linear 
combination  of  product  operators  of  the  form  shown  in  Eq.  (6-10).    Each  of  these 
product  operators  generates  a  linear  combination  of  phonon  states  when  it  acts  on 
the  vacuum  state,  and  the  coefficients  of  the  phonon  states  are  easily  determined  by 
using  the  diagram  techniques  described  in  Sec.  6. 

As  shown  by  this  diagram  analysis,  which  is  outlined  below,  the  function 
Rzl  0  >  can  be  written  in  the  following  form: 
no  states  |  0> 


R 


no  siaies  |  r  ~\ 

0>  =[1+2 g  (1/Ho"z){Vz}6]  l°>Dz(0)-  (8"2) 


The  notation  in  the  superscript  of  the  summation  sign  here  is  meant  to  restrict  the 
summation  to  those  diagrams  6  which  do  not  have  |  0  >  as  an  intermediate  or  final 
state.    To  illustrate  this  restriction,  the  diagram  in  Fig.    8-1    is  included  in  the 
summation,  while  the  diagram  in  Fig.  8-2  is  excluded. 

Eq.  (8-2)  is  based  on  the  following  analysis.    If  a  particular  diagram  con- 
tains the  vacuum  as  an  intermediate  state  one  or  more  times,  the  contribution  from 
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that  diagram  to  Rz|0  >  can  be  written  as  a  product  of  two  factors,  one  factor  for  the 
part  of  the  diagram  to  the  left  of  the  last  intermediate  vacuum  state  (not  the  final 
state)  and  one  factor  for  the  part  of  the  diagram  to  the  right  of  this  state.  Because 
of  the  structure  of  Fqs.  (6-5)  and  (6-6)  for  the  resolvent,  the  first  of  these  factors 
is  a  contribution  to  the  function  (l/H  -zjvjo  >,  and  the  second  is  a  contribution  to 
the  matrix  element  <  0  |  R z  |  0  >,  which  is  Dz(0).    When  all  of  the  contributions  to 
Rz|0  >  which  involve  intermediate  vacuum  states  are  treated  in  this  way,  the  sum  of 
these  contributions  can  be  rewritten  to  give  Eq.  (8-2). 


Fig.  8-1 
Sample  diagram  contributing 
to  R    |  0  >  in  Eq.  (8-2) 


Fig.  8-2 

Sample  diagram  which  is  excluded  from 
Eq.  (8-2) 


On  the  basis  of  Eq.  (8-2)  the  pole  at  z  equals  xq  in  D  (0)  gives  rise  to  a  pole 
at  the  same  location  in  R z  |  0  >.    The  first  factor  in  Eq.  (8-2)  can  be  shown  to  be  finite 
and  well-behaved  at  x  .    The  pole  in  R   |  0  >  is  therefore  simple,  as  is  the  pole  in 
D,(0). 


Now  consider  the  following  function: 


U    >  =  Q  _1/2lim  (x  -Z)R    |0  >. 

'*o       ^o        as-  x   ±  iO     °  z 
o 


(8-3) 


The  limit  on  z  here  means  that  the  imaginary  part  of  z  approaches  zero  from  either 
above  or  below  the  real  axis,  and  the  factor  QQ         is  included  for  normalization. 
The  function  defined  in  Eq.  (8-3)  turns  out  to  be  an  eigenfunction  of  the  Hamiltonian  H 
of  Eq.  (5-9),  and  its  eigenvalue  is  given  by 


E    =  £    +  e 
o      o  zp 


(8-4) 
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In  this  equation  xq  is  found  to  approach  zero  as  the  perturbation  V  approaches  zero. 
It  is  therefore  natural  to  assume  that  for  small  perturbations  Eqs.  (8-3)  and  (8-4) 
represent  the  wave  function  and  energy  of  the  ground  state  of  the  perturbed  crystal. 

To  see  that  | LpQ  >  in  Eq.  (8-3)  is  an  eigenfunction  of  H,  consider  the  operation 
of  H  on        >•    This  can  be  written  out  as  follows: 

HU    >  =  (e+e     )U    >  +  Q-1/2lim  (x  -z)(H  +V)R    1 0  >,  (8-5) 

IYo        vo    zp/IYo        ^o       z-x    ±io    o         °  z 

o 

Because  of  the  definition  of  R  z>  however,  the  product  (HQ+V)Rz  is  just  equal  to 

l  +  zRz.    When  this  relation  is  used  in  Eq.  (8-5)  and  the  limit  is  taken,  the  following 

equation  is  obtained: 

HU    >  =  (e   +  e       +  x  )  1 4»    >.  (8-6) 
1  To  o     zp       o"  To  ' 

This  verifies  the  results  which  are  claimed  above. 

The  normalization  of  the  wave  function  in  Eq.  (8-3)  can  be  checked  by  calcu- 
lating the  integral  <  4^14^  >•    This  integral  is  given  by  the  following  equation: 

<+J+>  =Qlllirn  (x  -z)(x  -z*)  <  0|R    R   |0  >,  (8-7) 

00  °z-x±iO°         °  Z 

o 

where  z*  is  the  complex  conjugate  of  z.    From  the  definition  of  Rz  it  can  be  proved 
that  Rz5!eRz  equals  (Rzs!<-Rz)/(z*-x),  however.    Eq.  (8-7)   can  therefore  be  rewritten 
in  the  following  way: 

<  ib  U    >  =  Q"1  lim  (x  -z)(x  -z*)[D     (0)-D  (0)]/z*-z.  (8-8) 

00  °z-x±iO°         °  Z  Z 

o 

When  the  limit  on  z  is  taken  in  this  equation  Dz(0)  and  Dz^(0)  can  be  replaced  by 

(Qo/xQ-z)  and  (Qo/xq-z*)(Qo  is  real),  and  the  right  side  of  the  equation  becomes  just 

one.    The  wave  function        >  defined  by  Eq.  (8-3)  is  therefore  normalized  to  one. 

The  wave  function        >  can  be  obtained  in  somewhat  different  form  by  use 

of  Eq.  (8-2)  for  RjO  >.    Since  Dz(0)  in  that  equation  is  given  by  (Qo/xq-z)  near  z 

equals  x  ,   I  ill    >  can  be  written  out  as  follows: 
M  o  o 

|*   >=Qy2lim  [l+snostates  1 0  >(l/H      ,  jyl]  |0  >. 

z-xo±iO  L     J  (8_9) 

The  wave  function        >  can  therefore  be  determined  entirely  from  diagrams  which 
have  no  intermediate  vacuum  states. 

All  of  the  results  above  depend  upon  assumed  properties  of  Dz(°).  and  the 
existence  of  these  properties  must  now  be  verified. 

The  quantity  Dz(0)  which  is  to  be  investigated  can  be  written  out  in  the  follow- 
ing way: 
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Dz(0)  =<0|RjO>  =  (-l/z)-(-l/z)2S6  <0||vz}6  |0>.  (8-10) 

Here  (-l/z)  appears  as  the  eigenvalue  of  (l/HQ-z)   operating  on  the  vacuum  state, 
and  the  summation  is  over  all  diagrams. 

For  reasons  which  will  become  clear  later  it  is  convenient  to  consider  the 
contribution  to  Eq.  (8-10)  which  comes  from  just  one -component  diagrams.  This 
contribution  can  be  written  out  as  follows: 

Bz  =  -(l/z)2S^°nn<0||vz|6|0>.  (8-11) 

Each  diagram  in  this  expression  gives  a  contribution  to  Bz  which  is  proportional  to  f2 
(in  the  limit  of  an  infinite  crystal),  and  Bz  itself  can  therefore  be  written  in  the  form 

Bz  =  -C2(l/z)2Fz.  (8-12) 

According  to  the  discussion  of  Sec.  6,  the  factor  Fz  introduced  here  is  made  up  of  a 
linear  combination  of  terms,  each  of  which  contains  a  product  of  energy  denominators 
of  the  form 

(l/uj+o)^.  .  .  -z)(l/w,1+u^+.  .  .  -z).  .  .  . 

Because  of  these  energy  denominators  F    has  a  dense  set  of  poles  all  along  the  posi- 
tive, real  z  axis  when  the  crystal  in  question  is  large  and  finite.    If  the  quantity  Fz 
is  only  calculated  to  some  finite  order  in  powers  of  V,  these  poles  occur  out  to  some 
finite  value  X,  and  as  the  order  to  which  Fz  is  calculated  is  made  arbitrarily  large, 
the  value  X  also  becomes  arbitrarily  large.    There  is  no  pole  in  Fz  at  z  equals  zero, 
however. 

As  the  crystal  volume  ft  increases  the  poles  in  Fz  shift  around  in  a  com- 
plicated way  and  the  number  of  poles  increases.    Except  for  these  effects,  however, 
Fz  is  essentially  independent  of  fi.    In  the  limit  of  an  infinite  crystal  the  poles  in  Fz 
merge,  and  Fz  acquires  a  z-dependence  which  is  somewhat  like  that  of  the  integral 
f^f(x)(l/x-z)dx  in  the  vicinity  of  the  real  z  axis.    In  this  limit,  the  line  of  poles  be- 
tween zero  and  X  becomes  a  cut  across  which  the  function  Fz  has  a  finite  discontinuity. 

According  to  a  theorem  which  was  established  by  Hugenholtz,  (Hugenholtz, 
1957  a,  b),  the  quantity  Dz(0)  can  be  completely  expressed  in  terms  of  just  the  function 
Bz  defined  in  Eq.  (8-11).    The  equation  which  Hugenholtz  derives  for  Dz(0)  is  the 
following: 

Dz(0)  =  -(l/z)+  Bz+  (1/2!)(BZ)*(BZ)+  0/ 3.'  )  (Bz)* (BZ)*(BZ)+.  .  .  .  (8-13) 

Here  the  quantity  (Bz)*(Bz)  is  a  convolution  product  of  the  two  Bz's.    A  general  con- 
volution product  of  this  type  is  defined  by  the  following  equation: 
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(fz)*(gz)  =  (i/2ir)  0  fz.gz.z.dz'.  (8-14) 

and  for  present  purposes  the  contour  of  integration  is  taken  to  be  that  shown  in 
Fig.  8-3.    The  functions  fz,  and  gz  z,  appearing  in  the  definition  (8-14)  are  assumed 
to  have  poles  or  cuts  only  along  the   real  z1  axis,  and  the  contour  of  integration  is 
supposed  to  include  enough  of  the  real  axis  to  encircle  all  of  these.    Furthermore,  the 
contour  of  integration  in  the  z'  plane  is  not  to  contain  the  point  z.    For  the  proof  of 
Eq.  (8-13)  the  reader  is  referred  to  the  original  paper  by  Hugenholtz. 

Eq.  (8-12)  is  somewhat  complicated  as  it  stands,  but  a  fairly  simple  equa- 
tion can  be  obtained  from  it  by  taking  the  Fourier  transform  of  both  sides.  The 
Fourier  transform  of  a  function  such  as  fz  is  defined  here  by  the  following  equation: 

ft  =  (i/2ir)  f  e"itz  fz,dz\  (8-15) 

where  the  contour  of  integration  is  again  taken  to  be  that  shown  in  Fig.  8-3  (except 
that  no  second  variable  z  is  involved  here).    The  function  fz,  may  again  have  poles  or 
cuts  only  on  the  real  z'  axis,  and  the  contour  in  Fig.  8-3  is  supposed  to  enclose  all 
of  these. 

On  the  basis  of  Eq.  (8-13),  the  Fourier  transform  of  Dz(0)  is  found  to  be 
given  by  the  following  equation: 

Dt(0)  =  1  +  Bt  +  (1/2:  )Bt2  +  (l/3J)Bt3+...,  (8-16) 

where  B,  is  the  Fourier  transform  of  B  .  The  power  series  above  is  always  conver- 
gent,  and  it  gives  the  following  result  for  D^(0): 

Dt  (0)  =  exp  Bt.  (8-17) 

Because  of  the  large  factor  Q.  in  both  Bz  and  Bt,  many  terms  are  required 
for  the  convergence  of  the  series  in  Eqs.  (8-13)  and  (8-16).      For  all  practical  pur- 
poses, then,  each  series  must  be  treated  in  its  entirety,  as  has  been  done  above. 
The  simple  result  in  Eq.    (8-17)  (or  its  transform)  is  then  obtained,  and  it  is  this 
result  which  takes  care  of  the  troublesome  powers  of  fi  which  occur  in  the  ordinary 
perturbation  treatment  of  the  ground -state  wave  function  and  energy. 

The  only  features  of  D  (0)  which  are  presently  of  interest  are  its  singulari- 
ties. When  the  crystal  is  finite,  singularities  in  the  form  of  poles  are  expected  be- 
cause of  the  nature  of  Bz  in  Eq.  (8-12)  for  Dz(0).  In  the  limit  of  an  infinite  crystal, 
however,  most  of  these  poles  should  merge  to  give  a  cut.  If  any  pole  remains  in  this 
limit,  the  Fourier  transform  Dt(0)  should  be  a  periodic  function  of  t  at  large  t.  The 
existence  of  such  a  pole  can  therefore  be  checked  by  studying  the  assymptotic  behav- 
ior of  D  (0). 
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The  assymptotic  behavior  of  Dt(0)  is  related  to  that  of  Bt  through  Fq.  (8-17), 
and  the  latter  behavior  is  easily  determined  from  the  known  properties  of  B^.  In  the 
limit  of  large  t,  Bt  is  found  to  be  given  by  the  following  equation: 

Bt  =  -itOFQ  +  n(dFz/dz)z  =  Q.  (8-18) 

The  derivation  of  this  result  makes  use  of  Cauchy's  residue  theorem.    When  this 
result  is  substituted  into  Eq.  (8-16),  Dt(0)  is  indeed  seen  to  be  a  periodic  function  of  t 
at  large  t,  thus  indicating  that  there  is  a  pole  in  Dz(0).    This  pole  can  be  shown  to  be 
of  first  order  by  studying  the  Fourier  transform  of  (z-xq)Dz(0),  where  xq  is  the  loca- 
tion of  the  pole.    The  quantity  Dz(0)  can  therefore  be  written  as  Qq/xq-z  when  z  is 
near  x  ,  as  was  assumed  at  the  beginning  of  this  section,  and  the  values  of  QQ  and  xq 
determined  by  the  analysis  outlined  above  turn  out  to  be  the  following: 

xo="Fo  =  srn<°i{vz}6io>'  (8"19) 

Qo  =  -exp  [S2(dFz/dz)z  =  Q]    =  e_n,  (8-20) 

where  n  is  the  same  quantity  that  is  defined  in  Eq.  (7-3). 

With  these  results,  Eq.  (8-4)  for  the  ground-state  energy  of  the  crystal  is 
seen  to  agree  with  the  result  which  was  claimed  in  Sec.  7,  and  Eq.  (8-9)  for  the 
ground-state  wave  function  is  seen  to  reduce  to  the  following  equation: 

|*    >  =  en/2lim  [  I+S?°  StatGS  1°  ^l/H-z)/  vl    ]  |0  >.  (8-21) 

°  z^x±i0  L  J 

o 

With  some  algebra  this  equation  for  |  ijj    >  can  also  be  shown  to  give  the  result  which 
was  claimed  in  Sec.  7. 

Although  this  essentially  completes  the  outline  of  the  derivation,  several 
comments  remain  to  be  made.    As  presented  above,  the  derivation  appears  to  be 
quite  straightforward,  but  in  actuality  it  is  complicated  mathematically  by  the  inter- 
play of  the  different  limiting  processes.    These  limiting  processes  are  the  approach 
of  n  to  infinity,  the  approach  of  z  to  a  pole  or  cut,  and  the  approach  of  t  to  infinity. 

When  the  volume     is  large  but  finite,  as  it  is  for  a  real  crystal,  the  dense 
sets  of  poles  in  Fz  and  D  (0)  do  not  actually  form  continuous  cuts  as  they  would  for  an 
infinite  crystal.    In  the  case  of  finite  ft,  then,  the  limit  as  z  approaches  x  ±  iO  must 
be  taken  with  care.    The  dense  set  of  poles  can  only  be  treated  as  a  cut  if  the  length  of 
iO  remains  large  compared  to  the  very  small  spacing  between  the  poles,  and  this  re- 
striction must  be  incorporated  into  the  limits  which  have  been  used  in  the  foregoing 
derivation. 

Furthermore,  when  the  volume  R  is  large  but  finite,    t  cannot  actually  be 
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itx 

allowed  to  approach  infinity.    If  t  is  so  large  that  e      varies  significantly  from  one  of 
the  closely-spaced  poles  in  F  z  or  Dz(0)  to  the  next,  then  these  poles  will  give  add- 
itional contributions  to  Bt  and  Dt(0).    Specifically,  the  results  for  Bt  and  0^(0)  which 
have  been  used  in  the  derivation  are  only  valid  when  t  is  in  the  range 

w"1  <<  t  <<  NQ1/3  w"\  (8-22) 

where  w  is  a  characteristic  frequency  of  vibration.    This  limitation  naturally  affects 
the  physical  interpretation  of  the  wave  function  |«Jjq  >  and  the  energy  EQ  which  have 
been  derived,  and  this  is  discussed  below. 

The  quantity  D^O)  which  is  involved  here  is  the  Fourier  transform  of  the 
vacuum-to-vacuum  matrix  element  of  the  resolvent.    The  Fourier  transform  of  the 
resolvent  itself  is  the  operator  e-it(Ho+V),  however,  and  Dt(0)  can  therefore  be 
written  in  the  following  way: 

Dt(0)  =  <  0  |e-it(Ho+V)  |  0  >>  (8_23) 

To  within  a  constant  factor,  the  operator  e~i1^Ho+V)  which  appears  here  is  just  the 
-itH 

operator  e         which  generates  a  time -dependent  wave  function  from  a  time-indepen- 
dent solution  of  Schrodinger's  equation.    The  parameter  t  in  D»t(0  )  can  therefore  be 
interpreted  as  time. 

From  the  fact  that  |  4»0  >  in  Eq.  (8-21)  is  obtained  from  an  approximation  to 
Dt(0),  then,  it  follows  that  |<Jjq  >  might  very  well  behave  as  a  stationary  state  of  H 
only  for  times  t  in  the  range  (8-21).    Since  the  upper  limit  of  this  range  is  extremely 
large  for  a  crystal  of  normal  size,  however,  the  wave  function  |^  Q  >  in  Eq.  (8-21) 
provides  an  approximation  to  a  stationary  state  of  H  which  is  satisfactory  for  all  prac- 
tical purposes.    A  simple  formula  for  the  wave  function  |  ^D  >  has  thus  been  obtained 
by  abandoning  the  demand  for  an  exact  stationary  state  and  accepting  a  practical 
substitute. 

It  has  been  claimed  by  some  investigators  that  the  final  results  for  the  ground- 
state  wave  function        >  and  the  energy  EQ  are  better  than  their  derivation  would 
indicate.    It  is  claimed  that  these  results  satisfy  Schrodinger's  equation  exactly  no 
matter  what  the  size  of  the  system,  rather  than  just  in  the  limit  of  an  infinite  system. 
Formally  this  seems  to  be  true,  but  there  are  problems  of  convergence  which  are 
difficult  to  investigate.    The  only  assumption  of  convergence  which  is  really  needed 
for  applying  the  wave  function  and  energy  derived  here  is  that  the  series  in  powers  of 
V  for  Eo/S2  and  for  the  operator  O  converge  in  the  limit  of  infinite  S2.   If  this  assumption 
is  satisfied,  the  derivation  is  valid,  and  the  wave  function  |  iJjq  >  behaves  as  a  station- 
ary state  with  an  energy  of  EQ  for  reasonably  long  times. 

If  the  expressions  for  E  /fi  and  |  ^    >  are  written  out  for  a  system  in  which 
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n    does  not  approach  infinity,  however,  the  series  involved  are  likely  to  be  quite 
different  from  their  assymptotic  limits  as  ft  becomes  infinite.    The  differences 
occur  in  the  high-order  terms.    The  conditions  under  which  these  series  for  finite 
ft  will  converge  to  give  rigorous  stationary  states  and  energies  are  not  known,  and 
there  do  not  seem  to  be  any  suitable  examples  for  which  the  convergence  of  these 
series  can  be  fairly  tested.    A  suitable  example  would  have  to  be  simple  enough  to 
be  carried  out  and  yet  hard  enough  to  involve  all  the  important  features  which  are  to 
be  tested.    In  view  of  the  situation  as  it  stands,  then,  it  seems  best  to  take  a  con- 
servative viewpoint  at  this  stage  and  to  regard  the  derived  formulae  for  EQ  and  |i|iQ  > 
as  just  good  approximations  to  the  energy  and  wave  function  of  a  very  large  system. 

y»  z'=x'+iy' 


•  z 

Fig.  8-3 

Contour  of  integration  for  the  convolution  product  of  Eq.  (8-14) 


-57- 


62 

INTERACTIONS  OF  ELASTIC  WAVES  IN  SOLIDS 

9.    SCATTERING  OF  NEUTR  ONS  BY  A  CRYSTAL  IN  ITS  GROUND  STATE:  GENERAL 
DISCUSSION 

As  a  second  example  of  the  application  of  many-particle  perturbation  theory, 
the  scattering  of  neutrons  by  a  crystal  in  its  ground  state  will  be  considered.  Since 
the  crystal  is  in  its  ground  state,  the  scattering  is  that  which  would  occur  at  0°K. 
Anharmonic  forces  provide  only  a  small  correction  to  this  scattering,  but  they  give 
rise  to  effects  which  are  expected  to  be  measurable.    They  give  rise  to  additional 
effects  in  scattering  at  non-zero  temperatures,  but  this  subject  will  be  postponed  to 
a  later  section.    The  present  treatment  for  0°K  provides  a  useful  preliminary  to  the 
more  general  treatment,  and  it  is  theoretically  interesting  on  its  own  merits  for  the 
same  reason  that  the  calculation  of  the  ground-state  energy  and  wave  function  were  of 
interest. 

It  is  assumed  that  the  crystal  under  study  contains  only  one  kind  of  nucleus 
and  that  only  single  scattering  is  important.    The  differential  cross-section  for 
scattering  in  the  first  Born  approximation  is  then  given  by  the  following  equation: 

(d2ao/dS2de)  =  a  (|k|  /  |  kj  )SQ(  K  ,  u),  (9-1) 

where 

S  (k  ,u)  =  S  |  <  ij,  |S      exp  (i  K.  re  )  |ib    >  |26(oo+E  -E  ).  (9-2) 
o                 v         v     sn                    sn      o                 o  v 

In  these  equations  (rQ  is  the  scattering  cross-section,  d£2  is  the  element  of  solid  angle 
into  which  the  neutron  is  scattered,  de  is  the  range  of  energy  of  the  scattered  neutron, 
a  is  the  scattering  length  of  the  atomic  nucleus,  k  is  the  wave  vector  or  momentum 
of  the  scattered  neutron  (ifi  is  again  set  equal  to  one),  kQ  is  the  wave  vector  or 
momentum  of  the  incident  neutron,  K  is  the  momentum  transfered  from  the  neutron 
to  the  crystal,  co  is  the  energy  transfered  from  the  neutron  to  the  crystal,   |^    >  is 
an  excited  eigenstate  of  the  crystal,   \>\>  Q  >  is  the  ground  state  of  the  crystal,  E^  is 
the  energy  of  the  eigenstate      v  >,  and  Eq  is  the  ground-state  energy.    Some  of 
these  quantities  are  related  to  one  another,  and  these  relations  are  shown  in  the 
following  equations: 

k  =  iT-iT 

w  =  |iT|2/2m-|k  |2/2m  =  Ev-E.  (9-3) 

where  m  is  the  mass  of  the  neutron. 

Eqs.  (9-1)  and  (9-2)  above  can  be  derived  from  the  following  pseudo-poten- 
tial for  the  scattering  of  a  neutron  by  an  atomic  nucleus: 
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V(r)  =  (2ira/m)6(?).  (9-4) 

The  justification  for  the  use  of  this  potential  is  complicated  and  will  not  be  discussed 
here.    In  writing  the  potential  in  Eq.  (9-4)  it  has  been  assumed  that  the  scattering 
length  a  is  independent  of  the  relative  orientation  of  the  spins  of  the  neutron  and 
nucleus  if  the  nuclear  spin  is  non-zero.    This  assumption  is  not  necessary,  but  it 
is  convenient  here.    It  has  also  been  assumed  that  a  is  independent  of  the  energy  of 
the  incident  neutron.    This  assumption  is  well  justified  for  the  low  neutron  energies 
which  are  used  in  scattering  from  solids.    The  derivation  of  Eq.  (9-1)  from  the 
pseudo-potential  V(r)  requires  the  additional  assumption  that  the  range  of  V(r)  is 
small  compared  to  the  smallest  distance  between  nuclei,  and  this  assumption  is  well 
justified. 

As  shown  by  the  form  of  S  (/T  ,  u)  in  Eq.  (9-2)  the  overall  differential  cross- 
section  is  the  sum  of  the  cross-sections  for  scattering  processes  in  which  the  crystal 
is  left  in  various  excited  states        >  .    Because  of  the  delta  function,  however,  only 
those  states  \y\i    >  whose  energies  differ  from  the  ground  state  energy  by  w  give  any 
contribution. 

The  problem  is  now  to  calculate  the  scattering  function  Sq(k    ,  u),  taking 
into  account  the  existence  of  anharmonic  forces.    Since  the  neutron  does  not  manifest 
itself  explicitly  in  Eq.  (9-2),  which  defines  the  scattering  function,  the  calculation 
is  essentially  a  solid-state  problem. 

The  scattering  function  as  given  in  Eq.  (9-2)  appears  to  depend  upon  the 
exact  excited  states  of  the  crystal.    It  can  actually  be  evaluated  without  knowing  these 
excited  states,  however,  as  will  be  shown  below.    It  is  quite  fortunate  that  exact 
expressions  for  excited  states  are  not  required,  because  it  does  not  seem  possible  to 
derive  such  expressions  that  are  reasonably  simple  when  anharmonic  forces  are 
included.    The  theoretical  difficulty  of  finding  formulae  for  exact  excited  states  of 
many-particle  systems  seems  to  have  an  experimental  analogue  in  the  difficulty  of 
finding  information  about  single  excited  states.    Since  experimental  results  always 
seem  to  involve  sums  over  excited  states,  however,  simple  theoretical  expressions 
for  individual  excited  states  do  not  seem  to  be  needed.    The  present  calculation  only 
provides  a  case  in  point. 

In  view  of  the  factors  just  mentioned  it  is  convenient  to  rewrite  the  scatter- 
ing function  in  a  form  which  does  not  explicitly  involve  the  individual  excited  states 
|i|*v  >.    Such  a  form  is  shown  in  the  following  equation: 

Sq(k   ,  u)  =  <^o\T_K6(u>+Eo-n)TK  |4>Q>,  (9-5) 

in  which  T       is  the  operator  for  the  neutron  interaction  and  is  given  by 
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TK     =  ssne*P(iK.  rsn).  (9-6) 
Eq.  (9-5)  reduces  to  the  original  form  in  Eq.  (9-2)  when  use  is  made  of  the  expansion 

t    U  >  =  s  |^  ><t  |t    U  >,  (9-7) 

K       O  v     v  v      K       O  v-  ' 

which  is  valid  because  of  the  completeness  of  the  set  of  functions        >.    The  operator 
6(w+Eo-H)  acting  on  a  function  |4>v  >  has  an  eigenvalue  6(w+EQ-Ev),  since  j 4>    >  is  an 
eigenfunction  of  H. 

Eq.  (9-5)  for  the  scattering  function  can  be  further  rewritten  to  involve  the 
resolvent  operator  instead  of  the  operator  6(u)+EQ-H).  For  this,  use  is  made  of  re- 
lation 

2m6(x)  =  (1/x-iO)  -  (l/x+iO),  (9-8) 

in  which  x  is  real.    This  relation  is  meant  to  be  applied  in  the  integrand  of  an  inte- 
gral over  x.    It  is  obtained  from  the  relation 

(l/x±iO)  =  (l/x)     .     .     .        .  ±iir6(x), 
'        '     w   'principal  part  v 

which  is  used  in  distribution  theory.  On  the  basis  of  Eq.  (9-8),  the  scattering  function 
can  be  rewritten  as  follows: 

S  (iT,u>)  =  (l/2*i)  lim  [sAk  )  -  S*(ic)],  (9-9) 

z  -  x  +w+iO      z  z 
o 

where 

Sz(?)  =  <+jT_K  |*o>,  (9-10) 

and  where  xq  is  related  to  EQ  by  Eq.  (8-4). 

The  auxiliary  function  Sz(  k  )  can  be  calculated  by  diagram  analysis  in  much 

the  same  way  as  the  matrix  elements  discussed  in  Sec.  6.    For  this  the  eigenfunction 

U    >  in  Eq.  (9-10)  should  be  replaced  by  use  of  Eqs.  (7-2)  and  (7-4),  and  the  resol- 

I  \ 

vent  Rz  should  be  replaced  by  its  expansion  in  products  of  the  operators  V    '  and  the 
operator  (l/HQ-z).    The  neutron  operator  T^     should  then  be  expanded  in  powers 
of  the  nuclear  displacements,  as  the  anharmonic  energy  V  was  expanded,  and  this  is 
done  in  the  following  equation: 

\  =SsnexP[iK   •  (-  +  Ron  +  usn)] 
=  Zsnexp[iK   •  (s  +  Ron)] 

X[l  +  i(  k   ■  u SJ  -  (1/2!  )(  k   ■  u     )2-i(l/3.')(K   •  u_J3+...]  .  (9-11) 
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The  dot  product    K   .  u"sn  appearing  in  this  equation  is  given  in  terms  of  creation 
and  annihilation  operators  as  follows: 

K  •  usnMvo/l6.3mn)1/2S./q(.qj)-1/2[Aqj  +  A*qj] 

x     k  .  [e^-  if^n)  ]  exp  (iq\  s).  (9-12) 

This  is  derived  from  Eq.  (7-6)  for  u     .    When  the  neutron  operator  T^      is  expanded 
as  above  it  is  given  by  a  linear  combination  of  products  of  creation  and  annihilation 
operators.    In  this  form  it  can  be  treated  by  diagram  analysis  in  much  the  same  way 
as  the  resolvent  operator  was  treated  in  earlier  sections. 

When  the  expansions  described  above  are  made,  the  function  Sz(  K  )  in 
Eq.  (9-10)  can  be  calculated  by  a  form  of  diagram  analysis.    In  addition  to  vertices 
arising  from  terms  in  the  resolvent,  however,  each  diagram  has  two  vertices  arising 
from  the  two  neutron  operators.    The  coefficient  of  a  particular  product  of  creation 
and  annihilation  operators  for  one  of  these  neutron  vertices  is  different  than  for  one 
of  the  resolvent  vertices,  and  different  symbols  must  be  used  for  the  two  types  of 
vertices.    A  neutron  vertex  will  therefore  be  designated  by  a  dot  with  a  small  circle 
around  it.    Each  neutron  vertex  should  bear  an  index  n,  corresponding  to  the  n  which 
appears  in  Eq.  (9-11),  and  an  index  k  .  but  these  will  generally  be  omitted  for  con- 
venience. 

A  few  sample  neutron  vertices  are  illustrated  in  Fig.  9-1.    The  first  of 
these  (on  the  left)  describes  a  first-order  process  in  which  one  phonon  is  annihilated; 
the  second  describes  a  second-order  process  in  which  two  phonons  are  created;  and 
the  third  describes  a  second-order  process  in  which  one  phonon  is  created  and 
instantaneously  annihilated.    A  somewhat  more  complicated  neutron  vertex  is  illus- 
trated in  Fig.  9-2.    This  describes  a  process  of  order  eleven,  involving  two  incoming 
phonons,  three  instantaneous  phonons,  and  three  outgoing  phonons.    The  effect  of  any 
of  these  vertices  in  a  diagram  is  easy  to  calculate  when  reference  is  made  to  Eqs. 
(9-11)  and  (9-12).    The  techniques  involved  are  the  same  as  those  described  in  Sec.  6. 


0   ^® 


Fig.  9-1    Sample  neutron  vertices 
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Fig.  9-2   Sample  neutron  vertex 


One  part  of  the  effect  of  a  neutron  vertex  in  a  diagram  must  be  described  in 
detail  for  future  use,  however.    Consider  a  particular  v'th-order  product  of  creation 
and  annihilation  operators  which  occurs  in  the  expansion  of  T      in  Eq.  (9-11).  Due 
to  the  summation  over  s,  the  coefficient  of  this  product  contains  a  factor  A  ( /T  +  q), 
where  q  is  the  sum  of  the  wave  vectors  of  the  phonons  created  minus  the  sum  of  the 
wave  vectors  of  the  phonons  annihilated.    Because  of  this  factor  the  total  pseudo- 
momentum  of  the  state  following  a  neutron  vertex  (n,  K  )  is  equal  to  ~K    plus  the  total 
pseudo-momentum  of  the  state  preceding  the  vertex.    Since  the  neutron  vertex  repre- 
sents an  event  in  which  a  neutron  is  scattered  from  the  crystal,  the  scattering  event 
is  seen  to  involve  a  form  of  momentum  conservation.    This  conservation,  which 
involves  the  real  momentum  of  the  neutron,  provides  the  justification  for  calling 
the  wave  vector  of  a  phonon  a  pseudo-momentum. 

One  simplification  in  the  calculation  of  Sz(  k  )  can  now  be  described.  Con- 
sider a  diagram  containing  a  neutron  vertex  which  has  no  instantaneous  phonons 
connected  with  it.    Such  a  vertex  is  shown  at  the  left  in  Fig.  9-3.    Also  consider  all 
the  other  diagrams  which  differ  from  the  original  only  in  that  one  or  more  instantan- 
eous phonons  are  connected  with  the  particular  neutron  vertex  which  has  been  singled 
out.    If  the  original  diagram  contains  the  neutron  vertex  which  is  at  the  left  in 
Fig.  9-3,  for  example,  consider  all  the  other  diagrams  in  which  the  original  vertex 
is  replaced  by  the  other  neutron  vertices  in  Fig.  9-3  and  its  extension.    The  sum  of 
the  contributions  from  all  of  these  diagrams  is  just  equal  to  a  constant  times  the 
contribution  from  the  first  diagram.    The  constant  in  this  result  turns  out  to  be  the 
well-known  Debye -Waller  factor  for  a  crystal  at  0°K:  it  is  given  by  the  following 
expression: 

exp  |-(l/2)<  0\(k    .  uor/|0>  j.  (9-13) 

In  the  proof  of  this  result  the  Debye -Waller  factor  first  appears  as  the  infinite  series 
exapnsion  of  the  exponential  in  powers  of  the  matrix  element  <  01  (  ic    .  ^QU)    1°  >. 
and  the  m'th  term  in  this  series  is  the  contribution  from  the  diagram  which  has  m 
instantaneous  phonons  on  the  neutron  vertex. 


Fig.  9-3  Neutron 
vertices 
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In  view  of  the  result  above  it  is  only  necessary  to  consider  explicitly  those 
diagrams  in  which  there  are  no  instantaneous  phonons  on  the  neutron  vertices.  A 
factor  like  that  in  Eq.  (9-13)  must  then  be  included  for  each  neutron  vertex  to  account 
for  the  diagrams  which  are  omitted. 

According  to  another  theorem,  it  is  really  only  necessary  to  consider  two 
types  of  diagrams  among  those  remaining;  one  type  consists  of  just  two  connected 
components,  each  of  which  contains  one  of  the  neutron  vertices,  and  the  other  type 
consists  of  just  one  component,  which  contains  both  neutron  vertices.    Again  new 
factors  must  be  introduced  to  account  for  the  diagrams  which  are  omitted,  of  course. 
The  proof  of  this  theorem  is  similar  to  the  proof  of  Eq.  (7-18).    It  will  not  be  pre- 
sented here,  however,  since  the  theorem  is  not  needed  in  the  discussion  which 
follows.    Only  certain  features  of  S^K  )  will  be  investigated  here  and  for  these  there 
are  specialized  approaches  which  are  fairly  easy  and  which  do  not  require  the  use 
of  the  theorem. 

At  this  point  it  is  useful  to  consider  the  nature  of  neutron-scattering  results 
which  are  obtained  in  the  harmonic  approximation.    This  problem  has  been  discussed 
extensively  in  the  literature.    Two  of  the  papers  are  particularly  appropriate  to 
the  present  discussion,  however,  and  these  are  the  paper  by  Placzek  and  Van  Hove 
(1954),  and  the  paper  by  Sjolander  (1954).    In  each  of  these  papers  a  realistic 
phonon  spectrum  is  used  throughout  the  derivation. 

As  usual  the  neutron  scattering  can  be  considered  as  made  up  of  elastic  and 
inelastic  scattering.    Elastic  scattering  is  characterized  by  the  identity  of  the 
initial  and  final  states  of  the  crystal  and  hence  by  the  absence  of  energy  transfer  be- 
tween the  neutron  and  the  crystal.    According  to  the  harmonic  theory,  elastic  scatter- 
ing is  only  possible  if  the  initial  and  final  neutron  momenta  satisfy  the  following  re- 
quirements: 

K    =  k   -k=2*T,  w  =  (|kJ2-  |k|2)/2m  =  0,  (9-14) 

o  o 

in  which  t  is  any  vector  of  the  reciprocal  lattice.    These  are  the  well-known  Bragg 
conditions,  and  they  turn  out  to  apply  whether  or  not  anharmonic  forces  are  neglected. 

Inelastic  scattering  is  characterized  by  the  transfer  of  energy  between  the 
neutron  and  the  crystal.    For  a  particular  momentum  transfer  K    (  and  therefore  a 
particular  angle  of  scattering)  the  inelastic  spectrum  predicted  by  harmonic  theory 
has  the  general  form  indicated  in  Fig.  9-4.    This  figure  is  not  meant  to  be  quantita- 
tive.   As  suggested  in  the  figure,  the  predicted  spectrum  is  characterized  by  a  set  of 
delta-function  peaks  over  a  continuous  background. 
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S0(K,co) 


CO 


Fig.  9-4    Spectrum  of  scattered  neutrons  in 
the  harmonic  approximation 

The  delta-function  peaks  in  the  inelastic  spectrum  correspond  to  scattering 
in  which  each  neutron  excites  a  single  phonon.    For  a  given  momentum  transfer  k 
this  process  can  only  occur  for  certain  values  of  the  energy  transfer  w.    This  follows 
from  the  conservation  rules  for  energy  and  momentum,  which  take  the  following 
form  when  a  phonon  qj  is  excited: 

K  =  kQ  -  k  =  27TT+  q,  u>  =  (|ko|2  -  |k|Z)/2m  =  w    .  (9-15) 

For  a  given  k  the  peaks  in  the  predicted  inelastic  spectrum  occur  at  the  values  of  u 
for  which  these  conditions  are  satisfied. 

The  background  in  the  inelastic  spectrum  predicted  by  the  harmonic  theory 
corresponds  to  scattering  in  which  each  neutron  excites  more  than  one  phonon  in  a 
single  scattering  event.    The  slight  wings  on  the  delta-function  peaks  in  Fig.  9-4 
belong  to  the  background  in  the  sense  that  they  also  are  due  to  multiple  excitations. 
In  particular,  they  are  due  to  two-phonon  excitations  in  which  one  phonon  has  a  very 
small  pseudo-momentum.    These  wings  are  actually  logarithmic  infinities  centered 
on  the  delta-function  peaks. 

The  delta-function  peaks  in  the  spectrum  described  above  are  particularly 
interesting  because  they  involve  single  phonons  and  because  their  locations  can  be 
investigated  experimentally.    The  background  does  not  exhibit  features  which  are  of 
such  direct  interest  from  the  point  of  view  of  crystal  dynamics. 

The  results  of  the  harmonic  theory  have  been  presented  above  as  a  prelim- 
inary to  considering  the  effects  of  anharmonic  forces  on  neutron  scattering.  Since 
the  anharmonic  forces  of  a  crystal  are  small  compared  to  the  harmonic  forces,  they 
only  cause  slight  modifications  of  the  results  predicted  by  harmonic  theory.  The 
most  significant  of  these  modifications  are  the  displacement  and  the  broadening  of 
the  peaks  in  the  inelastic  spectrum.    Since  these  peaks  have  no  width  (except  for  the 
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slight  wings)  according  to  the  harmonic  theory,  their  actual  structure  is  an  effect 
which  is  due  solely  to  anharmonic  forces.  Such  effects  are  obviously  desirable  as 
means  of  checking  the  predictions  of  many-particle  perturbation  theory. 
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10.    PEAKS  IN  THE  ENERGY  SPECTRUM  OF  NEUTRONS  SCATTERED  AT  0°K 
The  problem  to  be  considered  now  is  that  of  calculating  the  peaks  in  the 
energy  spectrum  of  neutrons  scattered  from  a  crystal  at  0°K.    Anharmonic  forces 
are  to  be  included  in  the  calculation.    Much  information  about  the  peaks  can  be  ob- 
tained without  a  calculation  of  the  complete  spectrum,  and  the  techniques  required  for 
this  are  fairly  easy. 

With  the  approximations  introduced  in  the  preceding  section  the  important 
features  of  the  desired  spectrum  are  determined  by  the  scattering  function  SQ(  K,u) 
which  is  defined  in  Eq.  (9-2).    If  information  is  to  be  obtained  about  just  the  peaks  in 
the  spectrum, a  formula  for  S  («*,«)  must  be  found  that  separates  the  contributions  of 
the  peaks  from  that  of  the  background.    The  procedure  for  doing  this  in  general  will 
be  introduced  here  by  first  discussing  the  case  of  elastic  scattering. 

The  straightforward  method  of  obtaining  the  elastic  scattering  spectrum  is  to 
omit  all  terms  but  the  v -equals-zero  term  in  Eq.  (9-2)  for  the  scattering  function 
Sq(k  ,u>).    This  is  equivalent  to  specifying  that  after  the  scattering  event  the  crystal 
is  again  in  its  ground    state  U    >.    The  scattering  function  for  elastic  scattering 
which  is  obtained  by  this  procedure  is  given  by  the  following  equation: 

S{Q0)(K  ,W)  =  |  <*D|TK  >  I  26(co).  (10-1) 

From  this  result  the  energy  spectrum  for  elastic  scattering  at  a  given  angle  is  seen 
to  be  a  delta  function  centered  at  u  equals  zero,  as  expected.  Further  consequences 
of  this  result  will  be  considered  after  presentation  of  an  alternative  derivation. 

The  alternative  derivation  is  quite  artificial  in  view  of  the  simple  derivation 
above,  but  it  is  presented  because  of  its  connection  to  the  more  complicated  problem 
of  inelastic  scattering.    The  starting  point  of  the  alternative  derivation  is  Eq.  (9-9) 
giving  SQ(  K  ,  u))  in  terms  of  the  auxiliary  function  S  (k  ),  which  is  defined  in  Eq.  (9-10). 
Since  the  elastic  spectrum  is  a  delta  function  centered  on  cu  equals  zero,  it  is  necess- 
ary to  investigate  the  function  Sz(  K  )  in  the  vicinity  of  z  equals  xq.    If  Sz(/f )  can  be 
shown  to  have  a  simple  pole  at  xq,  for  instance,  the  scattering  function  will  have  been 
proved  to  be  a  delta  function  at  go  equals  zero,  as  desired. 

The  auxiliary  function  Sz(  K  )  can  be  completely  calculated  by  diagram  analy- 
sis using  the  techniques  which  were  described  in  Sec.  9.    Only  the  elastic  spectrum 
is  sought  at  present,  however,  and  it  is  therefore  desirable   to  isolate  those  contribu- 
tions to  Sz(k  )  which  alone  give  rise  to  the  elastic  spectrum.    For  this  purpose  Eq. 
(9-9)  for  Sz(  k  )  is  rewritten  in  the  following  way: 

Sz(r)  =  S^0|T_K  {R2}5TK   |*o>,  (10-2) 
In  this  equation  6  designates  the  part  of  a  complete  diagram  which  comes  between 
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(but  does  not  include)  the  two  neutron  vertices.    Two  complete  diagrams  containing 
different  partial  diagrams  6  are  illustrated  in  Figs.   10-1  and  10-2.    There  are  many 
complete  diagrams  which  contain  a  particular  diagram  6,  of  course,  and  all  of  them 
must  be  considered  in  the  evaluation  of  Eq.  (10-2). 


Fig.  10-1 

Partial  diagram  6  of  the  type  appearing  in  Eq.  (10-2) 
for  Sz(  7c  ). 


Fig.  10-2 

Partial  diagram  6  of  the  type  appearing  in  Eq.  (10-2)  for  S  (  K  ). 


The  desired  contribution  to  S  (  K  )  is  obtained  by  limiting  the  summation  over 
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6  in  Fq.  (10-2)  to  diagrams  belonging  to  a  certain  class.  That  class  consists  of  all 
the  diagrams  which  contain  the  vacuum  state  at  least  once  as  an  intermediate  state. 
It  includes  the  diagram  6  in  Fig.  10-2,  for  instance,  but  not  that  in  Fig.  10-1.  The 
resulting  contribution  to  SJk  )  will  be  called  S^\k),  and  the  corresponding  contri- 
bution to  the  scattering  function  Sq(  K ,  u)  will  be  called  S^\k  ,w),  in  anticipation  of 
agreement  with  Fq.  ( 1 0 - 1 ) . 

Each  diagram  6  in  the  class  described  above  will  now  be  considered  as  made 
up  of  three  parts  (some  of  which  may  not  always  exist).    One  part  is  that  to  the  right 
of  the  first  intermediate  vacuum  state,  a  second  is  that  to  the  left  of  the  last  inter- 
mediate vacuum  state,  and  a  third  is  that  between  the  first  and  the  last  intermediate 
vacuum  states.    The  restricted  summation  over  6  which  gives  S^\k  )  can  then  be 
rewritten  as  three  summations,  one  for  each  of  the  three  parts  separately.  With 
this  the  formula  for  S^\k  )  reduces  to  the  following  equation: 

Si0)  <«>  =<^olT-^1  +  (1/Ho-z)26  {Vz}6Jl°>Dz(°) 

o   I      >  o 

x<o|[l+26,    {v.}  ,  (1/H  -*)  T m   >.  (10-3) 

Here  6q  designates  a  diagram  in  which  the  vacuum  occurs  only  as  the  initial  state 
and  6^  designates  a  diagram  in  which  the  vacuum  occurs  only  as  a  final  state.  The 
reasoning  which  leads  to  this  equation  is  quite  similar  to  that  which  leads  to  Eq.  (8-2) 

for  R   |  0  >. 
z 

As  shown  in  earlier  sections,  the  quantity  Dz(0)  in  Eq.  (10-3)  has  a  simple 
pole  at  z  equals  xq  in  the  limit  of  an  infinite  crystal.    In  addition  the  two  factors 
which  multiply  Dz(0)  in  this  equation  are  well-behaved  in  the  vicinity  of  z  equal  x 
in  the  same  limit.    For  z  in  the  vicinity  of  xq,  then,  Eq.  (10-3)  for  k  )  can  be 

rewritten  in  the  following  way: 

s[0)Ck)=  I  <±0\T_k  lim  [l  +  (l/Ho-z)26    |vz}6  ]  |  0  >  |  2  (en/x  -z) .  (10-4) 

z  -*  x^ii  0  o  *>■      J  o 

The  expression  used  here  for  Dz(0)  near  its  pole  is  based  on  the  results  described 
in  Sec.  7.  In  view  Eq.  (8-21)  for  the  wave  function  |«Jjq  >,  Eq.  (10-4)  above  can  be 
further  reduced  to  give  the  following  simple  equation: 

Sz0)  =  I<+oITk   !*0>|2(l/xo-z).  (10-5) 

As  shown  by  the  results  above,  the  auxiliary  function  S^(iT )  actually  does 
have  a  simple  pole  at  xq.    Because  of  this,  the  corresponding  part  of  the  scattering 
function,  S^(  K  w),  is  given  exactly  by  Eq.  (10-1),  which  describes  the  spectrum  for 
elastic  scattering.    The  contributions  to  S^(  K  )  which  were  isolated  and  studied 
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above  are  therefore  exactly  the  ones  which  were  desired. 

The  method  of  isolating  relevant  contributions  to  S^(  K  )  has  been  presented 
above  because  it  turns  out  to  work  as  well  for  the  peaks  in  the  inelastic  spectrum  as  it 
does  for  the  single  peak  which  is  the  elastic  spectrum.    This  will  be  discussed  exten- 
sively after  consideration  of  certain  details  of  the  elastic  spectrum  which  follow  from 
Eq.   (10-1).  _^ 

The  matrix  element  <<\iq\Tk  \<\>q  >  which  occurs  in  Eq.  (10- 1)  for  SQ  '{k  w) 
can  be  evaluated  by  diagram  analysis  using  the  techniques  discussed  in  Sec.  9.  In 
the  present  case  each  diagram  has  a  neutron  vertex  as  its  only  vertex.  According 
to  the  discussion  in  Sec.  9,  the  contribution  from  each  of  these  diagrams  includes  a 
factor  A(JT +q),  where  q  is  the  total  wave  vector  of  the  state  following  the  vertex 
minus  that  of  the  state  preceding  the  vertex.  •  Since  \tyQ  >  has  a  wave  vector  of  zero 
or  2ttt,  however,  each  of  these  total  wave  vectors  q  is  equal  to  some  vector  2itt. 
Each  factor  A(k +q)  is  therefore  equivalent  to  a  factor  A(k  ),  and  the  latter  factor 
can  be  taken  as  occuring  in  all  of  the  contributions  to  the  desired  matrix  element. 
This  explains  the  occurence  of  the  factor  A(k  )  in  the  following  equation: 

<*o|T       kQ  >  =  (8*3/ v0)  A( «  )[S  n  <  +Q  |  exp  (i  K  .  uQn)| +Q  >  exp  (i  K  .  ffj] . 

(10-6) 

The  equation  itself  is  obtained  by  carrying  out  the  diagram  analysis  in  detail. 

On  the  basis  of  the  equation  given  above  for  the  matrix  element  of  TK  , 
Eq.  (10-1)  for  the  elastic  scattering  function  takes  the  following  form: 

S^K.u)  =  No(8tt3/vo)A(  k  )A(w) 

X     |Snexp  (iic   .  RJ  <*0|exp  i  iT  -uonk0>|2.  (10-7) 

The  two  deltas  in  this  equation  yield  the  Bragg  conditions  for  elastic  scattering  which 
were  written  out  in  Eq.  (9-14).    Their  occurence  here  is  proof  that  the  Bragg  condi- 
tions apply  whether  or  not  anharmonic  forces  are  neglected.    The  matrix  element  of 
exp  (i  K   .  u*n)  which  appears  in  Eq.  (10-7)  is  the  Debye-Waller  factor  at  0°K 
corrected  for  anharmonic  effects,  and  the  whole  term  in  the  absolute  value  signs 
is  the  structure  factor  at  0°K  corrected  for  anharmonic  effects.    In  elastic  scatter- 
ing, then,  the  anharmonic  forces  can  only  effect  the  scattering  intensity. 

For  the  peaks  in  the  inelastic  scattering  spectrum  there  is  no  simple  method 
of  treatment  corresponding  to  the  straightforward  treatment  of  elastic  scattering  by 
which  Eq.  (10- 1)  was  first  obtained  above.    According  to  harmonic  theory,  the  inelas- 
tic peaks  are  associated  with  excitations  of  the  crystal  from  its  ground  state  to  one- 
phonon  states.    When  anharmonic  forces  are  included,  however,  the  concept  of  a  one- 
phonon  state  is  no  longer  valid,  and  the  inelastic  peaks  therefore  cannot  be  obtained 
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by  establishing  a  correspondence  between  the  excited  states  |  v|j  >  and  one-phonon 
states.    The  ground  state  of  a  crystal  is  unique  in  having  a  meaning  whether  or  not 
the  harmonic  approximation  is  made,  and  it  is  because  of  this  that  the  straightfor- 
ward treatment  of  elastic  scattering  is  possible. 

The  breakdown  of  the  concept  of  a  one-phonon  state  is  essentially  a  dissipa- 
tive  effect  of  the  type  discussed  in  Sec.  1.    If  a  wave  packet  describing  a  single 
phonon  is   constructed,    it  decays  into  many  phonons  through  the  influence  of  anhar- 
monic  forces.    In  general  the  decay  time  for  this  process  is  sufficiently  short  that  it 
affects  most  phonon  phenomena  of  interest.    The  lack  of  a  significant  correspondence 
between  one-phonon  states  and  exact  excited  eigenstates  is  related  to  this  effect. 

The  following  treatment  of  the  peaks  for  inelastic  scattering  is  analogous 
to  the  alternate  treatment  of  elastic  scattering  given  earlier.    A  contribution  to  the 
auxiliary  scattering  function  Sz(  K  )  is  isolated,  and  this  is  shown  to  yield  a  part  of 
the  scattering  function  Sz(  K  ,  u)  which  describes  the  desired  peaks.    The  particular 
contribution  to  S  (  K  )  which  is  isolated  will  be  called  S  ^(  K  ),  and  the  part  of  the 

/  -*  z  (\\ 

scattering  function  S  (  K  ,  w)  which  it  yields  will  be  called  S  '  ;(  Ku). 

(l)   -*  ° 
The  isolated  contribution  Sz   (  K  )  is  obtained  from  Eq.  (10-2)  by  restricting 

the  summation  over  diagrams  to  include  just  diagrams  which  contain  one  or  more 

one-phonon  intermediate  state.    A  sample  diagram  of  this  type  is  shown  in  Fig.  10-3. 

If  it  is  assumed  that  the  momentum  transfer   K  is  different  from  any  vector  2ttt,  the 

vacuum  cannot  occur  as  an  intermediate  state  in  any  diagram  for  k  ).    This  is 

because  the  total  wave  vector  of  any  intermediate  state  must  equal   K    module  2ttt. 

The  two  isolated  contributions  S  ^°'(  k)  and  S^(  k  )  do  not  contain  any  common 

terms,  therefore. 


S 

Fig.  10-3 

Partial  diagram  6  of  the  type  contributing  to  S^\iT ) 
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Each  diagram  6  contributing  to  K  )  will  now  be  regarded  as  made  up  of 

three  parts.    One  part  is  that  to  the  right  of  the  first  intermediate  one-phonon  state, 
a  second  is  that  to  the  left  of  the  last  intermediate  one-phonon  state,  and  a  third  is 
that  between  these  two  states.    Then,  on  the  basis  of  reasoning  similar  to  that  which 
led  to  Fq.  (10-3),  the  following  equation  for  S^\k  )  is  obtained: 


Here  61  designates  a  diagram  in  which  the  only  one-phonon  state  is  the  initial  state 
qj  and  6 J  designates  a  diagram  in  which  the  only  one-phonon  state  is  the  final  state 
qY- 

The  matrix  element  on  the  left  of  <  qj  |Rz  Iq'j'  >  in  Eq.  (10-8)  can  now  be  written 
out  in  the  following  useful  form: 

<i]jo|T-k[  1  +  (l/Ho"z)r61{Vz}6131^  >   =  A{*~*  )9z(  *>j)e~n/2'  (1°"9) 

where  n  is  defined  in  Eq.  (7-3).    The  factor  A(q-K  )  which  appears  here  can  be  justi- 
fied easily  by  arguments  which  are  now  quite  familiar.    The  remaining  quantity 
0z(k*  ,  j)  is  essentially  independent  of  the  volume  ft  in  the  limit  of  large  R  and  it  has 
no  peaks  of  the  type  which  are  presently  sought. 

The  matrix  element  on  the  right  of  <  qj  |rJ  q'j1  >  in  Fq.  (10-8)  is  equal  to  the 
complex  conjugate  of  that  on  the  left  if  the  indices  qj  and  the  variable  z  in  the  latter 
are  changed  to  q'j'  and  z*  respectively. 

The  remaining  matrix  element  in  Eq.  (10-8),  <  qj  |rJ  q'j'  >,   will  now  be 
written  out  in  the  following  way: 

<  qj|Rjq'r>  =  A(q-q*')Dz(q,j,j'),  (10-10) 

The  justification  for  the  factor  A(q-q')  in  this  equation  should  be  obvious. 

On  the  basis  of  Eqs.  (10-8),  (10-9)  and  (10-10),  the  isolated  contribution  S^\k  ) 
is  given  by  the  following  equation: 

s[l\ k)  =  (f2/8.3)e  "n  sjj(eB(  k,  j)[  ez*(iT  ,  j')]*Dz(  K,  j,  j').  (10-11) 

The  only  factor  in  this  equation  which  has  yet  to  be  discussed  is  Dz(k  ,  j,  j'),  and  this 
quantity  turns  out  to  contain  the  peaks  which  are  sought. 

Since  D  (q,  j,  j')  is  equal  to  a  matrix  element  of  the  resolvent,  to  within  a 
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constant,  it  can  be  calculated  formally  by  the  diagram  analysis  of  Sec.  6.    The  dia- 
grams to  be  considered  for  this  include  both  connected  and  disconnected  diagrams. 
Consider  the  contribution  to  Dz(q,  j,  j')  which  is  obtained  by  neglecting  all  disconnected 
diagrams.    This  contribution  will  be  called  C(q,  j,  j"),  and  it  is  defined  explicitly  by 
the  following  equation: 

C2(7,j,j')A(?-q')  =S^nn<3|{Rz}6  |qT>-  (10-12) 

With  the  introduction  of  this  quantity,  the  following  fairly  simple  equation  for 
Dz(cl.  j.  j1)  itself  can  be  obtained: 

Dz(q,j,j')  =  (i/2Tr)^Dz,(0)Cz_z,(q,j,j')dz',  (10-13) 

where  the  contour  of  integration  is  the  same  as  that  for  the  convolution  products  in 
Sec.  8.    This  equation  is  useful  because  the  properties  of  Dz(0)  are  already  well- 
known  and  the  relevant  properties  of  Cz(q,  j,  j')  which  are  presently  of  interest  are 
its  singularities  and  near-singularities.    In  order  to  determine  these  by  use  of 
Eq.  (10-13),  it  is  only  necessary  to  know  the  most  singular  parts  of  Dz(0)  and 
Cz(q,  j,  j1).    This  is  a  property  of  convolution  products  which  holds  true  whether  the 
variable  of  integration  is  real  or  complex.    The  quantity  Dz(0)  in  Eq.  (10-13)  can 
therefore  be  replaced  by  the  function  en/xQ-z,.  which  describes  its  pole.    With  this 
the  following  equation  for  Dz(q,  j,  j1)  in  its  most  singular  regions  is  obtained: 

Dz(q,  j,  j')  =  enCz_x  (q.j.j1),  (10-14) 
o 

where  use  has  been  made  of  Cauchy's  residue  theorem. 

On  the  basis  of  this  result  and  Eq.  (10-11),  S^H  K  )  is  given  in  its  most 
singular  regions  by  the  following  equation: 

s^(  k)  =  (n/8.3) s..,ez( K,r)[ qzjz j-)j *  cz_x  ( k, jt n  (10-15) 

The  quantity  Cz(q,  j,  j')  appearing  here  is  essentially  independent  of  the  volume  O 

in  the  limit  of  large  12,  as  is  the  quantity  ,  j).    The  quantity       \  K  )  is  therefore 

proportional  to      in  the  limit  of  large  fi,  as  should  be  expected. 

On  the  basis  of  the  equation  for  K  )  given  above,  the  corresponding 

partial  scattering  function  S^(/T,w)  is  given  by  the  following  equation: 

s^>(«*,u)  2(n/s„3)  s  e  +JiTm<>x       j')]  * 

JJ     o  o 

x  fc/^occ^rjM  -  cM_l0(iV)] .  do-16) 

In  obtaining  this  it  is  assumed  that  the  value  of  6  (  K  ,  w)  is  essentially  the  same 
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whether  z  equals  xq+u>  or  xQ+w±iO.    This  assumption  is  valid  as  long  as  the  width  of 
each  inelastic  scattering  peak  is  small  compared  to  the  value  of  co  at  its  center.  This 
condition  is  prerequisite  to  the  entire  discussion,  however,  since  the  scattering  peak 
is  not  distinguishable  from  the  background  if  the  condition  is  not  fulfilled. 

The  problem  now  is  to  determine  the  most  singular  parts  of  the  quantity 
C  (q,  j,  j').    In  the  case  of  a  harmonic  crystal  this  is  easy.    In  this  case  Rz  is  just 
equal  to  l/H  -z,  and  Eq.  (10-12)  then  predicts  the  following  exact  result: 

cB(q.j.j')  =  6jj./(wqj~z)-  (10"17) 

When  this  is  substituted  into  Eq.  (10-16)  for  S^H  K  ,  »),  the  following  equation  is  ob- 
tained: 

S^'C*.-)  =  (n/8ir3)S.  |9x  +u(r,j)|26(u>q.-W).  (10-18) 

In  the  case  of  a  harmonic  crystal,  then,  the  partial  scattering  function  S^(  K  u>)  does 
describe  the  peaks  in  the  inelastic  scattering  spectrum.  The  remaining  contributions 
to  the  total  scattering  function  must  then  describe  the  smooth  background. 

When  anharmonic  forces  exist  but  are  small,  S^1  \  K  <±>)  is  still  expected  to 
describe  the  scattering  peaks,  including  the  effects  of  the  anharmonic  forces.    In  this 
case  the  determination  of  the  most  singular  parts  of  Cz(q,  j,  j')  is  facilitated  by  the 
introduction  of  a  new  quantity,  Gz(q,  j,  j1).    This  new  quantity  is  defined  by  the  follow- 
ing equation: 

Gz(q,j,j')A(q~-q')  =  26  ^  <  qj  |  {         ft   |q»J"  >,  (10-19) 

where  62  designates  a  connected  diagram  which  has  two  or  more  phonons  in  each 
intermediate  state.    One  diagram  contributing  to  Gz(q,  j,  j')   is  illustrated  in  Fig.  10-4. 


q  j 


Fig.  10-4 

Sample  diagram  contributing  to  Eq.  (10-19)  for  Gz(qjj') 
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The  original  quantity  Cz(q,  j,  j')  can  be  written  out  in  terms  of  the  new 
quantity  Gz(q,  j,  j')  in  the  following  way: 

Cz(qjjJ)  =  6..,(l/o,q.-z)  -  (l/Wq.-z)G(qjj')(l/Wq.I-z) 

+  (l/coqj-z)S.11G(qlj'0(l/Wqjn-z)G(qjt'jI)(l/coq.,-z)+...    .  (10-20) 

This  result  is  obtained  by  breaking  each  diagram  for  Cz(qjj')  into  parts  which  contain 
no  intermediate  states  with  less  than  two  phonons.    One  diagram  for  Cz(q,  j,  j')  is 
illustrated  in  Fig.   10-5,  and  the  three  appropriate  parts  of  this  diagram  are  separa- 
ted by  dashed  lines.    The  term  of  order  n  in  powers  of  Gz  in  Eq.  (10-20)  is  just  the 
sum  of  all  the  contributions  to  C^qjj')  which  come  from  diagrams  having  n  parts. 
This  approach  to  the  determination  of  C2(qjj')  is  analagous  to  a  well-known  method  in 
the  renormalization  treatment  of  field  theory. 


q  j 

ql  jl 

1 
1 

1 

0 

Fig.  10-5 

Sample  diagram  contributing  to  Cz(q,  j,  j1) 

The  series  given  in  Eq.  (10-20)  is  poorly  convergent  when  z  is  near  any 
phonon  energy  u^.    For  this  reason  the  series  must  be  treated  in  its  entirety.    If  it 
were  not  for  the  polarization  indices  j  and  j',  this  would  be  a  trivial  matter.  When 
these  indices  are  dropped,  the  series  becomes  simply  the  expansion  of  l/Gz(q")  +  w  -z 
in  powers  of  Gz(q).    If  the  indices  are  retained,  however,  the  following  more  complica- 
ted result  is  obtained: 

Sj,Cz(qJj,)[Gz(qj,j")  +  (^.-zjS.,  .„]    =  6..,,  (10-21) 

This  can  be  considered  as  a  matrix  equation  in  which  the  polarization  indices  desig- 
nate rows  and  columns  of  square  matrices  of  order  3nQ.    According  to  Eq.  (10-21), 
then,  the  matrix  element  Cz(qjj')  is  equal  to  the  (j,  j')'th  element  of  the  inverse  of  the 
matrix  whose  elements  are  given  in  the  square  brackets  in  Eq.  (10-21).   An  element 
Cz(qjj')  can  therefore  be  determined  quite  easily  if  the  appropriate  elements  G^qjj1) 
are  known. 
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Unlike  the  original  quantity  Cz(qjj'),  G^qjj')  can  be  calculated  by  perturba- 
tion analysis,  and  good  convergence  is  guaranteed  for  all  values  of  z  (except  on  the 
positive  real  axis).    Contributions  to  Gz(qjj')  can  thus  be  ordered  with  respect  to 
powers  of  (u/a),  and  only  the  largest  contributions  need  to  be  calculated.    The  largest 
contribution,    which  is  of  order  (u/a)2,  is  calculated  from  the  diagrams  shown  in 
Fig.   i0-6.    The  results  of  this  calculation  will  not  be  presented  here,  however.  Like 
the  quantity  Fz  discussed  in  Sec.  8,  Gz(qjj')  contains  a  cut  along  the  positive  real  z 
axis  in  the  limit  of  an  infinite  crystal. 


Fig.  10-6 

Diagrams  for  lowest-order  contribution  to  Gz(q,  j,  j') 

If  the  matrix  Gw±i0(qjj')  is  Hermitian,  it  must  have  real  eigenvalues.    If  this 
is  the  case,  the  quantities  C^^Cqjj')  determined  from  this  matrix  must  have  simple 
poles  at  various  values  of  oj,  which  is  supposed  to  be  real.    Such  poles  lead  to  delta- 
function  singularities  in  the  inelastic  scattering  spectrum,  but  these  singularities  are 
shifted  relative  to  those  predicted  in  the  harmonic  approximation.    In  general,  however, 
the  matrix  Gw±.Q(qjj')  includes  a  small  antihermitian  part  whose  sign  depends  on  the 
sign  of  ±i0.       Because  of  this  antihermitian  part,  Cw±i0(qjjl)  cannot  have  poles  for 
real  u>.    The  poles  which  would  occur  if  the  antihermitian  part  of  Gw±i0(qjj ')  were 
neglected  are  thus  broadened  into  finite  peaks.    These  finite  peaks  then  lead  to  finite 
peaks  in  the  inelastic  scattering  spectrum,  as  can  be  shown  by  use  of  Eq.  (10-16). 

As  a  result  of  anharmonic  forces,  then,  the  inelastic  scattering  spectrum 
exhibits  finite  peaks  rather  than  delta  singularities.    The  widths  of  these  peaks  are 
determined  primarily  by  the  antihermitian  parts  of  the  quantities  Gw±i0(qjj '),  and  the 
shifts  of  these  peaks  from  those  predicted  in  the  harmonic  approximation  are  determined 
primarily  by  the  hermitian  parts.  These  two  effects  of  broadening  and  shifting  are  really 

interdependent,  however. 

Before  proceeding,  it  should  be  stressed  that  a  direct  perturbation  analysis  of 

C  (qjj ')  itself  does  not  yield  the  correct  scattering  spectrum.    Such  an  analysis 
effectively  requires  cutting  off  the  series  given  in  Eq.  (10-20),  and  that  series  can  be 
very  poorly  convergent  for  certain  values  of  z,  as  has  already  been  stated.  The 
desired  scattering  spectrum  can  be  obtained  to  arbitrarily  high  accuracy  by  the  pro- 
cedure described  above,  however. 

Under  some  circumstances,  the  anti-hermitian  part  of  Gw±i0(qjj')  can  be  ex- 
tremely small.    This  happens  when  q  is  very  small,  for  instance.    When  it  does 
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happen,  it  turns  out  to  be  possible  to  construct  a  perturbed  one-phonon  state  which 
has  physical  meaning  in  that  it  has  a  very  long  lifetime.    This  was  shown  by  Hugen- 
holz  for  the  case  of  a  Fermi  gas.    If  the  antihermitian  part  of  Gw±.0(qjj')  is  not  ex- 
tremely small,  the  lifetime  of  a  perturbed  one-phonon  state  may  be  much  shorter  than 
times  of  physical  interest,  and  such  a  state  then  is  not  physically  meaningful.  Even 
when  a  perturbed  one-phonon  state  can  be  constructed  meaningfully,  however,  it  turns 
out  to  be  quite  different  from  any  unperturbed  one-phonon  state. 

The  general  procedure  outlined  above  for  determining  the  peaks  in  the  in- 
elastic scattering  spectrum  has  not  yet  been  applied  in  an  actual  calculation.  Such  a 
calculation  would  be  lengthy,  even  if  performed  only  to  the  lowest  order  in  powers  of 
(u/a),  but  it  does  seem  to  be  feasible.  Furthermore,  in  view  of  recent  increases  in 
the  accuracy  of  neutron  scattering  experiments,  such  a  calculation  and  its  extension 
to  the  case  of  finite  temperatures  is  of  actual  interest. 

The  treatment  of  inelastic  scattering  which  has  been  given  here  is  specifically 
designed  to  yield  information  about  just  the  peaks  in  the  scattering  spectrum.    If  the 
complete  spectrum  is  to  be  calculated,  however,  it  is  better  to  use  the  appropriate 
results  in  Sec.  9  and  then  to  determine  Sz(  K  )  by  use  of  Feynman  rather  than  Gold- 
stone  diagrams.    Feynman  diagrams  are  also  more  convenient  than  Goldstone 
diagrams  for  calculating  the  quantities  &z(  K  j),  which  occur  in  Eq.  (10-18). 
For  such  complete  calculations,  however,  a  simpler  procedure  still  is  to  employ  the 
methods  of  Sec.   11,  in  which  the  scattering  at  a  non-zero  temperature  is  discussed, 
and  then  to  obtain  the  ground-state  results  by  letting  the  temperature  approach  zero. 

In  some  many-particle  scattering  problems  it  is  possible  to  obtain  informa- 
tion about  the  scattering  peaks  without  using  such  complicated  techniques  as  are  used 
here.    Intuitive  arguments  based  on  the  exponential  decay  of  one -particle  states 
might  meet  with  some  success,  for  instance.    Such  simple  techniques  are  complica- 
ted in  the  phonon  case  by  the  problem  of  polarization  mixing,  however,  and,  in  any 
case,  they  can  only  be  expected  to  give  results  which  are  valid  to  first  order  (in 
which  the  line-shift  and  line-broadening  effects  are  independent).    The  present  pro- 
cedure has  the  advantages  that  it  yields  a  closed  formula,  which  can  be  evaluated  to 
arbitrarily  high  accuracy  (at  least  in  principle),  and  that  it  is  based  directly  and  ex- 
clusively on  the  Schrodinger  equation. 
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The  free  energy  of  a  crystal  is  a  more  interesting  quantity  experimentally 
than  the  ground-state  energy,  since  a  crystal  is  only  in  its  ground  state  at  the  in- 
accessable  temperature  of  0°K.    The  free  energy  of  an  anharmonic  crystal  can  be 
calculated  by  techniques  which  are  closely  related  to  those  described  in  Sees.  7  and  8 
for  the  groundstate  energy,  and  such  a  calculation  is  outlined  below. 

The  free  energy  of  a  system  at  a  temperature  T  is  related  to  the  partition 
function  of  the  system  at  that  temperature  in  the  following  way: 

Fp  =  -(l/p)in  Z((3).  (11-1) 

Here  F^  is  the  free  energy,  Z((3)  is  the  partition  function,  in  is  the  natural  logarithm, 
and  (3  is  l/kT,  where  k  is  Boltzmann's  constant.    The  partition  function  itself  is  de- 
fined by  the  following  equation: 

Z((3)  =  Sy  exp  (-(3Ev),  (11-2) 

in  which  v  runs  over  all  states  of  the  system  and  E.  is  the  energy  of  the  system  in  the 
state  v. 

In  the  case  of  an  anharmonic  crystal  the  energies  E^  in  Eq.  ( 1 1  -Z)  are  not 
known.    They  are  the  exact  eigenvalues  of  the  Hamiltonian  H  which  is  given  in  Eq. 
(5-9),  but,  as  was  explained  in  Sec.  9,  such  exact  eigenvalues  cannot  at  present  be 
calculated.    In  view  of  the  summation  over  states  which  appears  in  Eq.  (ll-2),  how- 
ever, it  is  not  actually  necessary  to  know  the  individual  eigenvalues.    This  is  shown 
below. 

Eq.  (11-2)  defining  the  partition  function  can  be  rewritten  in  the  following 

way: 

Z(P)=   Ev<^v|e-PH|4>v>  =  Sp|e-pH|,  (11-3) 

where  Sp  j^°pj"  designates  the  spur  (or  trace)  of  the  operator  Op.    The  partition 
function  is  therefore  equal  to  the  spur  of  the  operator  e  ^  in  the  respresentation  of 
the  exact  eigenfunctions  |iJj    >  of  the  Hamiltonian  H.    The  spur  of  a  matrix  is  un- 
changed when  the  matrix  undergoes  a  unitary  transformation,  however,  and  the  part- 

-3H 

ition  function  is  therefore  also  equal  to  the  spur  of  the  operator  e        in  the  represen- 
tation of  the  eigenstates  of  the  harmonic  Hamiltonian.    This  is  expressed  in  the 
following  pair  of  equations: 

Z(p)  =  exp(-p£o-p£zp)Z(3,  (11-4) 

where 
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Z(3  =  Sp|exp[-p(Ho+V)]| 

x<  qNjN-  ■••q2j2.q1j1  I  exP  [  -p(hq+v)]  |  ?i  ir  q2i2/.  •  •  ?n%  >.(n-s) 

To  obtain  these  equations  the  Hamiltonian  H  which  appears  in  Eq.  (11-3)  has  been 
written  out  according  to  Eq.  (5-9). 

The  matrix  elements  in  Eq.  (11-5)  can  be  calculated  by  making  a  perturba- 
tion expansion  of  exp  [  -p(HQ+V)  ]  in  powers  of  V.    This  expansion  is  well  known,  and 
it  takes  the  following  form: 

exp  [  -P(H+V)]   =  exp  [  -pHQ] 

00  a  P  P 

+  n  I  j (" 1  ^0        Tq1  dP2«  •  •  f0n"  ld^n  exP  I  "  (P"Pi  )HQ]  V  exp  [  -<Pj  -P2)Hq]  V.  .  .  V  exp  [  -p^] . 

(11-6) 

One  way  of  obtaining  this  series  is  the  following:      first  write  exp  [  -p(H  +V)]  as  the 
Fourier  transform  of  the  resolvent  (using  the  contours  of  integration  which  were 
described  in  Sec.  8),  then  introduce  the  perturbation  expansion  of  the  resolvent 
which  is  given  in  Eqs.  (6-5)  and  (6-6),  and,  finally,  take  the  Fourier  transform  of 
the  result. 

When  the  expansion  of  exp[  -p(HQ+V)]   given  above  is  used  in  Eq.  (l  1  - 5)  for 
Zp,  the  latter  quantity  can  be  evaluated  by  a  form  of  diagram  analysis  which  is  quite 
similar  to  that  used  earlier  in  the  calculation  of  the  ground-state  energy.    Thus  a 
term  in  Z^  which  is  of  n'th  order  in  V  can  be  represented  by  diagrams  containing  n 
vertices  each.    The  contribution  to  Z^  from  a  particular  diagram  must  be  calculated 
somewhat  differently  than  before,  of  course.    Different  operators  act  on  the  inter- 
mediate states  here,  and  also  different  coefficients  as  well  as  new  integrations 
(over  the  p*s)  appear. 

A  sample  diagram  entering  the  calculation  of  Z^  is  illustrated  in  Fig.  11-1. 
This  diagram  contributes  to  a  term  in  Z^  which  is  of  fifth  order  in  V,  and  it  comes 
from  a  matrix  element 

<  Vq'  *  '  '  *Zh'  GXP   [  -^Ho+V)^  I  *lh>  Vz'  •  •  •  Vq  >1 

A  number  v  at  the  left  or  right  of  the  diagram  stands  for  the  phonon  q^.    The  set  of 
initial  phonons  is  seen  to  be  identical  to  the  set  of  final  phonons.    The  right-to-left 
order  of  the  vertices  in  the  diagram  is  important. 

Two  diagrams  which  differ  from  one  another  by  interchanges  of  the  roles 
of  the  phonons  (the  same  interchanges  on  the  right  and  left  of  the  diagram)  are  taken 
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Fig.  11-1 
Sample  diagram  contributing  to 

to  be  different  diagrams.  As  an  example,  the  two  diagrams  in  Fig.  11-2  are  taken 
to  be  different  diagrams.  This  convention  obviously  affects  the  calculation  of  a  con 
tribution  to  Z  Q. 


Fig.  11-2 

Two  different  diagrams  contributing  to 

At  this  point  it  is  convenient  to  introduce  a  new  definition  of  connectedness 
in  a  diagram.    This  new  definition  is  justified  by  the  simplifications  to  which  it 
leads.    A  diagram  such  as  appears  in  Fig.  11-1  is  imagined  to  be  rolled  onto  a 
cylinder  in  such  a  way  that  each  external  line  at  the  right  of  the  diagram  joins  con- 
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tinuously  onto  the  external  line  for  the  same  phonon  at  the  left  of  the  diagram  on  the 
back  of  the  cylinder.  A  component  or  connected  part  of  the  diagram  is  then  defined 
as  a  part  which  is  connected  on  the  cylinder. 

This  new  definition  of  connectedness  can  be  illustrated  by  means  of  the 
diagram  in  Fig.  11-1.    In  this  diagram  phonon  1  belongs  to  one  component,  and  it  is 
the  only  phonon  involved  in  that  component.    The  component  in  this  case  is  a  single 
loop  on  the  cylinder  and  has  no  vertices.    Phonon  2  and  the  associated  instantaneous 
phonon  are  the  only  phonons  in  a  second  component,  and  this  component  does  have  a 
vertex.    Phonons  3,  4,  and  6  together  belong  to  a  third  component  of  the  diagram, 
and  this  component  has  no  vertices.    Phonon  5  and  the  associated  intermediate 
phonons  are  the  only  phonons  in  a  fourth  component.    Finally  phonons  7,  8,  and  9  and 
an  intermediate  phonon  together  belong  to  a  fifth  component.    The  diagram  therefore 
contains  five  components.    A  diagram  containing  only  one  component  would  be  called 
a  connected  diagram. 

When  the  new  definition  of  connectedness  is  used,  it  is  found  that  Zp  can  be 
written  out  in  terms  of  just  connected  diagrams.    The  resulting  expression  then 
leads  to  the  correct    Q -dependence  of  the  free  energy.    These  results  provide  the 
justification  for  the  new  definition.    The  demonstration  of  these  results  is  outlined 
below. 

Consider  a  set  of  diagrams  which  all  contain  the  same  components  and 
which  differ  from  one  another  only  in  the  relative  order  of  the  vertices  of  the  different 
components.    Let  the  order  of  the  vertices  within  a  particular  component  be  the  same 
in  each  diagram.    The  sum  of  the  contributions  to  Zp  from  all  the  diagrams  in  such  a 
set  can  be  shown  to  equal  the  following  expression: 

(l/NJ  )  2  (jj.  .  .  .  j^,  .  .  .  qN)n6  w  <  . . .  | {  exp[  -p(H0+V,]}  ,  (<j)  | .  .  .  >  (, ,  -7) 

Here  6(a)  designates  the  a'th  component  in  the  set  of  components  which  makes  up  each 
diagram;  the  term  in  curly  brackets  represents  the  contribution  to  Eq.  (11-6)  from  a 
component  6(a);  the  dots  for  the  initial  and  final  phonons  in  a  matrix  element  repre- 
sent the  indices  of  the  phonons  involved  in  the  component  6(a);  and  N  is  the  total 
number  of  initial  or  final  phonons  in  one  complete  diagram. 

As  an  example  of  the  application  of  the  expression  above,  the  appropriate 
set  of  diagrams  which  contains  the  diagram  in  Fig.  11-1  gives  the  following  contri- 
bution to  Zpi 

(1/9.'  )S  (j1...j9)jt?r..?9)<  l|{op}6(l)|l  ><  2|  |oP}6  (2)|2> 
X<6,4,3|  joP}6(3)|  3,4,6  ><5|  {oP}6(4)|5> 
X  <  9,  8,  7  |  |op|6(5)|7,8,9>. 
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Here  Op  is  taken  to  designate  the  operator  exp  [  -p(HQ+V)]  ,  and  the  phonon  indices 
a  i    are  designated  simply  as  v. 

Expression  (11-7)  is  the  total  contribution  to       from  the  particular  set  of 
diagrams  which  was  described  above.    Now  consider  another  set  of  diagrams  which 
is  obtained  from  the  original  set  by  making  a  particular  permutation  of  phonon  indices 
on  each  of  its  diagrams  (the  same  permutation  on  each  diagram).    This  new  set  gives 
the  same  contribution  to       as  the  original  set.    The  sum  of  the  contributions  to  Z^ 
from  all  such  related  sets  of  diagrams  is  just  the  total  contribution  to  Z^  from  all  the 
diagrams  which  can  be  constructed  from  a  particular  set  of  connected  diagrams  (in 
which  the  names  of  the  phonons  are  irrelevant)  used  as  components.    This  total  con- 
tribution is  just  equal  to  expression  (11-7)  multiplied  by  a  factor  N.' /tt^U) '  ^n^).' , 
where  n(a)  is  the  number  of  initial  or  final  phonons  in  the  component  6(a)  and  n(p)  is 
the  number  of  components  in  the  basic  set  which  are  identical  and  have  the  form  |3. 

In  view  of  the  results  above  the  quantity  Z^  is  given  by  the  following  equation: 

Zp  =  2  (sets  of  connected  diagrams)  [  l/iT^nU) ^n(p)  J  ] 

X  \*  <V  •  •  W  '  (V  '  '  W  <  a'  •  •      '  1  1  {eXP  [  -P<Ho+V>3}  6(a)!  l>  2'  *  ■  '«  >' 

1  J  (11-8) 

Here  6(a)  designates  one  of  the  connected  diagrams  in  a  particular  set,  and  different 

sets  of  connected  diagrams  are  taken  to  differ  by  more  than  just  the  order  of 

the  diagrams. 

The  quantity  Z^  can  now  be  rewritten  in  simpler  form  by  noting  that  the 
right  side  of  Eq.  (11-8)  is  the  series  expansion  of  an  exponential.    In  view  of  this 
Zp  is  given  by  the  following  equation: 

Zp  =  exp  [  Z^nn(l/n(6)i )  S        . .  Jn(6))  /  (q^  .  .  q*n(6)) 
<  n(6),  ...2,1 1  jexp  [  -P(HQ+V)]j  g  |  1,  2,  . .  .  n(6)  >  ]  .  (11-9) 

Here  n(6)  is  the  number  of  initial  or  final  phonons  in  the  connected  diagram  6.  This 
equation  exhibits  the  reduction  to  connected  diagrams  which  was  sought. 

The  free  energy  of  the  crystal  can  be  obtained  from  Z^  by  use  of  Eqs.  (ll-l) 
and  (11-4).    On  the  basis  of  Eq.  (11 -9),  then,  the  free  energy  of  the  crystal  is  given 
by  the  following  equation: 

X    r  ffr-.?n(6))<n(6),...2,  l|  |exp[-p(Ho+V)]|6|l,2,...n(6)>.(ll-10) 

It  is  thus  given  entirely  in  terms  of  contributions  from  connected  diagrams.    In  the 
limit   of  large  volume,  S2,  each  of  these  contributions  is  proportional  to  Q.    The  free 
energy  as  given  in  Eq.  (11-10)  therefore  has  the  proper  volume-dependence  for  the 
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extensive  quantity    that  it  is.    In  these  respects  the  free  energy  is  given  by  an  equa- 
tion which  is  similar  to  Eq.  (7-1)  for  the  ground-state  energy,  but  it  should  be  re- 
membered that  the  definition  of  connectedness  is  now  different  than  it  was  earlier. 

At  this  point  it  is  useful  to  consider  the  application  of  Eq.  (11-10)  in  the 
harmonic  approximation.    This  application  suggests  further  simplifications  which  can 
be  made  in  the  general  case.    The  free  energy  of  a  harmonic  crystal  is  given  by 
Eq.  (11-10)  with  V  set  equal  to  zero.    The  diagrams  which  contribute  to  this  free 
energy  therefore  contain  no  vertices.    Three  of  the  simplest  of  these  diagrams  are 
shown  in  Fig.   11 -3, and  the  contributions  from  these  diagrams  are  given  by  the  follow- 
ing expressions  (in  the  sequence  of  the  diagrams): 

-(1/P)A(0)S  .  fq  exp  (-pWq.)  (11-11) 

-(l/p)A(0)(i/2!)  2.fq  exp  (-2pUqj)  (11-12) 

-(l/p)A(0)(l/3!)  S  .fq  exp  (-3Puqj)  (11-13) 

The  one-  and  two-phonon  diagrams  in  the  figure  are  the  only  such  diagrams,  but 
there  is  another  three -phonon  diagram.    This  differs  from  the  first  three -phonon 
diagram  only  by  a  permutation  of  the  phonon  indices  2  and  3,  and  it  therefore  gives  the 
same  contribution  to  the  free  energy  as  the  first. 


Fig.  11-3 

Three  diagrams  contributing  to  F_  in  the  harmonic  approximation 


As  suggested  by  the  results  above,  the  contribution  to  the  harmonic  free 
energy  from  a  v -phonon  diagram  turns  out  to  be  given  by  the  following  expression: 

-0/P)  A(0)(l/vl)  Z.f    exp  (-vpu>qj). 

There  are  (v-1).'  different  v -phonon  diagrams,  however,  and  each  gives  this  same 
contribution.    These  different  diagrams  only  differ  by  permutations  of  the  phonon 
indices.    The  total  contribution  to  the  harmonic  free  energy  from  all  v -phonon  dia- 
grams is  therefore  equal  to  the  expression  above  multiplied  by  a  factor  (v-1).1.  From 
this  it  is  apparent  that  the  harmonic  free  energy  is  given  by  the  following  equation: 
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F(3  =  Eo+ezp  "  (l/P)A(0)2.;q[Zv(l/v)  exp  (-v{JWqj)].  (11-14) 

The  summation  over  v  in  this  equation  can  be  performed  analytically,  and  the  equa- 
tion then  takes  the  following  form: 

Fp(0)  =  £o+ezp+P(fi/8TT3)  EjVn  [1"eXP  ("Puqj)]  '  (U"15) 
where  A(0)  has  been  replaced  by  its  value,  ft  /8-rr3.  This  is  the  familiar  equation  for 
the  free  energy  of  a  harmonic  crystal. 

The  foregoing  treatment  of  a  harmonic  crystal  suggests  that  there  might  be 
further  analytic  summations  which  can  be  performed  in  Eq.  (11-10)  in  the  general 
case.    As  will  be  seen  below,  there  are  such  summations,  and  they  are  closely  re- 
lated to  the  summation  which  occurs  in  the  harmonic  case. 

In  the  general  case  the  operator  exp  [  -p(HQ+V)  ]  in  Eq.  (11-10)  is  supposed 
to  be  expanded  in  powers  of  V  as  in  Eq.  (11 -6).    The  right  side  of  the  former  equa- 
tion therefore  contains  one  term  which  is  simply  the  free  energy  of  the  harmonic 
crystal.    To  show  this  explicitly,  Eq.  (l  1  - 10)  will  be  rewritten  as  follows: 

FfFp(o)-(i/P)zp-%/n6:)z(jl,.,n(5)) 

X    f  (?r-'Si(6)>  <n(6),...Z,  l|  |exp[-p(Ho+V)]|6|l,2,...n(6)>,  (11-16) 

where  Fp(0)  is  given  by  Eq.  (11-15)  and  where  the  notation  on  the  summation  sign  is 
meant  to  restrict  the  summation  to  connected  diagrams  which  contain  at  least  one 
vertex. 

Before  proceeding  further  it  is  necessary  to  introduce  some  new  definitions. 
Consider  a  diagram  which  contributes  to  F^  in  Eq.  (11-16)  and  which,  in  its  cylindri- 
cal form,  contains  no  loops.    A  loop  is  a  line  which  goes  completely  around  the  cylin- 
der (not  necessarily  closing  on  itself)  without  encountering  a  vertex.    Such  a  diagram 
will  be  called  a  reduced  diagram.    A  two-phonon  example  of  a  reduced  diagram  is 
illustrated  in  Fig.   11-4.    A  reduced  diagram  will  be  understood  to  be  connected  and 
to  have  at  least  one  vertex. 
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Now  consider  a  connected  diagram  which  is  obtained  from  some  reduced 
diagram  by  breaking  one  or  more  lines  on  the    back  of  the  cylinder  and  reconnecting 
the  ends  by  means  of  loops.    Lines  at  the  back  of  the  cylinder  will  be  called  external 
lines,  and  the  loops  which  are  inserted  in  any  external  line  will  be  said  to  constitute 
an  external  helix.    To  illustrate  these  concepts,  the  diagram  in  Fig.  11-5  is  obtained 
from  the  reduced  diagram  in  Fig.  11-4  by  breaking  the  external  line  2-2  and  inserting 
a  helix  with  two  loops.    The  part  of  the  new  diagram  which  is  called  the  external 
helix  is  enclosed  in  dashed  lines  in  the  figure.    The  helix  involves  three  phonon  in- 
dices (to  be  read  from  either  side  of  the  diagram).    The  number  of  phonon  indices 
involved  in  a  helix  will  be  called  the  order  of  the  helix.    The  lowest  order  possible 
for  an  external  helix  is  therefore  two,  since  a  helix  must  contain  at  least  one  com- 
plete loop. 


Fig.  11-5 

Example  of  a  diagram  with  an  external  helix  of  order  three 

Also  consider  a  connected  diagram  which  is  obtained  from  some  reduced 
diagram  or  some  diagram  with  external  helices  by  breaking  one  or  more  lines  be- 
tween vertices  on  the  front  of  the  cylinder  and  reconnecting  the  ends  by  means  of 
helices.    Lines  between  vertices  on  the  front  of  the  cylinder  will  be  called  internal 
lines,  and  the  helices  inserted  in  them  will  be  called  internal  helices.    To  illustrate 
these  concepts,  the  three  diagrams  in  Figs.   11-6,   11-7  and  11-8  are  obtained  from 
the  reduced  diagram  in  Fig.  11-4  by  adding  internal  helices  in  various  ways.  The 
helices  are  enclosed  in  dashed  lines  in  the  figures,  and  their  orders  are  given  in  the 
figure  headings.    The  lowest  order  possible  for  an  internal  helix  is  one. 

Together  the  types  of  diagrams  considered  above  include  all  of  the  diagrams 
which  contribute  to  Fp  in  Eq.  (11-16).    Furthermore,  a  particular  diagram  which  has 
internal  and  external  helices  can  be  obtained  from  one  and  only  one  reduced  diagram 
by  the  processes  which  have  been  described. 
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Fig.  11-6 

Example  of  a  diagram  with  an  internal  helix  of  order  one 


Fig.  11-7 

Example  of  a  diagram  with  an  internal  helix  of  order  two 


Fig.  11-8 


Example  of  a  diagram  with  an  internal  helix  of  order  three 
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The  set  of  diagrams  which  contribute  to  Eq.  (11-16)  for       can  now  be 
broken  into  groups  in  such  a  way  that  each  group  contains  one  diagram  with  no  ex- 
ternal helices  and  all  the  other  diagrams  which  can  be  obtained  from  the  first  by 
adding  external  helices.    The  total  contribution  to  the  free  energy  from  all  of  the 
diagrams  in  one  such  group  is  just  equal  to  a  factor  times  the  contribution  from  the 
diagram  with  no  external  helices.    The  factor  is  given  by  the  following  expression: 

[  l-exp(-0Ul)]  _1[  l-exp(-pw2)]       .  .[  Uexp(-po>n(6))]  "1,  (11-17) 

where  n(6)  is  the  number  of  initial  or  final  phonons  in  the  diagram  with  no  external 
helices. 

The  proof  of  the  foregoing  result  depends  on  the  following  fact:  diagrams 
which  differ  from  one  another  only  by  permutations  of  the  indices  of  their  external 
phonons  all  give  the  same  contribution  to  the  free  energy.    To  illustrate  this,  the 
two  diagrams  in  Fig.   11-9  both  give  the  same  contribution  to  the  free  energy.    If  a 
given  diagram  6'  can  be  obtained  from  a  diagram  6  which  has  no  external  helices  by 
adding  an  external  helix  of  order  m}+l  to  its  first  external  line,  another  of  order 
m^+l  to  its  second  external  line,  and  so  on,  then  the  number  of  diagrams  which  can 
be  obtained  from  6"  by  making  all  permutations  of  the  indices  of  its  external  phonons 
is  given  by  the  following  equation: 

P(6«)  =  P(6)[n(6)+  m1+m2+.  .  .  mn(6)]  •'  /n(S)'  (11-18) 

Here  P(6)  is  the  corresponding  number  for  the  diagram  6,  and  n(6)  is  the  number  of 
external  phonons  in  6.    With  this  equation  for  P(6)  the  derivation  of  the  factor  (11-17) 
is  a  straightforward  matter  of  performing  simple  analytic  summations. 


Fig.  11-9 

Example  of  two  diagrams  which  give  the  same  contribution  to  F^ 

The  analytic  summations  just  mentioned  are  closely  related  to  the  summa- 
tion which  occurs  in  the  treatment  of  the  harmonic  crystal.    This  becomes  apparent 
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when  the  diagrams  in  the  harmonic  case  are  described  as  being  given  by  a  simple 
loop  and  all  the  other  diagrams  which  can  be  obtained  from  such  a  loop  by  adding 
external  helices. 

On  the  basis  of  the  result  above,  then,  the  summation  over  diagrams  in 
Fq.  (11-16)  can  be  restricted  to  diagrams  with  no  external  helices.    To  account  for 
the  diagrams  which  are  omitted,  however,  the  contribution  from  each  diagram  which 
is  retained  must  be  taken  to  include  an  appropriate  factor  (11-17)  inside  the  summa- 
tion over  external  phonons. 

The  resulting  equation  for  the  free  energy  can  be  still  further  reduced, 
it  turns  out,  since  the  set  of  diagrams  retained  above  can  again  be  broken  into  groups 
which  yield  analytic  summations.    Each  of  these  new  groups  contains  one  reduced 
diagram  and  all  of  the  diagrams  which  can  be  obtained  from  it  by  adding  internal 
helices.    The  total  contribution  to  the  free  energy  from  all  of  the  diagrams  in  one  of 
these  groups  is  just  equal  to  the  contribution  from  the  appropriate  reduced  diagram 
with  an  extra  factor  of  [  1 -exp(-pw^)]       for  each  of  its  internal  phonons  qj.  The 
extra  factors  must  appear  inside  the  summations  over  the  internal  phonons,  of 
course.    This  result  follows  from  considerations  similar  to  those  discussed  above. 

To  summarize  all  of  these  results,  the  summation  over  diagrams  in 
Eq.  (11-16)  can  be  restricted  to  just  reduced  diagrams  if  an  appropriate  modification 
is  made  to  the  contribution  from  each  diagram.    The  modification  consists  of  intro- 
ducing a  factor  [  1 -exp(-(3u^)]    1  for  each  internal  and  external  phonon  in  the  diagram. 
For  this  modification  each  external  phonon  is  to  be  counted  only  once,  even  though  it 
appears  on  both  sides  of  the  diagram. 

The  simplified  version  of  Eq.  (11-16)  just  described  can  be  written  out  com- 
pactly in  the  following  way: 

Fp  =  Fp(0)  -  (l/p)Z6reduced(l/n(6).')E(j1,...jn(6)) 
X  /<?!•■■  ■  V6)>  <n(6>'  •  •  -2  ,  1 1{  exp  [  -P(HG+Vp  )]}  g  ]  1,  2,  . . .  n(6)  >.  (11-19) 

Here  the  operator       replaces  the  operator  V  which  occurs  in  Eq.  (11-16).    The  new 

operator  Vft  is  defined  from  Eqs.  (5-12)  and  (5-13)  for  V  by  making  the  following 

P  *  *r  i         \i  - 1/2  > 

replacements:    each  creation  operator  A^  in  V  becomes  A^L  1  -exp(-pw^)J         ,  and 

each  annihilation  operator  A   .  in  V  becomes  A  .[  l-exp(-(3u  .)]  ~llZ.    These  replace- 

qj  "J  - 1 

ments  can  be  seen  to  yield  the  required  correction  factor  [  1  -expf-pu^)]       for  each 
phonon  line  in  a  diagram,  because  each  phonon  line  corresponds  to  the  product  of  a 
creation  and  an  annihilation  operator  with  the  same  phonon  indices.    To  be  more 
specific,  each  internal  phonon  line  in  a  diagram  corresponds  to  a  product  AqjAqj» 
and  each  external  phonon  line  corresponds  to  a  product  AqjAqj* 
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The  last  statement  above   brings  up  a  subtlety  which  arises  in  the  use  of 

just  reduced  diagrams.    As  a  result  of  the  exclusion  of  diagrams  with  helices,  a 

diagram  like  that  in  Fig.  11-10  must  be  taken  to  represent  only  those  terms  in  V  or 

VR  in  which  each  annihilation  A   ■  occurs  on  the  right  of  the  corresponding  creation 

P     _»  qJ 
A*j  (qj  being  an  external  phonon),  and  a  diagram  like  that  in  Fig.  11-11  mast  be  taken 

to  represent  only  those  terms  in  V  or       in  which  each  annihilation  A^  occurs  on  the 

left  of  the  corresponding  creation  A   .  (qj  being  an  internal  phonon). 


Fig.   11-11     Reduced  diagram  contributing 
to  F„ 


The  replacement  of  V  by        in  Eq.  (11-16)  can  be  given  a  useful  physical 
interpretation,  as  will  now  be  shown.    For  particles  such  as  phonons  which  obey 
Bose  statistics,  the  average  number  of  particles  with  an  energy  coq..  at  a  temperature  T 
(  in  the  absence  of  interactions  )  is  given  by  the  following  equation: 

<  nq.  >  =  l/[exp(pcoq.)-l] 

or 

<  n  .  >  =  exp(-6co  .)[  l-exp(-6w  .)]  "  . 
qj  P'  K  qj'1         HV  K  qyJ 

From  the  second  form  of  this  number  the  following  relation  is  obtained: 

[  l-exp(-pWqj)]  _1  =  <nqj+l  >  (11-20) 
Now  on  the  basis  of  Eq.    (5-18)  an  operator  A   .A*,  acting  on  a  state  with  n  .  phonons 

*  qj  qj  qj 

and  an  operator  A   -A   .  acting  on  a  state  with  (n  .+  1)  phonons  both  bring  down  the 

qj  qj       &  qj 

same  factor  (nq..+  l).    If  each  state  in  a  particular  diagram  for  F^  contained  an  equili- 
brium distribution  of  thermal  phonons  in  addition  to  the  phonons  explicitly  shown,  then, 

*  * 
each  operator  A   -A   .  for  an  internal  line  and  each  operator  A    A   .  for  an  external 

^  qj  qj  qj  qj 

line  would  bring downan  extra  factor<  nqj+1  >•    According  to  Eq.  (11-20),  however, 
this  extra  factor  <  nq^+  1  >  is  identical  to  the  corresponding  correction  factor  which  is 
obtained  by  replacing  V  by  V^.    The  replacement  of  V  by       in  Eq.  (11-16)  can  there- 
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fore  be  thought  of  as  a  correction  for  the  presence  of  thermal  phonons. 

The  physical  interpretation  just  described  should  not  be  taken  too  literally, 
however.    In  the  exponential  operator  whose  matrix  element  appears  in  Eq.  (11-18), 
the  operator  (HQ+Vp)  has  replaced  the  Hamiltonian  operator  (Hq+V)  which  appeared  in 
earlier  versions  of  the  equation,  but  this  should  not  be  taken  to  mean  that  (HQ+Vp)  is 
a  new  Hamiltonian  for  the  system.    It  is  only  an  effective  Hamiltonian,  and,  as  with 
all  effective  Hamiltonians,  its  use  is  only  justified  under  very  restricted  conditions. 
In  the  present  case  these  restricted  conditions  involve  the  use  of  just  reduced  dia- 
grams. 

With  the  limitation  to  reduced  diagrams  which  has  been  achieved  in 
Eq.  (11-18),  only  a  finite  number  of  diagrams  are  required  for  a  calculation  of  F^ 
to  a  given  finite  order  in  powers  of  u/a.    For  -example,  all  the  diagrams  which  con- 
tribute to  the  first-order  term  in  F^  are  illustrated  in  Fig.   11-12.    The  diagrams  in 
a  given  column  of  the  figure  all  give  the  same  contribution  to  F^  to  within  a  numerical 
factor,  however.    The  first  diagram  in  a  column  is  a  vacuum  diagram,  and  the  other 
diagrams  in  the  same  column  are  obtained  from  the  first  by  breaking  various  internal 
lines  and  making  them  external  lines.    Since  there  are  three  columns  of  diagrams, 
there  are  just  three  independent  first-order  contributions  to  F^  to  evaluate.    If  the 
crystal  under  study  has  a  Bravais  lattice  (one  atom  per  unit  cell),  however,  the 
middle  column  of  diagrams  in  the  figure  gives  no  contribution,  and  there  are  only  two 
independent  contributions  to  evaluate. 


<3>  Q — 0  8 


Fig.  11-12 

Reduced  diagrams  for  the  first-order  term  in  F 
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An  actual  calculation  of       to  first  order  would  be  quite  straightforward,  but 
it  would  also  be  lengthy.    This  is  due  to  the  complicated  spectra  of  the  frequencies 

which  occur  for  real  crystals.    A  calculation  based  on  a  Debye  frequency  spectrum 
would  be  more  feasible  than  an  exact  calculation,  however,  and  it  should  yield  results 
of  the  correct  order  of  magnitude.    A  calculation  based  on  the  limiting  form  of 
Eq.  (11-18)  at  high  temperature  (small  (3)  would  also  be  reasible. 

Equations  for  F^  in  various  limiting  cases  have  been  developed  by  other 
methods  by  Bloch  and  DeDominicis  (1958).    These  equations  are  in  forms  which  also 
may  be  useful  for  actual  calculations.    In  addition  they  show  that  the  free  energy  F^ 
approaches  the  Goldstone  ground-state  energy  in  the  limit  of  zero  temperature,  as  it 
should.    It  should  be  mentioned  that  Montroll  and  Ward  have  given  a  treatment  of  the 
electron  gas  (1958)  which  is  quite  analagous  to  the  treatment  of  the  phonon  system 
given  here. 

Altogether,  the  use  of  diagrams  in  quantum  statistical  mechanics  has  be- 
come fairly  common  in  recent  years.    Papers  by  Massuraba  (l 955),  Watson  (1956), 
and  Riesenfeld  and  Watson  (1957)  provide  the  early  examples  of  this.  Diagrams 
were  also  used  in  classical  statistical  mechanics,  especially  in  the  work  of  Mayer 
on  the  free  energy  of  a  classical  gas. 
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As  mentioned  in  Sec.  9,  the  scattering  of  neutrons  by  a  crystal  at  an  arbi- 
trary temperature  involves  anharmonic  effects  which  should  be  susceptible  to  experi- 
mental study.    The  principle  effect  of  this  sort  is  the  shift  with  temperature  of  the 
peaks  in  an  inelastic  scattering  spectrum.    Although  this  shift  is  small,  it  should  be 
measurable,  and  experiments  for  this  are  already  underway. 

The  theoretical  discussion  of  this  scattering  in  the  present  section  is  only 
given  in  brief  outline.    A  detailed  treatment  will  be  published  in  the  literature.  For 
the  sake  of  simplicity  the  discussion  here  is  based  on  the  same  assumptions  as  were 
described  in  Sec.  9,  where  the  scattering  at  0°K  was  treated. 

The  differential  cross-section  for  scattering  at  a  temperature  T  is  given  by 
the  following  equation: 

d2o-T/dnde  =  a2(|k|/|-ko|)ST(K  (12-1) 

This  only  differs  from  Eq.  (9-1)  in  that  the  scattering  function  S,p(  K  w)   is  now  given 
by  the  following  equation,  which  is  appropriate  to  the  temperature  T: 

ST(iT,u>)  =  Z(P)_12    exp  (-pE  ) 
1  o  o 

X  S  I  <*  |T  \*      >  |26(W+Ey  -Ev).  (1^-2) 
o  o 

Here  Z(p)  is  the  partition  function  for  the  crystal  and  is  defined  in  Eq.  (11 -2),  +  v  is 
an  initial  state  of  the  crystal,  4>y  is  a  final  state,  and  the  factor  exp  (-pE^  )/Z(p)° 
gives  the   statistical  weight  of  the  initial  states.    The  states  i|j     and^y  are  eigen- 
states  of  the  Hamiltonian  H  which  is  given  in  Eq.  (5-9),  and  tlie  corresponding 
eigenvalues  are  Ey    and  E^  respectively. 

For  reasons  explained  in  Sec.  9  it  is  desirable  to  rewrite  Eq.  (12-2)  in  a 
form  which  does  not  explicitly  involve  the  excited  states  of  the  crystal.    This  cannot 
be  done  in  just  the  same  way  as  it  was  in  Sec.  9,  however,  because  both  the  initial 
and  final  states  can  be  excited  in  the  present  case.    Instead,  a  trick  will  be  used  here 
which  has  been  used  previously  in  neutron  scattering  problems  (Van  Hove,   1954  a,  b, 
and  references  there  quoted).    This  trick  makes  use  of  the  following  relation: 

6(x)  =  (1/2*)  lim     /*'  e"itxdt.  (12-3) 
t«-oo  -t' 

When  the  delta  function  in  Eq.  (12-2)  is  replaced  by  use  of  this  relation,  the  equation 
takes  the  following  form: 

ST(K,c)  =  [  1/2WZ(P)]  J00  dt  e"itw{s        exp[  -<p+tt)E  ] 

1  -oo  I  O  O 

X  |T-K^v>eXp(itEv)<ljjvlT/C|lJjv     >}«  (12~4) 


-91- 


96 

INTERACTIONS  OF  ELASTIC  WAVES  IN  SOLIDS 

where  the  limit  on  t1  has  been  applied.    Although  it  will  not  be  verified  here,  the 
dummy  variable  t  in  this  equation  has  the  significance  of  time. 

Eq.  (12-4)  gives  the  scattering  function  in  a  useful  form  because  the  term 
in  curly  brackets  is  just  the  spur  of  the  operator 

exp  [-(p+it)H]  T  ^exp  (itH)T.  (i2-5) 

in  the  representation  of  the  actual  eigenstates  of  the  crystal.  The  equation  can  there- 
fore be  rewritten  in  the  following  way: 

St(k,u>)  =  [1/2*Z(P)]  /°°  e"itwdt  Sp  (exp  [  -(p+it)H]  T     exp  (itH)T  \  . 

-°°  I  ~K  KJ(l2-6) 

Since  the  spur  can  be  written  out  in  a  basis  other  than  that  of  the  exact  eigenstates, 
Eq.  (12-6)  exhibits  the  desired  property  of  not  explicitly  involving  the  exact  excited 
eigenstates. 

For  present  purposes  the  spur  in  Eq.  (12-6)  should  be  written  out  in  the 
basis  of  phonon  states.    The  resulting  equation  can  then  be  treated  by  the  techniques 
described  in  Sec.   11,  where  the  spur  of  another  operator  was  treated.    As  the  first 
step  in  this  treatment,  H  and  Z((3)  in  Eq.  (12-6)  should  be  replaced  by  use  of  Eqs. 
(5-9)  and  (11-4)  respectively.    Eq.  (12-6)  then  takes  the  following  form: 


(12-7) 


As  the  next  step  the  exponential  operators  in  the  curly  brackets  above  should 
be  expanded  in  powers  of  the  operator  V.    One  such  expansion  is  given  in  Eq.  (11-6). 
The  resulting  equation  for  ST  (/Cu)  can  then  be  analyzed  in  terms  of  diagrams  which 
are  essentially  the  same  as  those  used  in  the  analysis  of  F^  in  Sec.   11.    In  the  present 
case,  of  course,  each  diagram  must  contain  two  neutron  vertices  in  addition  to  the 
ordinary  vertices  (at  least  if  k   is  different  from  Zirr)  but  in  other  respects  each 
diagram  can  be  drawn  like  a  diagram  for  F^.    The  diagrams  can  be  interpreted  as 
cylinders,  and  the  concept  of  connectedness  which  was  defined  for  cylindrical 
diagrams  can  be  invoked  again. 

A  diagram  in  the  present  problem  can  contain  components  which  do  not  in- 
volve neutron  vertices  as  well  as  components  which  do.    Consider  a  diagram  which 
contains  only  components  with  neutron  vertices,  and  consider  all  the  other  diagrams 
.Which  can  be  constructed  from  the  first  by  adding  components  without  neutron 
vertices.    The  sum  of  the  contributions  to  ST(/T,  w)  from  all  of  these  related  diagrams 
turns  out  to  equal  just  the  contribution  of  the  first  diagram  times  a  factor  Z^.  This 
factor  cancels  the  Z-  in  the  denominator  of  Eq.  (12-7),  and  the  equation  becomes: 


-92- 


97 

12.    SCATTERING  OF  NEUTRONS  BY  A  CRYSTAL  AT  AN  ARBITRARY  T  EMPERATURE 
SLC«)-  (l/2ir)  dte-ltw 

-30 

x  2neutronSP  jexp  [-(p+it)(H0+V)]  T_Kexp[  it(HQ+V)J  T^j  fi  .  (12-8) 

Here  the  superscript  on  the  summation  sign  means  that  the  summation  is  restricted 
to  diagrams  which  contain  only  components  with  neutron  vertices.  It  is  to  be  under- 
stood that  the  spur  in  this  equation  is  expressed  in  the  basis  of  phonon  states. 

The  diagrams  which  occur  in  Eq.  (12-8)  are  of  two  types.    The  first  type 
contains  a  single  component  which  involves  both  of  the  neutron  vertices,  and  the 
second  type  contains  two  components,  each  of  which  contains  one  of  the  neutron 
vertices.    As  it  turns  out,  the  inelastic  scattering  spectrum  is  obtained  if  the  summa- 
tion is  restricted  to  just  the  first  type  of  diagram  (one  component)  ,  and  the  elastic 
spectrum  is  obtained  if  the  summation  is  restricted  to  just  the  second  type  of  diagram 
(two  components).    The  elastic  and  inelastic  spectra  are  discussed  separately  below. 

As  in  the  case  of  scattering  at  0°K,  the  elastic  spectrum  can  be  obtained 
in  a  straightforward  way  by  requiring  that  the  final  state  of  the  crystal,  <  ^v  I  >  be 
identical  to  the  initial  state,   | +Q  >.    When  this  is  done,  Eq.  (12-2)  for  the  scattering 
function  takes  the  following  form: 

S^0)  («*)  =  Z(P)-1  2vexp  (-(3Ev)|  <  ^v  I  TK  |*v>|26M.  (12-9) 

In  the  present  case  of  non-zero  temperature,  then,  the  straightforward  procedure 
leads  to  a  rather  strange  result.    This  result  involves  the  canonical  average  at  a 
temperature  T  of  the  square  of  a  diagonal  matrix  element  instead  of  the  canonical 
average  of  a  matrix  element  itself. 

When  the  elastic  spectrum  is  investigated  by  means  of  diagram  analysis 
along  the  lines  sketched  above,  however,  the  following  equation  for  the  scattering 
function  is  obtained: 

S^0)(kco)=  |Z(p)-1Svexp(-pEv)<i|ijT,c|4v>  |Z6(u>).  (12-10) 

This  equation  involves  the  more  reasonable  form  of  canonical  average,  and  it  is  also 
much  more  suitable  for  calculations  than  Eq.  (l   -9)  in  the  case  of  an  anharmonic 
crystal. 

In  inelastic  scattering,  only  the  most  singular  parts  of  the  spectrum  are  of 
interest.    The  reasons  for  this  were  given  in  Sec.  9.    These  most-singular  parts  can 
be  obtained  by  themselves  from  Eq.  (12-8)   if  the  summation  in  that  equation  is 
further  restricted  to  just  one-component  diagrams  which  involve  at  least  one  phonon 
line  and  which  would  become  disconnected  diagrams  if  one  of  the  phonon  lines  were 
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broken.    This  result  is  essentially  the  same  as  that  for  the  scattering  at  0°K.  On 
examination  of  they  types  of  diagrams  which  are  involved,  however,  it  is  seen  that 
there  is  a  new  feature  in  the  present  case.    One  of  the  types  is  illustrated  schematic- 
ally in  Fig.   12-1.    Each  shaded  region  in  the  figure  represents  a  system  of  phonon 
lines  and  vertices,  including  a  neutron  vertex  (which  is  indicated).  Each  of  these  regions 
may  be  very  complicated.    A  second  type  of  diagram  is  illustrated  schematically  in  a 
similar  way  in  Fig.   12-2.    The  first  type  of  diagram  occurs  whether  the  temperature 
is  zero  or  non-zero,  as  examination  of  Fig.   10-3  will  show.    The  second  type  of 
diagram  does  not  occur  when  the  temperature  is  zero,  however,  and  it  is  the  new 
feature  in  the  present  case. 


ar 


Fig.  12-2 

Schematic  representation  ofa  second  type  of  diagram  contributing  to  the  most  singular 
part  of  ST(7cw)  in  the  case  of  inelastic  scattering 

It  is  quite  easy  to  see  why  a  new  type  of  diagram  should  occur  at  a  non-zero 
temperature.    At  0°K  the  crystal  is  initially  in  its  ground  state,  and  the  neutrons  can 
only  excite  phonons.    At  a  non-zero  temperature,  however,  the  crystal  initially  has 
a  thermal  distribution  of  phonons,  and  the  neutrons  can  destroy  some  initial  phonons 
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as  well  as  excite  new  ones.    The  type  of  diagram  in  Fig.  12-1  corresponds  to  the 
creation  of  a  phonon  by  a  neutron,  and  the  type  in  Fig.  12-2  corresponds  to  the 
destruction  of  a  phonon.    This  interpretation  is  particularly  apparent  in  the  case  of  a 
harmonic  crystal,  when  the  types  of  diagrams  shown  in  Figs.  12-1  and  12-2  reduce 
to  the  simple  diagrams  in  Figs.   12-3  and  12-4  and  the  diagrams  which  differ  from 
these  by  the  insertion  of  helices. 

(•)  (•)  Fig.   12-3    Diagram  of  they  type  shown  in 

Fig.  12-1  in  the  special  case  of 
a  harmonic  crystal 


Q  /g\  Fig-.  12-4    Diagram  of  the  type  shown  in 

^  ^  Fig.  12-2  in  the  special  case  of 

a  harmonic  crystal 

This  is  as  far  as  the  discussion  of  neutron  scattering  at  a  non-zero  temper- 
ature will  be  carried  here.    The  analysis  is  presently  being  worked  out  in  further 
detail.    Since  the  shifts  of  the  inelastic  scattering  peaks  with  changing  temperature 
are  expected  to  be  measurable,  these  shifts  constitute  one  of  the  main  objects  of  the 
investigation.    In  view  of  the  experimental  situation,  the  time  really  seems  ripe  for  a 
quantitative  calculation  of  these  shifts.    Such  a  calculation  is  bound  to  be  lengthy,  but 
it  does  seem  feasible.    The  approach  described  above  does  lead  to  closed  formulae 
for  the  quantities  which  would  have  to  be  calculated,  and  the  formulae  only  involve  a 
small  number  of  diagrams,  at  least  in  the  lowest  order. 

The  problem  considered  in  the  present  section  provides  a  further  example 
of  the  separation  of  extensive  and  intensive  effects  which  was  mentioned  as  a  difficulty 
in  Sec.  1.    As  a  result  of  the  concept  of  connectedness  which  has  been  used  here,  a 
factor  Z((3)  has  been  extracted  from  the  numerator  of  Eq.  (12-2)  to  cancel  the  same 
factor  in  the  denominator.  By  this  means  an  apparent  dependence  of  the  scattering 
cross-section  on  the  bulk  properties  of  the  crystal  has  been  eliminated. 
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13.  CONCLUSION 

In  the  course  of  the  treatments  of  the  various  problems  in  the  preceding 
sections,  a  new  perturbation  theory  has  been  presented.    This  perturbation  theory  is 
suitable  for  any  system  containing  a  very  large  number  of  interacting  particles,  and 
it  therefore  has  applications  in  many  problems  besides  those  which  have  been  treated 
here.    The  perturbation  theory  is  closely  related  to  techniques  which  are  commonly 
used  in  field  theory,  and,  in  fact,  it  was  largely  inspired  by  those  techniques. 

The  new,  many-particle  perturbation  theory  can  be  said  to  reconcile  pertur- 
bation theory  with  thermodynamics.    One  of  the  cornerstones  of  thermodynamics  is 
the  assumption  that  in  the  limit  of  a  very  large  system  there  are  certain  average 
quantities  of  the  system  which  have  very  simple  behaviors.    These  average  quantities 
are  the  working  variables  of  thermodynamics.    These  quantities  are  readily  calculated 
by  the  new,  many-particle  perturbation  theory,  whereas  they  are  very  hard  to  calcu- 
late by  standard  perturbation  theory,  due  to  the  difficulty  of  finding  formulae  which 
exhibit  the  expected  simple  behaviors. 

For  the  system  of  interacting  phonons  which  is  the  special  topic  of  this 
report,  the  work  to  date  has  been  entirely  formal.    In  view  of  the  present  theoretical 
and  experimental  situations,  however,  quantitative  calculations  are  highly  desirable. 
In  particular,  a  quantitative  calculation  of  the  thermal  shifts  of  the  neutron  scattering 
peaks  would  be  of  real  interest.    Quantitative  calculations  have  been  performed  in 
analogous  problems  in  field  theory,  and  they  have  led  to  good  results.    A  phonon  cal- 
culation is  expected  to  be  even  harder  than  one  of  the  field  theory  calculations,  how- 
ever.   In  the  phonon  problem  there  is  no  Lorentz  invariance  to  simplify  the  work, 
and  there  are  the  added  difficulties  of  polarization  mixing,  finite  space  groups,  and 
the  like.    Despite  these  difficulties,  a  significant  quantitative  calculation  in  the 
phonon  problem  does  seem  to  be  feasible. 
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A  general  discussion  is  given  for  the  angular  and  energy  distribution  of  neutrons  inelastically  scattered 
by  a  crystal,  with  special  emphasis  on  those  features  of  the  distribution  in  which  the  dynamical  properties 
of  the  crystal  manifest  themselves  most  immediately.  The  direct  relationship  between  the  energy  changes 
in  scattering  and  the  dispersion  law  of  the  crystal  vibrations  is  analyzed.  While  for  x-rays,  due  to  the  ex- 
tremely small  relative  size  of  these  energy  changes,  the  dispersion  law  has  to  be  inferred  indirectly  from 
intensity  measurements,  it  is  shown  that  the  very  much  larger  relative  magnitude  of  energy  transfers  in  the 
case  of  slow  neutrons  opens  the  possibility  of  direct  determination  of  the  frequency-wave  vector  relationship 
and  the  frequency-distribution  function  of  the  crystal  vibrations  by  energy  measurements  on  scattered 
neutrons.  The  general  properties  of  the  outgoing  neutron  distribution  in  momentum  space  which  are  relevant 
for  this  purpose  are  derived  by  first  considering  the  particularly  instructive  limiting  case  of  neutrons  initially 
at  rest  and  subsequently  generalizing  the  results  to  incident  neutrons  of  arbitrary  energy. 


L  INTRODUCTION 

THE  diffraction  of  neutrons  by  crystals  has  been  in 
recent  years  the  object  of  an  increasing  number 
of  investigations  and  has  been  recognized  as  a  promising 
tool  for  crystallographic  research.1  Considerable  work 
has  been  done  on  elastic  scattering,  the  coherent  part 
of  which  exhibits  Bragg  reflections  in  full  analogy  with 
x-rays,  and  on  transmission  measurements,  dealing  with 
total  cross  sections.  The  influence  of  crystal  dynamics  on 
neutron  scattering  was  discussed  by  various  authors2-14* 
and  quantitative  calculations  of  total  cross  sections 
were  carried  out  on  the  basis  of  a  greatly  simplified 
model  for  the  crystal  elastic  vibrations,  the  familiar 
Debye  model,  in  which  the  velocity  of  sound  waves 
(phonons)  is  assumed  independent  of  wavelength,  direc- 
tion, and  polarization. 

From  its  success  in  describing  specific  heats,  the 
Debye  model  is  known  to  be  a  fair  approximation  for 
effects  which  involve  the  average  of  a  smooth  function 
over  all  crystal  vibrations.  It  gives,  therefore,  at  least 
for  cubic  crystals,  a  reliable  estimate  of  the  Debye- 
Waller  factor  affecting  Bragg  reflections  of  neutrons 
and  x-rays  and  can  be  expected  to  provide  a  good 
orientation  as  to  the  magnitude  and  energy  dependence 


'For  surveys  see:  J.  M.  Cassels,  Progr.  Nuclear  Phys.  1, 
185  (1950);  D.  J.  Hughes,  Pile  Neutron  Research  (Addison- Wesley 
Publishing  Company,  Cambridge,  1953);  G.  E.  Bacon  and  K. 
Lonsdale,  Repts.  Progr.  in  Phys.  16,  1  (1953). 

2  G.  C.  Wick,  Physik.  Z.  38,  403,  689  (1937). 

3 1.  Porneranchuk,  Physik.  Z.  Sowjetunion  13,  65  (1938). 

<Halpern,  Hamermesh,  and  Johnson,  Phys.  Rev.  59,  981 
(1941). 

6  R.  Seeger  and  E.  Teller,  Phys.  Rev.  62,  37  (1942). 

6  R.  Weinstock,  Phys.  Rev.  65,  1  (1944). 

7  A.  Akhiezer  and  I.  Porneranchuk,  J.  Phys.  (U.S.S.R.)  11, 
167  (1947). 

8  Placzek,  Nijboer,  and  Van  Hove,  Phys.  Rev.  82,  392  (1951). 

9  J.  M.  Cassels,  Proc.  Roy.  Soc.  (London)  A208,  527  (1951). 

10  D.  A.  Kleinman,  thesis,  Brown  University,  1951  (unpub- 
lished) and  abstracts  in  Phys.  Rev.  81,  326  (1951);  86,  622  (1952); 
90,  355  (1953). 

11 1.  Waller  and  P.  O.  Froman,  Arkiv.  Fysik  4,  183  (1951). 
*  P.  O.  Froman,  Arkiv.  Fysik  4,  191  (1951);  5,  53  (1952). 
13  G.  Placzek,  Phys.  Rev.  86,  377  (1952). 
"  G.  L.  Squires,  Proc.  Roy.  Soc.  (London)  A212,  192  (1952). 
»«•  G.  Placzek,  Phys.  Rev.  93,  897  (1954). 


of  total  inelastic  neutron  cross  sections  for  the  in- 
coherent16 part  of  the  scattering.  For  other  effects, 
however,  in  particular  for  the  angular  and  energy- 
distribution  of  inelastically  scattered  neutrons,  the 
details  of  the  vibration  spectrum  play  a  much  more 
important  role  and  the  theoretical  discussion  has  to 
take  them  into  account.  It  is  the  aim  of  the  present 
investigation  to  show  how  they  manifest  themselves  in 
this  distribution. 

The  analogous  problem  for  the  inelastic  scattering  of 
x-rays  has  been  the  object  of  detailed  theoretical  and 
experimental  study16-23  with  the  purpose  of  determining 
from  scattering  data  the  actual  vibrational  spectrum  of 
the  crystal,  i.e.,  the  exact  relation  w  =  a>.,(q)  between 
frequency  u,  wave  vector  q,  and  polarization  j  of  a 
plane  wave  vibration  (phonon).  This  function  manifests 
itself  directly  in  the  wavelength  shift  of  x-rays  scattered 
by  one-phonon  processes.  Because  of  its  extremely  small 
relative  size,  however,  this  shift  is  not  readily  accessible 
to  measurement,  and  hence  the  function  «>(q)  has  to  be 
inferred  from  measurements  of  the  scattered  intensity. 

Because  of  the  different  relation  between  energy  and 
momentum  the  energy  balance  is  entirely  altered  in  the 
case  of  slow  neutrons.  While  this  is  generally  true,  it 
may  be  exemplified  more  concretely  by  considering  the 
important  particular  case  of  coherent  one-phonon 
processes.  For  an  incident  wavelength  of  the  order  of 
the  lattice  constant  the  absolute  energy  changes  in  a 

15  Using  the  same  terminology  as  Hughes,  reference  1,  we  call 
coherent  the  interferent  part  of  the  slow  neutron  scattering,  and 
incoherent  the  noninterferent  part  due  to  spin  and  isotope  dis- 
order. The  existence  of  these  two  types  of  scattering  has  been 
discussed  first  by  Wick  (reference  2).  Both  types  comprise  elastic 
as  well  as  inelastic  processes. 

16  J.  Laval,  Bull.  soc.  frang.  mineral.  64,  1  (1941). 
»  K.  Lonsdale,  Repts.  Progr.  in  Phys.  9,  256  (1943). 
18  M.  Born,  Repts.  Progr.  in  Phys.  9,  294  (1943). 
"  W.  H.  Zachariasen,  Theory  of  X-Ray  Diffraction  in  Crystals 

(John  Wiley  and  Sons,  Inc.,  New  York,  1945). 

20  P.  Olmer,  Acta  Cryst.  1,  57  (1948);  Bull.  soc.  francy  mineral. 
71,  144  (1948). 
"  H.  Curien,  these,  Paris,  1952;  Acta  Cryst.  5,  393  (1952). 
"  H.  Cole  and  B.  E.  Warren,  J.  Appl.  Phys.  23,  335  (1952). 
»H.  Cole,  J.  Appl.  Phys.  24,  482  (1953). 
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general  direction  are,  for  neutrons,  not  radically  differ- 
ent from  those  for  x-rays,  being  in  both  cases  of  the 
order  of  average  phonon  energies.  For  neutrons,  how- 
ever, the  energy  corresponding  to  such  an  incident 
wavelength  is  of  the  same  order  of  magnitude  and  the 
relative  change  in  energy  or  wavelength  is  therefore  of 
order  one,  which  considerably  reduces  the  difficulty  of 
its  direct  measurement. 

As  the  incident  wavelength  increases,  the  contrast 
between  the  x-ray  and  neutron  cases  becomes  even 
more  pronounced.  For  x-rays,  in  the  case  of  a  Bravais 
lattice,  the  absolute  energy  change  in  a  given  scattering 
direction  becomes  proportional  to  the  incident  energy, 
with  a  relative  change  of  the  order  of  the  ratio  of  sound 
velocity  to  light  velocity.  For  neutrons,  on  the  other 
hand,  the  absolute  energy  changes  in  a  given  scattering 
direction  do  not  systematically  decrease  with  increasing 
incident  wavelength;  in  fact,  they  ultimately  become 
independent  of  it,  tending  to  finite  values.  Thus,  a 
limiting  case  is  approached  for  which  the  incident  energy 
and  momentum  can  be  put  equal  to  zero  both  in  the  con- 
servation laws  which  determine  the  energy  shift,  and 
in  the  transition  probabilities.  Physically,  this  is  the 
case  of  a  neutron  initially  at  rest  which  takes  up  energy 
and  momentum  by  absorbing  a  phonon.  For  finite 
incident  wavelength  this  description  will  be  adequate 
if  the  outgoing  wavelength  is  small  compared  to  the 
incoming  one.  Under  this  condition  the  transition 
probability  is  approximately  constant,  and  hence  the 
scattering  cross  section  becomes  proportional  to  the 
wavelength.  The  actual  wavelength  beyond  which  the 
condition  is  satisfied  depends  on  the  scattering  direction 
and  on  crystal  structure,  but  it  often  lies  in  the  access- 
ible region  of  the  subthermal  neutron  spectrum  in  which 
transmission  experiments  are  already  quite  common. 
Scattering  experiments  in  this  region24  still  present  a 
certain  intensity  problem  and  may  be  easier  at  some- 
what shorter  wavelengths,  which,  as  we  shall  see,  have 
to  be  used  anyhow  if  one  wishes  to  determine  the 
function  co;(q)  for  all  q. 

In  the  above  remarks  we  have  been  concerned  with 
coherent  one-phonon  scattering  only.  The  energy  dis- 
tribution of  neutrons  incoherently  scattered  by  one- 
phonon  processes  is  also  of  considerable  interest  in 
connection  with  crystal  dynamics,  especially  for  cubic 
crystals,  for  which,  as  will  be  shown  later,  it  is  directly 
connected  with  the  frequency-distribution  function  of 
the  crystal.  For  multiphonon  processes,  coherent  as  well 
as  incoherent,  the  relation  between  neutron  scattering 
and  dynamical  properties  of  the  crystal  is  much  more 
complicated,  except  for  the  limiting  of  high  incident 
energies.13  For  the  purpose  of  the  determination  of  the 
frequency  spectrum  of  the  crystal  from  scattering  data 
these  processes  are  therefore  of  less  interest,  and  for  this 
reason  we  shall  concentrate  on  one-phonon  processes. 

One  has,  however,  to  inquire  under  what  conditions 

24  P.  Egelstaff,  Nature  168,  290  (1951). 


one-phonon  scattering  can  be  experimentally  separated 
from  multiphonon  processes.  For  a  single  crystal,  one- 
phonon  coherent  scattering  is  distinguishable  from  all 
other  processes  by  its  energy  distribution  in  each  out- 
going direction,  which  will  be  seen  to  comprise  a  finite 
number  of  discrete  energy  values,  appearing  as  sharp 
peaks  above  the  continuous  background  of  one-phonon 
incoherent  and  multiphonon  scattering.  No  such  direct 
distinction  is  possible  between  neutrons  scattered  in 
one-phonon  incoherent  and  multiphonon  processes. 
While  the  contribution  of  the  latter  to  the  cross  section 
is  always  decisive  at  high  incident  energies  and  often 
appreciable  even  in  the  limiting  case  of  zero  incident 
energy,25  it  would,  however,  seem  quite  feasible  to 
carry  out  scattering  experiments  under  conditions 
(moderately  low  temperature  and  incident  energy  and 
high  nuclear  mass)  which  make  multiphonon  effects 
either  entirely  negligible  or  reduce  them  to  the  size 
of  a  manageable  correction,  thus  allowing  the  isolation 
of  the  incoherent  one-phonon  processes. 

In  the  following  sections,  we  discuss  the  angular  and 
energy  distribution  of  neutrons  scattered  by  one-phonon 
processes,  both  coherent  and  incoherent.  Sections  II 
and  III  deal  with  the  limiting  case  of  infinite  incident 
wavelength.  Apart  from  its  direct  interest,  this  case 
illustrates  with  particular  clarity  the  essential  aspects 
of  the  problem.  The  complications  arising  for  finite 
incident  wavelength  are  of  a  purely  formal  nature  and 
are  taken  care  of  in  Sec.  IV. 

Regarding  the  crystal  structure,  we  consider  for  con- 
venience a  Bravais  lattice,  with  one  nucleus  per  cell. 
For  a  lattice  with  more  particles  per  cell,  our  discussion 
has  to  be  supplemented  by  consideration  of  a  structure 
factor  and  of  optical  branches  in  the  frequency  spec- 
trum. With  minor  modifications,  our  treatment  can 
also  be  extended  to  neutron  scattering  by  spin  waves  in 
ferromagnetic  crystals,  a  problem  already  studied  by 
Moorhouse26  from  a  slightly  different  point  of  view. 

II.  ANGULAR  AND  ENERGY  DISTRIBUTION  FOR 
INFINITE  INCIDENT  WAVELENGTH 

In  the  limiting  case  of  infinite  incident  wavelength, 
energy  can  only  be  transferred  from  the  crystal  to  the 
neutron,  and  inelastic  scattering  is  therefore  possible 
only  if  the  crystal  is  at  a  nonvanishing  temperature. 
In  one-phonon  scattering,  a  phonon  initially  excited  in 
the  crystal  is  absorbed  by  the  neutron  initially  at  rest 
which  picks  up  its  energy.  Energy  conservation  is 
expressed  by 

£2=(2W/AK(q),  (1) 

where  m  and  k  are  the  mass  and  final  wave  vector  of 
the  neutron;  q,  j,  and  hwj(q)  are  the  wave  vector, 
polarization  index  (J—  1,  2,  3  for  a  Bravais  lattice),  and 
energy  of  the  absorbed  phonon. 

Equation  (1)  holds  for  both  coherent  and  incoherent 

25  For  estimates  see  Squires,  reference  14. 

2fi  R.  G.  Moorhouse,  Proc.  Phys.  Soc.  (London)  64,  1097  (1951). 
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scattering.  For  the  latter  it  is  the  only  condition  relating 
the  phonon  variables  to  the  momentum  hk  transferred 
to  the  neutron;  Eq.  (1)  has  then  only  to  be  supple- 
mented by  an  intensity  formula  given  in  Sec.  III.  For 
coherent  scattering,  the  interference  between  waves 
scattered  by  the  various  nuclei  imposes  a  further  re- 
lation 

k=q+2*-T,  (2) 

where  x  is  an  arbitrary  vector  of  the  reciprocal  lattice.7 
It  is  well  known  that  the  wave  vector  q  of  a  lattice 
vibration  is  only  defined  apart  from  2t  times  an  arbi- 
trary reciprocal  lattice  vector  x\  the  frequency  w,-(q)  is 
accordingly  a  periodic  function  of  q, 

wy(q+2ir<e)=«/(q).  (3) 

To  a  phonon  of  wave  vector  q+2ir-c  can  be  attributed 
a  momentum  h(q+2in:),  and  in  this  sense  Eq.  (2)  is 
conventionally  regarded  as  expressing  momentum  con- 
servation.27 

The  conservation  laws  determine  the  main  features 
of  the  angular  and  energy  distribution  of  scattered 
neutrons.  To  show  this,  we  shall  use  the  following 
properties  of  the  w;(q)  function,  valid  for  any  Bravais 
lattice:  for  each  j=  1,  2,  3,  w,(q)  is  a  continuous  function 
with  the  periodicity  (3)  of  the  reciprocal  lattice;  for  q 
approaching  2irt,  it  has  the  form 

<oy(q) 5=f-2™,  (4) 

where  cy  (?/£),  the  sound  velocity  for  long  wavelengths 
in  the  direction  can  be  calculated  from  the  elastic 
constants.28 

For  incoherent  scattering,  the  energy  equation  (1) 
shows  that  the  length  of  k  is  restricted  to  the  interval 

0<*<JU»=(2«a»»«/*)*>  (5) 

where  wmax  is  the  maximum  of  wy(q)  for  all  q  and  j;  the 
direction  of  k  is  unrestricted.  Equation  (5)  defines  in 
k  space  a  sphere  2  of  radius  /emax  and  center  k  =  0.  Any 
vector  with  endpoint  inside  or  on  2  is  a  possible  value 
for  the  outgoing  neutron  wave  vector.  Hence,  neutrons 
are  scattered  in  all  directions,  with  energies  ranging 
continuously  from  0  to  humax.  This  conclusion  holds  for 
single  crystals  as  well  as  for  powders. 

The  restrictions  affecting  k  are  more  severe  for 
coherent  scattering.  Combining  Eqs.  (1),  (2),  (3)  one 
obtains  them  in  the  simple  form 

t»»(2w/A)«y(k).  (6) 

For  each  j,  (6)  defines  in  k  space  a  surface  Sj,  which 
may  be  composed  of  several  disconnected  parts.  The 
surfaces  Si,  Sz,  S3  in  general  cross  each  other,  and  the 
set  of  all  three  will  be  called  S.  We  suppose  the  origin 

27  The  momentum  hq  thus  attributed  to  a  vibration  is  not  to  be 
confused  with  the  momentum  of  the  crystal  considered  as  a 
system  of  particles,  and  Eq.  (2)  has  nothing  in  common  with 
momentum  conservation  in  the  sense  of  particle  dynamics. 

28  H.  A.  Jahn,  Proc.  Roy.  Soc.  (London)  A179,  320  (1941). 
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k  =  0  not  to  be  counted  as  a  point  of  S.  For  neutrons 
scattered  coherently  with  absorption  of  one  phonon,  the 
outgoing  wave  vector  is  thus  restricted  to  have  its 
endpoint  on  S. 

In  order  to  discuss  the  general  properties  of  the 
surface  S,  let  us  call  lattice  vectors  in  k  space  the 
reciprocal  lattice  vectors  t  multiplied  by  27r,  and  let  us 
speak  accordingly  of  lattice  points  and  cells  in  k  space. 
We  state 

(i)  The  surface  S  is  entirely  contained  in  the  sphere  2. 

(ii)  Each  radius  of  the  sphere  2  crosses  5  at  least  once 
and  in  general  a  finite  number  of  times  not  smaller 
than  3. 

(iii)  Each  connected  region  of  k  space  inside  2  which 
contains  a  lattice  point  2t*:?*0  and  a  point  ki, 
where  w;(k1)  =  wmax  for  some  j,  is  crossed  by  S; 
in  particular,  5  crosses  any  cell  of  k  space,  centered 
at  a  lattice  point  27tt^0  and  fully  contained  in  2. 

Property  (i)  is  obvious.  To  establish  (ii),  we  notice 
first  that,  5  being  a  two-dimensional  surface,  if  a  radius 
of  2  crosses  it  at  all,  it  will  in  general  do  so  a  finite 
number  of  times.  To  show  that  every  radius  crosses  S, 
consider 

<Pj(k)  =  k2-(2m/h)o)j(k) 

as  a  function  of  k  for  fixed  direction  of  k  and  fixed  j : 
for  small  k,  Eq.  (4)  gives 

<pj(k)  =  k2-(2m/h)cj(k/k)-k<0, 

whereas,  for  k—kmax, 

<Pi(k)  =  kmBX2-  (2mAK(k)  =  (2m/A)[«m„-«i(k):  ^  0. 

Since  the  function  is  continuous,  it  must  vanish  for  at 
least  one  value  kj  of  k,  giving  a  point  on  S.  For  general 
directions  of  k,  the  three  k/s  will  be  different.  Property 
(iii)  is  established  by  a  similar  continuity  argument, 
considering  <py(k)  for  the  polarization  j  which  gives 
(0j(k1)  =  wmax,  along  a  path  in  k  space  from  2irT  to  ki. 

The  physical  meaning  of  property  (i)  is  quite  trivial : 
it  states  that  the  outgoing  neutron  energy  never  exceeds 
the  maximum  phonon  energy  kcomajSi.  Property  (ii)  de- 
termines the  main  features  of  the  angular  and  energy 
distribution  for  coherent  one-phonon  scattering  by  a 
single  crystal :  neutrons  are  scattered  in  every  direction 
and  for  each  direction  the  outgoing  energy  has  a  finite 
number  of  discrete  values,  in  general  three  or  more. 
Measurement  of  outgoing  energy  as  function  of  direc- 
tion determines  the  surface  5  and  thus  yields  w>(k).29 
This  type  of  scattering  is,  therefore,  particularly  well 
fitted  to  give  information  on  the  crystal  vibrations. 

As  mentioned  in  the  introduction,  the  discrete  nature 
of  their  energy  spectrum  allows  an  experimental  separa- 
tion of  neutrons  scattered  in  one-phonon  coherent 
processes.  It  is,  indeed,  easily  established  that  in 

29  In  order  to  measure  in  this  way  w,-(q)  for  every  q  andj,  one 
has  to  use  neutrons  with  nonvanishing  initial  momentum.  See 
Eqs.  (17)  and  (18)  below. 
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multiphonon  coherent  processes,  as  well  as  in  incoherent 
inelastic  scattering,  the  final  wave  vector  k  depends  on 
three  or  more  parameters,  giving  in  each  direction  an 
outgoing  energy  which  ranges  continuously  over  one  or 
more  finite  intervals.  The  latter  type  of  energy  distri- 
bution is  also  obtained  for  coherent  one-phonon  scatter- 
ing by  a  powder,  as  is  shown  by  averaging  over  orienta- 
tions the  energy  distribution  for  a  single  crystal.  In  this 
respect,  powders  are  less  convenient  than  single  crystals 
for  study  of  the  elastic  vibrations  by  means  of  neutron 
scattering. 

Returning  to  one-phonon  coherent  scattering  by  a 
single  crystal,  we  have  still  to  consider  the  implications 
of  property  (hi)  above,  (iii)  is  of  interest  particularly 
when  the  sphere  2  contains  a  rather  large  number  of 
lattice  points  of  k  space.  It  then  shows  that  the  surface 
S  is  distributed  in  2  with  a  certain  uniformity,  since  it 
passes  through  every  cell  inside  2,  except  possibly  the 
cell  centered  at  the  origin.  In  every  direction,  the  dis- 
crete values  of  the  outgoing  wave  vector  k  will  be  dis- 
tributed over  the  interval  0^k^km&x  with  a  corre- 
sponding amount  of  uniformity. 

While  such  conclusions  are  bound  to  be  rather  vague, 
it  is  instructive  to  compare  the  size  of  the  sphere  2  with 
the  size  of  the  lattice  cell  in  k  space.  The  ratio  of  their 
volumes  is 


(47r/3)£max3     v0  /2mo>n 
(2t)3/v0    "ottA  h 


F, 


0) 


where  v0  is  the  volume  per  particle  in  the  crystal. 

The  parameter  F  plays  an  important  role  in  deter- 
mining the  general  shape  of  the  surface  5.  When  F  is 
very  small  compared  to  1,  the  sphere  2  is  entirely  in 
the  region  where  the  approximation  (4)  applies  with 
t=0.  Equation  (6)  reduces  to 


k=  (2m/h)Cj(k/k),  (/=1,2,3). 


(8a) 


Hence,  S  is  formed  of  three  closed  surfaces  around  the 
origin  of  k  space,  intersecting  each  other  and  fully  con- 
tained in  the  lattice  cell  of  center  k=0.  For  slightly 
larger  F,  S  can  be  expected  to  have  the  same  general 
shape,  but  Eq.  (8a)  will  have  to  be  completed  with 
correction  terms  of  relative  order  F*,  FJ,  •  •  • .  For  Fy>l 
on  the  other  hand,  the  shape  of  5  is  again  simple  in  the 
region  of  k  space  where  k  is  small  compared  to  k^. 
S  is  there  composed  of  three  closed  surfaces  around 
each  lattice  point  2x^0,  of  approximate  equation 

£  =br%T*l2mcjti/l-)2-l+         (j=  1,  2,  3), 

e=k-27Pc,  (8b) 

with  correction  terms  of  relative  order  •  ■  • .  In 

the  region  where  k  is  comparable  to  kmax,  S  behaves 
quite  differently :  it  runs  continuously  from  cell  to  cell 
in  k  space. 

For  actual  crystals  F  seems  to  be  larger  than  one, 
but  in  general  not  large  enough  for  (8b)  to  apply. 
This  is  thus  the  case  intermediate  between  those  con- 


sidered above.  Here  even  the  general  shape  of  S  cannot 
be  predicted  without  a  fairly  accurate  knowledge  of  the 
wy(q)  function.  Conversely  this  case  would  appear  to 
be  all  the  more  favorable  for  the  determination  of  the 
wy(q)  function  from  the  measured  shape  of  the  surface  5. 

The  calculation  of  F  for  an  actual  substance  requires 
the  knowledge  of  aw,  which  is  accurately  available 
only  for  a  very  few  crystals.  It  is,  however,  only  the 
order  of  magnitude  of  F  which  is  of  interest,  and  this  is 
easily  obtained  by  remarking  that  the  order  of  magni- 
tude of  aim*,  is  given  by  the  Debye  temperature  0 

Olmax— 

(£B=Boltzmann  constant).30  The  approximate  value 
of  F  thus  obtained,  defined  by 


Fd- 


vq  {2mkBS)i 

67T2         h*  ' 


(9) 


is  given  in  Table  I  for  a'few  substances. 


in.  INTENSITY  FORMULAS  FOR  LONG  INCIDENT 
WAVELENGTH 

The  discussion  of  Sec.  II  has  to  be  supplemented  by 
the  consideration  of  the  scattered  intensity  per  unit 
angular  and  energy  range.  This  intensity  is  simply 
expressed  in  terms  of  the  differential  cross  section 
dcr/dk  per  unit  volume  in  k  space. 

We  consider  a  single  crystal  and  measure  the  coherent 
cross  section  per  nucleus  in  units  of  (a)A,2  and  the  inco- 
herent cross  section  per  nucleus  in  units  of  (a2)Av— (a)A»2. 
a  is  the  spin-  and  isotope-dependent  scattering  length. 
The  units  are,  respectively,  the  coherent  and  incoherent 
scattering  cross  sections  of  the  bound  nucleus  per  unit 
solid  angle.  With  the  aid  of  standard  methods7  it  is 
then  found  that 


dd™  2 
dk  Mk0 


exp[-<(k-u)2)A 


vo  r 
—  E  Mi 

2tt)3  ,■  J 


(2*y 

[k-eJ(q)]26[^-2w^aJi(q)] 


k- 


daf>*  2 

— =—  expC-((k-a)%]E 
ak     Mk0  i 


exp[j3a.y(q)]-l 
[k-ey(k)]2 


5[^2-2w^-1a»J(k)] 
exp^(k)]-l  ' 


(10) 


(11) 


The  suffix  1  in  <7iinc  and  <Ti°°h  refers  to  one-phonon 
scattering.  M  is  the  ratio  of  nuclear  to  neutron  mass. 
In  the  Debye- Waller  factor  exp[— ((k-u)2)AJ,  u  is  the 
displacement  vector  of  any  nucleus  in  the  crystal  from 
its  equilibrium  position,  and  the  average  is  taken  over 

30  For  tungsten,  calculations  by  P.  C.  Fine  [Phys.  Rev.  56,  355 
(1939)]  give  taw/*B=336°,  as  compared  to  0=373°  from  the 
elastic  constants  and  0=310°  from  specific  heats. 


107 


CRYSTAL  DYNAMICS 


211 


the  thermal  equilibrium  distribution.  e;(q)  is  the  polar- 
ization vector  of  the  phonon  defined  by  j  and  q,  (3  is  the 
reciprocal  temperature  multiplied  by  hkB~l.  The  inte- 
gration over  q  in  (10)  extends  over  one  cell  in  k  space. 
The  argument  of  the  5  function  in  (11)  gives  directly 
the  Eq.  (6)  of  the  surface  5  discussed  in  the  previous 
section  and  the  functions  e,-(k)  as  well  as  w7(k)  are 
defined  for  all  k  through  the  periodicity  condition  corre- 
sponding to  (3). 

The  cross  sections  (10)  and  (11)  correspond  to  transi- 
tion probabilities  for  a  neutron  initially  at  rest,  in  con- 
formity with  the  limiting  case  discussed  in  the  previous 
section.  The  incident  momentum  hko  thus  appears  only 
in  the  factor  relating  transition  probability  to  cross 
section.  This  limiting  case  applies  if  ky>k0.  For  coherent 
scattering,  as  follows  from  our  discussion  of  the  sur- 
face S,  k  has  a  nonvanishing  minimum,  and  hence  (11) 
holds  for  all  outgoing  energies  as  soon  as  ^o^^mm- 
For  incoherent  scattering,  on  the  other  hand,  there  is 
no  such  minimum.  However  small  k0  may  be,  therefore, 
the  limiting  case  will  not  apply  in  the  small  region  of 
the  outgoing  energy  spectrum  where  k  is  not  large  com- 
pared to  k0.  Here  (10)  must  be  replaced  by  the  general 
expression  (15). 

Equation  (10)  can  be  considerably  simplified  for 
cubic  crystals.  As  is  well  known,  a  quadratic  form 
ZxyAxykzky  invariant  under  the  operations  of  any  of 
the  cubic  point  groups  is  a  multiple  of  ~Lxkx2,  i.e., 
Axy  —  Ah^y  (5*j,=  Kronecker  symbol).  For  cubic  crystals, 
this  fact  implies,  firstly,19 

<(k.u)%=*W>Av, 

where  u0  is  the  component  of  u  in  an  arbitrary  direction. 
The  Debye-Waller  factor  is  thus  independent  of  the 
direction  of  k.  Secondly, 

r  b[_k2-2mhrlwj(q)~] 
EJ  dqef(q)ej*(q)  


Table  I.  The  parameter  Fj>. 


with 


1       r  , 


expO^q)]- 
5[*2-2w^-1coi(q)] 
exp[fiwj(q)']-l 


Introducing  the  frequency  distribution  function  g(co), 
defined  as  the  number  of  normal  vibrations  per  unit 
frequency  interval,  divided  by  the  total  number  of 
vibrations, 


1  v0 
g(w)dw  =  -  — —  E 
3  (2tt)3 


"><  w/(q)  <  I 


:(w)  =  0   for  w>< 


dk  Mko 


exp[-#<«o%] 


-C 


S{k2-2mh-^) 
expG8co)-l  ' 


:(&>)<2w, 


Substance 

Lattice  type 

10"  v«  in  cm' 

e  in  °K 

Fd 

Pb 

cu  face-cent. 

30.0 

88 

3.6 

W 

cu  body-cent. 

15.7 

310 

12 

Fe 

cu  body-cent. 

11.7 

462 

17 

Al 

cu  face-cent. 

16.5 

398 

19 

Mmko 


exp[ 


g{hk2/2m) 


exp(/3M2/2™)-l 


(12) 


For  cubic  crystals  the  one-phonon  incoherent  scattering 
has  thus,  for  small  k0,  an  energy  distribution  inde- 
pendent of  direction  and  simply  expressed  in  terms  of 
the  frequency  distribution  g(u)  of  the  crystal. 

"It  has  been  shown  elsewhere31  that  the  g(w)  function 
of  a  general  crystal  contains  a  finite  number  of  singu- 
larities resulting  from  the  periodic  structure;  they  are 
singular  points  uc  in  the  neighborhood  of  which  g(w) 
has  one  of  the  two  forms 

(A  |a>— a>J  *+0(w— wc)  for  w<aj<:  l 
o/  x  '  (13) 

O(co— o)c)  fora)>wcl 

or  the  same  with  oj<wc  and  co>wc  interchanged.  The 
constant  A  can  have  either  sign ;  it  is  usually  negative 
for  wc<wmax  and  positive  for  wc= wmax  ["max  is  in  general 
a  singular  point  of  g(u)].  The  symbol  0(w— a>c)  denotes 
a  rest  term  of  order  |w— we\  for  co— *wc.  The  singular 
frequencies  coc  are  simply  related  to  the  wy(q)  function 
of  the  crystal:  apart  from  exceptional  cases,  they  are 
the  values  of  co;(q)  at  the  points  where  grad  w>(q)  =  0, 
{j—  1,  2,  3).31  We  shall  call  them  the  singular  frequencies 
of  the  crystal.  The  general  shape  of  the  energy  distri- 
bution (2mk/h2)(daiinc/dk)  (for  fixed  direction  of  k)  can 
be  predicted  from  the  behavior  of  g(u)  and  a  typical 
distribution  is  given  in  Fig.  1.  Its  singularities  are  of 
the  same  analytical  type  as  (13),  w  being  replaced  by  k 
or  the  energy  E=k2k2/2m.32 

Apart  from  (10),  the  inelastic  incoherent  cross  section 
contains  terms  due  to  multiphonon  processes.  In  general 
they  depend  on  the  direction  of  k,  but  the  energy  dis- 
tribution in  each  direction  can  be  shown  to  be  con- 
tinuously differentiable.  The  energy  distribution  in  each 
direction  for  inelastic  incoherent  scattering  by  a  cubic 

»  L.  Van  Hove,  Phys.  Rev.  89,  1189  (1953);  in  the  formulas  on 
p.  1191  of  this  paper  (v—  vc)k  must  be  replaced  by  \v—  vc\*.  The 
vector  q  there  used  is  our  present  vector  q  divided  by  2ir.  The 
frequency  distribution  of  a  simple  cubic  crystal  has  been  calcu- 
lated with  its  correct  singularities  by  G.  F.  Newell,  J.  Chem.  Phys. 
21,  1877.  See  also  H.  B.  Rosenstock  and  G.  F.  Newell,  J.  Chem. 
Phys.  21,  1607  (1953);  H.  B.  Rosenstock  and  H.  M.  Rosenstock, 
J.  Chem.  Phys.  21,  1608  (1953). 

32  All  our  statements  concerning  singularities  in  the  g{u>)  func- 
tion and  in  energy  distributions  of  scattered  neutrons  hold  for 
general  values  of  the  force  constants  of  the  crystal.  The  origin 
and  nature  of  possible  exceptions  have  been  discussed  by  Van 
Hove  (reference  31). 
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Fig.  1.  Schematic  shape  of  the  energy  distribution  of  scattered 
neutrons  for  long  incident  wavelength  in  the  case  of  one-phonon 
incoherent  scattering.  E  is  the  outgoing  neutron  energy,  and  a>„ 
a  singular  frequency  of  the  crystal. 

crystal  has,  therefore,  still  the  shape  illustrated  in 
Fig.  1 ;  its  singularities  in  the  first  derivative  are  all  due 
to  one-phonon  processes  and  are  the  same  in  all  di- 
rections. 

For  noncubic  crystals,  the  one-phonon  incoherent 
cross  section  cannot  be  expressed  in  terms  of  the  fre- 
quency distribution  g(co)  of  the  crystal.  The  polarization 
terms  of  Eq.  (10)  cannot  be  eliminated,  and  the  energy 
distribution  of  scattered  neutrons  varies  with  direction. 
In  each  direction,  however,  it  has  the  shape  illustrated 
in  Fig.  1  and  its  singularities,  unaffected  by  multiphonon 
processes  occur,  as  for  cubic  crystals,  at  neutron 
energies  Ec  independent  of  direction  and  related  by 
Ec=hu)c  to  the  singular  frequencies  of  the  crystal.33  As 
mentioned  later,  the  singular  frequencies  of  the  crystal 
do  not  show  up  in  coherent  cross  sections.  Incoherent 
scattering  of  neutrons,  for  crystals  where  it  is  appreci- 
able, seems  to  be  the  simplest  phenomenon  singling  out 
these  frequencies,  which  are  important  in  determining 
the  analytical  singularities  of  the  frequency  distribution 
of  the  crystal. 

The  foregoing  discussion  was  concerned  with  single 
crystals.  For  inelastic  scattering  by  a  powder,  according 
to  (12)  nothing  is  changed  for  a  cubic  crystal,  whereas 
Eq.  (10)  must  be  averaged  over  orientations  in  the  non- 
cubic  cases.  As  we  have  seen,  however,  the  singularities 
in  the  energy  distribution  occur  at  energies  independent 
of  direction  and  are  thus  retained  in  the  averaging; 
consequently,  the  qualitative  behavior  shown  in  Fig.  1 
remains  unchanged. 

Turning  now  to  coherent  scattering,  we  note  that  in 
one-phonon  processes,  the  neutrons  scattered  in  a  given 
direction  have  a  discrete  energy  spectrum,  correspond- 
ing to  outgoing  wave  vectors  ki,  k2,  •  •  •.  From  (11)  the 
cross  section  per  unit  solid  angle  for  the  outgoing  beam 
of  energy  h2ki2/2m  is 

(  -)  exp[-((kru)%] 

V  dtt  hi  Mk0 

[kr 

 ,  (14) 

{exp[/3a,y(ki)]-  1}  •  |  2ki-  2mh-1dwJ-/dk  | 

33  L.  Van  Hove  (to  be  published). 


where  j  is  the  polarization  index  for  which  k? 
=  2mh~lwj(ki),  and  the  derivative  of  w;-(k)  is  taken  at 
k=  k„  for  fixed  orientation  of  k.  For  a  powder,  Eq.  (14) 
must  be  averaged  over  all  crystal  orientations,  pro- 
ducing in  each  direction  an  outgoing  energy  distribution 
continuous  over  finite  intervals. 

As  mentioned  before,  multiphonon  coherent  scatter- 
ing by  a  single  crystal  gives  in  each  direction  a 
continuous  energy  distribution  of  outgoing  neutrons. 
Without  entering  into  its  detailed  discussion,  we  shall 
mention  that  the  energy  distribution  contains  again,  in 
general,  singularities  of  type  (13),  produced  by  two- 
phonon  processes.  In  this  case  the  singularities  occur 
at  energies  unrelated  to  the  singular  frequencies  of  the 
crystal  and  varying  with  the  outgoing  direction  con- 
sidered. They  are  thereby  distinguishable  from  the 
singularities  resulting  from  one-phonon  incoherent  scat- 
tering (which  occur  at  the  same  energies  in  all  direc- 
tions), and  for  a  powder  they  disappear  by  directional 
averaging. 

To  summarize  the  results  obtained  in  the  previous 
sections,  we  shall  now  briefly  recall  the  main  properties 
derived  for  the  angular  and  energy  distribution  of 
inelastically  scattered  neutrons  by  single  crystals  in  the 
limit  of  long  incident  wavelengths.  In  each  outgoing 
direction  the  energy  distribution  of  scattered  neutrons 
contains  a  discrete  part,  resulting  from  one-phonon 
coherent  scattering,  and  a  continuous  part  produced  by 
incoherent  and  multiphonon  coherent  scattering.  The 
discrete  part  gives  direct  information  on  the  crystal 
vibrations:  the  outgoing  momentum  k  verifies  Eq.  (6) 
for  some  /.  The  continuous  part  has  singularities  of  the 
analytical  type  (13)  (with  w  replaced  by  outgoing 
energy),  the  shape  of  which  is  illustrated  in  Fig.  1. 
Some  of  these  singularities  occur  at  energies  Ec  inde- 
pendent of  direction :  they  are  produced  by  incoherent 
one-phonon  scattering  and  h~lEc  are  the  singular  fre- 
quencies of  the  crystal.  The  other  singularities,  which 
occur  at  energies  varying  with  direction,  originate  from 
two-phonon  coherent  scattering. 

IV.  EXTENSION  TO  ARBITRARY  INCIDENT 
WAVELENGTHS 

The  previous  considerations  are  easily  extended  to  the 
inelastic  scattering  of  neutrons  of  arbitrary  initial  mo- 
mentum hk0.  The  only  important  change  is  the  occur- 
rence of  scattering  with  energy  transfer  from  the 
neutron  to  the  crystal.  Apart  from  this  fact,  we  shall 
see  that  all  essential  features  of  the  angular  and  energy 
distribution  are  retained.  As  the  discussion  runs  entirely 
parallel  to  that  presented  in  Sees.  II  and  III,  we  shall 
make  it  very  brief  and  restrict  ourselves  to  scattering 
by  a  single  crystal. 

Considering  first  one-phonon  incoherent  scattering, 
we  find  for  the  case  of  energy  gain  by  the  neutron  that 
the  final  wave  vector  k  has  in  every  direction  a  length 
ranging  from  kQ  to  (&o2+2wA-1wmax)4,  whereas  for 
energy  loss  by  the  neutron,  k  ranges  from  k0  down 
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■1(1=F1) 


to  0  if  k02^  2wA_1ajmax,  or  to  (k02—2mh  'wmax)',  if 
&o2>2wA_1o)max.  The  differential  cross  sections  are 

daiinc      2  ve  r 

 =  exp[-<(K-u)%]  E  dq 

dk     Mk0  (2tt)3  i  J 

[K-e;(q)]2    r  1 

ys  ys  |_1 1 

LexPrj8«y(q)]-l 

•5[F-V^2^-1coJ(q)].  (15) 

The  upper  (lower)  signs  correspond  to  scattering  with 
energy  gain  (loss)  by  the  neutron,  i.e.,  to  k>kQ  (k<ko). 
The  integration  is  extended  over  one  cell  in  k  space. 
hn,  with  K=k— k0,  is  the  momentum  transfer. 

For  cubic  crystals,  Eq.  (15)  can  be  simplified  with 
the  help  of  the  frequency  distribution  function  g(cj) : 

d<riinc       h  k2 

 =  exp[  -  k2(  «(>'%]  X  

dk     Mmh  \k2-k02\ 


K1=F1)) 


\exp(ph\k2-k02\/2m)-\ 

Xg(h\k2-k02\/2m).  (16) 

For  cubic  as  well  as  noncubic  crystals,  the  energy  dis- 
tribution in  each  outgoing  direction  has  singularities  of 
the  type  shown  in  Fig.  1  and  Eq.  (13)  (w  being  replaced 
by  the  neutron  energy),  occurring  at  energies 
h2k°-/2m=  (h2k02/2m)±hwc, 

where  the  uc  are  the  singular  frequencies  of  the  crystal. 
Multiphonon  incoherent  scattering  produces  no  such 
singularities. 

For  coherent  scattering  the  situation  is  again  similar 
to  that  prevailing  in  the  limiting  case  of  k0=0.  For  one- 
phonon  processes  with  energy  gain  by  the  neutron, 
momentum  and  energy  conservation  are  expressed  by 
the  single  equation 

k2-ko2=(2m/h)o}j(k-k0),   7=1,2,3,  (17) 

the  obvious  generalization  of  Eq.  (6).  Equation  (17) 
defines  in  k  space  a  surface  located  between  the  spheres 
of  radii  h  and  (h2+2mhr1wma.-K)h ,  centered  at  the  origin. 
Each  radius  of  the  large  sphere  intersects  the  surface  at 
least  once,  in  general  a  finite  number  of  times,  and  each 
cell  of  k  space  contained  between  the  two  spheres  is 
crossed  by  the  surface  [compare  properties  (i),  (ii),  (iii) 
in  Sec.  II].  Some  points  of  the  surface  may,  however, 
correspond  to  a  vanishing  energy  transfer:  they  give 
rise  to  elastic  coherent  scattering.  If  we  include  them, 
the  main  feature  of  the  angular  and  energy  distribution 
is,  therefore,  retained:  neutrons  are  scattered  in  each 
direction  with  a  discrete  energy  spectrum. 

The  situation  is  slightly  more  complicated  for  one- 
phonon  coherent  scattering  with  energy  loss  by  the 
neutron,  which  is  governed  by  the  equation 

jfeo2-*2=(2w/A)w>(k-k0).  (18) 


This  equation  has  no  solution,  and  the  type  of  scattering 
considered  is  thus  impossible  when  k0  is  smaller  than 
a  minimum  value  k0w ;  it  is  only  for  k0  larger  than  a 
value  k0(2)>kow  that  neutrons  are  scattered  in  every 
direction.  Both  for  k0>k0m  and  k0<kQm  the  scattered 
neutrons  have  a  discrete  energy  spectrum  in  each  out- 
going direction.  The  actual  values  of  &o(1)  and  k0(2) 
depend  on  the  details  of  the  w;(q)  function.  It  is,  how- 
ever, generally  true  that 

(19) 


£n(1)<: 


60(2)^  (2wA-1a»m„)», 


(20) 


where  r0  is  a  reciprocal  lattice  vector  of  minimum 
length.34 

The  differential  cross  section  for  one-phonon  coherent 
scattering  is 

(Woh      2  [k-c;(k)]2 

 =  exp[-((K-  u)%]  E  - 

dk     Mk0  '  \k2-W\ 

Lexp[>;(K)]-l  J 

XO'-V^m/rW*)],  (2D 

with  the  same  use  of  double  signs  as  in  Eq.  (15).  An 
expression  similar  to  (14)  is  easily  deduced  from 
Eq.  (21). 

There  exists  for  one-phonon  coherent  scattering  a 
special  case  deserving  a  discussion  of  its  own :  it  is  the 
case  when  k0  approximately  verifies  the  Bragg  con- 
dition 

|ko+27r-c|2~£o2. 

Inelastic  scattering  with  k  nearly  equal  to  2-7TT  and  with 
small  energy  transfer  is  then  taking  place,  with  a  large 
differential  cross  section  increasing  proportionally  to 
(k2—kQ2)~2^  |  k—  27tt  |  ~2  when  the  Bragg  condition  is 
approached.  This  is  seen  from  Eq.  (21)  by  using 


exp[^;(K)-  1]~/3co;(k)  =  —  I  fc2-&02| 
2m 


|k-27tt|/ 'K 


■2xt| 


The  nature  of  the  conservation  laws  for  this  special 
case  was  discussed  by  Seeger  and  Teller;5  Waller  and 
Froman11  gave  a  detailed  treatment  of  the  differential 
cross  section.343 


34  The  condition  ko~^TTT0  insures  the  possibility  of  the  type  of 
scattering  under  discussion  for  some  but  not  all  orientations  of 
the  crystal.  It  can  be  written  Xfl  where  \0  is  the  incident  wave- 
length and  Xs=  {2rn)~l  the  Bragg  cut-off  wavelength.  It  was  first 
given  by  Wick  (reference  2).  The  inequality  (20)  applies  to  an 
arbitrary  orientation  of  the  crystal. 

3ie-Note  added  in  proof. — See  also  the  recent  paper  by  R.  D. 
Lowde,  Proc.  Roy.  Soc.  (London)  A221,  206  (1954). 
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Regarding  multiphonon  coherent  scattering,  the  gen- 
eral situation  is  again  the  same  as  in  the  case  of  long 
incident  wavelength:  in  each  outgoing  direction  the 
scattered  neutrons  have  a  continuous  energy  spectrum, 
with  singularities  resulting  from  two-phonon  processes 
and  occurring  at  energies  which  vary  with  direction. 

It  has  been  the  main  purpose  of  this  paper  to  put  in 
evidence  the  direct  relationship  between  the  energy 
changes  of  neutrons  scattered  by  a  crystal  and  the  dis- 
persion law  of  the  crystal  vibrations  as  expressed,  by 
the  w/(q)  and  g(u)  functions.  We  hope  to  have  shown 


that  energy  measurements  on  scattered  neutrons  pro- 
vide a  new  approach  to  the  problem  of  determining 
these  functions  from  scattering  data.  While  the  few 
experimental  data  so  far  available24 '35'36  do  not  as  yet 
permit  an  analysis  along  these  lines,  the  foregoing  dis- 
cussion indicates  that  further  experimental  work  in 
this  field  would  be  of  considerable  interest. 

35  B.  N.  Brockhouse  and  D.  G.  Hurst,  Phys.  Rev.  88,  542 
(1952). 

36  R.  D.  Lowde,  Proc.  Phys.  Soc.  (London)  A65,  857  (1952) 
and  reference  (34a). 
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A  natural  time-dependent  generalization  is  given  for  the  well-known  pair  distribution  function  g(r)  of 
systems  of  interacting  particles.  The  pair  distribution  in  space  and  time  thus  defined,  denoted  by  G{t,t), 
gives  rise  to  a  very  simple  and  entirely  general  expression  for  the  angular  and  energy  distribution  of  Born 
approximation  scattering  by  the  system.  This  expression  is  the  natural  extension  of  the  familiar  Zernike- 
Prins  formula  to  scattering  in  which  the  energy  transfers  are  not  negligible  compared  to  the  energy  of  the 
scattered  particle.  It  is  therefore  of  particular  interest  for  scattering  of  slow  neutrons  by  general  systems  of 
interacting  particles:  G  is  then  the  proper  function  in  terms  of  which  to  analyze  the  scattering  data. 

After  denning  the  G  function  and  expressing  the  Born  approximation  scattering  formula  in  terms  of  it, 
the  paper  studies  its  general  properties  and  indicates  its  role  for  neutron  scattering.  The  qualitative  behavior 
of  G  for  liquids  and  dense  gases  is  then  described  and  the  long-range  part  exhibited  by  the  function  near  the 
critical  point  is  calculated.  The  explicit  expression  of  G  for  crystals  and  for  ideal  quantum  gases  is  briefly 
derived  and  discussed. 


I.  INTRODUCTION 

IN  two  special  cases,  the  first  Born  approximation  for 
the  scattering  of  x-rays  or  particles  by  a  system  S 
of  interacting  particles  is  known  to  express  the  differ- 
ential cross  section  in  terms  of  simple  density  distribu- 
tion functions  for  the  particles  of  S. 

(i)  If  5  is  in  a  pure  quantum  state  and  if  this  state 
does  not  change  in  the  scattering  process,  the  latter  is 
elastic  and  the  differential  cross  section  is  expressible  in 
terms  of  the  density  distribution  p(r)  for  one  particle 
of  the  system  (supposed  for  simplicity  to  be  composed  of 
identical  particles).  This  applies  for  example  to  the 
elastic  scattering  of  x-rays  or  electrons  by  the  electrons 
of  an  atom.1,2 

(ii)  If  the  energy  transfers  occurring  in  the  scattering 
process  are  negligible  compared  to  the  energy  of  the 
scattered  photon  or  particle,  the  momentum  transfer  is 
essentially  unique  for  each  scattering  angle  and  the  dif- 
ferential cross  section  per  unit  angle  is  expressible  in 
terms  of  the  pair  distribution  function  g(r)  of  S,  which 
describes  the  average  density  distribution  as.  seen  from 
a  particle  of  the  system.  This  is  the  so-called  static  ap- 
proximation which  applies,  for  example,  to  the  sum  of 
elastic  and  inelastic  scattering  of  x-rays  and  electrons 
by  the  electrons  of  an  atom,3'4  as  well  as  to  that  part  of 
the  scattering  of  x-rays  by  solids,  liquids,  and  gases 
which  leaves  the  atomic  quantum  states  unchanged.5'6 

The  purpose  of  the  present  paper  is  to  show  that  in 
Born  approximation  the  scattering  cross  section  is 
always  expressible  in  terms  of  a  suitably  generalized 
pair  distribution  function  G(r,t)  depending  on  a  space 
vector  r  and  a  time  interval  /,  and  to  study  this  function 


1 1.  Waller,  Z.  Physik  51,  213  (1928). 

*  N.  F.  Mott,  Proc.  Roy.  Soc.  (London)  A127,  658  (1930). 

8 1.  Waller  and  D.  R.  Hartree,  Proc.  Roy.  Soc.  (London)  A124, 
119  (1929). 

*  P.  M.  Morse,  Physik.  Z.  33,  443  (1932). 

6 1.  Waller,  dissertation,  Uppsala,  1925  (unpublished). 
6  F.  Zernike  and  J.  Prins,  Z.  Physik  41, 184  (1927) ;  P.  Debye  and 
H.  Memke,  Ergeb.  Tech.  Rontgenk.  II  (1931). 


in  some  detail  for  a  number  of  systems.  For  scattering 
theory  this  would  be  of  rather  academic  interest  in 
connection  with  x-ray  scattering,  for  which  the  condi- 
tions of  case  (ii)  above  are  usually  well  fulfilled.  The 
same  holds  for  electrons,  for  which,  however,  the  Born 
approximation  is  of  much  more  limited  applicability 
than  for  x-rays.  For  slow  neutrons,  on  the  contrary, 
(wavelength  >1A)  now  used  in  a  rapidly  growing 
variety  of  scattering  experiments,7  the  energy  transfers 
are  usually  comparable  to  or  larger  than  the  incident 
energy,  whereas  the  first  Born  approximation  holds 
quite  well  provided  the  neutron-nucleus  interaction  is 
described  by  means  of  the  Fermi  pseudopotential.  The 
need  has  thus  arisen  for  an  improvement  of  the  static 
approximation  for  scattering  by  general  systems,  and 
correction  terms  valid  at  relatively  high  neutron  ener- 
gies have  been  calculated  by  Placzek  and  by  Wick.8  We 
present  here  a  general  solution  to  this  problem,  ap- 
plicable at  all  neutron  energies,  by  describing  the  Born 
approximation  scattering  in  terms  of  the  time-de- 
pendent pair-distribution  function  G. 

Furthermore,  the  fact  that  G  has  often,  even  for 
complicated  systems,  a  number  of  qualitative  properties 
which  are  easy  to  visualize,  makes  it  in  many  cases  a 
practical  tool  for  the  discussion  of  scattering  experi- 
ments. Its  use  for  the  analysis  and  interpretation  of 
experimental  data  has  been  illustrated  elsewhere  on 
the  case  of  slow  neutron  scattering  by  ferromagnetic 
crystals.9 

The  generalized  pair-distribution  function  G(r,t),  to 
which  neutron  scattering  gives  direct  experimental 
access,  turns  out  to  be  a  very  natural  extension  of  the 
conventional  g(r)  function.  Independently  of  its  use  in 
scattering  theory,  it  is  of  genuine  interest  from  the 
general  standpoint  of  statistical  mechanics.  Its  physical 

7  See,  e.g.,  D.  J.  Hughes,  Pile  Neutron  Research  (Addison- 
Wesley'  Publishing  Company.  Cambridge,  1953). 

«  G.  Placzek,  Phys.  Rev.  86,  377  (1952) ;  G.  C.  Wick,  Phys.  Rev. 
94,  1228  (1954). 

•  L.  Van  Hove,  Phys.  Rev.  93,  268  (1954). 
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meaning  is  particularly  simple  in  the  absence  of  quan- 
tum effects:  G(r,t)  is  then,  for  the  system  under  con- 
sideration, the  average  density  distribution  at  a  time 
/'+/  as  seen  from  a  point  where  a  particle  passed  at 
time  t'.  This  definition  has  to  be  slightly  modified  for  a 
quantum  system,  in  view  of  the  noncommutativity  of 
the  operators  representing  particle  positions  at  different 
times.  In  all  cases  G{r,t)  describes  the  correlation  between 
the  presence  of  a  particle  in  position  r'+r  at  time 
and  the  presence  of  a  particle  in  position  r'  at  time  t', 
averaged  over  r'.  It  essentially  reduces  to  g(r)  for  /  =  0. 

The  concept  of  time-dependent  correlations  has 
already  been  used  in  connection  with  neutron  scattering 
by  crystals  in  unpublished  work  by  Glauber.10 

The  choice  of  a  proper  definition  of  the  pair  dis- 
tribution G(r,t)  for  general  quantum-mechanical  sys- 
tems requires  some  care  since  it  deals  with  correlations 
between  noncommuting  quantities.  We  will  be  led  to  it 
conveniently  by  starting  from  the  Born  scattering 
formula  and  following  a  natural  extension  of  the  well- 
known  procedure  to  introduce  the  g(r)  function  in  the 
static  approximation.  This  is  done  in  the  next  section, 
where  a  number  of  general  properties  of  G(r,t)  are  also 
derived. 

The  use  of  the  pair  distribution  G  to  describe  neutron 
scattering  data  is  indicated  in  Sec.  III.  This  distribution 
is  the  proper  function  in  terms  of  which  to  analyze  the 
angular  and  energy  distribution  of  neutrons  scattered  by 
general  systems  of  nuclei,  in  exactly  the  same  way  as  the 
g(r)  function  is  the  proper  function  with  which  to  an- 
alyze angular  distributions  in  x-ray  scattering.  In  full 
analogy  with  the  x-ray  case,  it  is  expected  to  be  useful 
mainly  for  systems  too  complicated  to  allow  an  explicit 
calculation  of  either  the  scattering  or  the  pair  distribu- 
tion. Liquids  and  dense  gases  are  clearly  the  principal 
examples  of  such  systems. 

The  advantage  of  using  pair  distribution  functions 
for  the  analysis  of  scattering  data  is  their  simple  and 
intuitively  clear  physical  meaning,  which  makes  their 
qualitative  behavior  rather  easy  to  visualize.  It  is 
therefore  of  importance  to  form  as  complete  a  picture 
of  this  behavior  as  possible,  and,  in  absence  of  sufficient 
experimental  data,  it  is  indicated  to  discuss  systems  for 
which  the  pair  distribution  function  can  be  entirely  or 
partly  calculated.  In  the  present  paper  we  treat  mainly 
liquids  and  dense  gases,  for  which  the  general  shape  of 
G  is  easy  to  guess  and  its  long-range  part  near  the 
critical  point  can  be  calculated  (Sec.  IV).  We  also 
consider  more  briefly  crystals  (Sec.  V)  and  the  ideal 
quantum  gases  (Sec.  VI). 

With  the  experimental  data  available  so  far,  the  best 
example  of  the  usefulness  of  pair  distributions  in  space 
and  time  for  the  analysis  of  scattering  data  is  provided 
by  the  case  of  magnetic  scattering  of  neutrons  by  ferro- 

10  R.  J.  Glauber  (private  communication);  Phys.  Rev.  87,  189 
(1952);  Phys.  Rev.  94,  751  (1954),  and  forthcoming  paper. 


magnetic  crystals.11  A  short  account  of  the  analysis  has 
already  been  published.9  The  full  discussion  will  appear 
as  a  separate  paper. 

II.  THE  PAIR  DISTRIBUTION  IN  SPACE  AND  TIME 

A.  Definition 

The  correct  definition  of  G(r,l)  for  a  general  quantum- 
mechanical  system  is  best  inferred  from  the  Born  ap- 
proximation scattering  formula.  The  nature  of  the 
scattered  particle  and  the  details  of  the  scattering  law 
are,  of  course,  largely  irrelevant  for  this  purpose.  We 
will  assume  that  the  scattered  particle  is  nonrelativistic 
and  interacts  with  the  particles  of  the  system  5  through 
a  potential  V(r)  depending  on  distance  only.  For  sim- 
plicity S  is  supposed  to  be  composed  of  one  single  type 
of  particle.  The  differential  scattering  cross  section  per 
unit  solid  angle  and  unit  interval  of  outgoing  energy  « 
of  the  scattered  particle  is  given  in  the  first  Born 
approximation  by 

d2a      m3    k  If  n  -i"  1 2 

-WM  Eexp(«.ri) 

"0  »  I  L  7=1  J„0 


(fade  2irWk0 


[  2m 
\k2-ko2+—(En-En0) 
I  h2 


(1) 


where  m,  k0,  and  k  =  k0-K  are  the  mass  and  the  initial 
and  final  wave  vectors  of  the  scattered  particle.  The 
operators  r;  represent  the  position  vectors  of  the  N 
particles  of  the  scattering  system  S,  whose  initial  and 
final  quantum  states  are  labeled  by  n0,  n  and  have 
energies  En0,  En,  respectively.  The  bracket  [•••]*on 
denotes  a  matrix  element  and  pn0  is  the  statistical 
weight  of  the  initial  state  n0  (usually  the  Boltmann 
factor  divided  by  the  sum  of  states).  The  function  W(k) 
is  defined  by 

^(/c)=|J  exp(™-r)V(r)dr\ 

If,  besides  the  momentum  transfer  h\t,  we  introduce 
the  energy  transfer 

hu=h2(k02-k2)/2m, 

Eq.  (1)  can  be  written 

d2a 


dSldt 

m2  k 

A=  W(k), 

4tt2/j5  k0 


exp(*K-r,)J  | 


Eno  —  En ' 


(2) 
(3) 

(4) 


11  H.  Palevsky  and  D.  J.  Hughes,  Phys.  Rev.  92,  202  (1953); 
G.  L.  Squires  (to  be  published).  We  are  indebted  to  these  authors 
for  communication  of  their  results  before  publication. 
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where,  for  given  momentum  and  energy  transfers, 
S(k,«)  is  independent  of  the  mass  and  energy  of  the 
scattered  particle  as  well  as  of  the  interaction  potential, 
whereas  A  depends  only  on  the  properties  of  the  indi- 
vidual particles  of  5.  This  separation  of  two  factors  in 
the  differential  cross  section  is  quite  general;  it  is  an 
immediate  consequence  of  the  use  of  momentum  and 
energy  transfers  as  independent  variables. 

It  is  now  an  easy  matter  to  express  in  terms  of  a  pair 
distribution  the  function  S(k,oj)  which,  in  the  first  Born 
approximation,  contains  the  scattering  properties  of  the 
system  S.  If  it  is  remembered  that  in  the  static  approxi- 
mation [case  (ii)  of  the  introduction]  the  differential 
cross  section  per  unit  solid  angle, 

da      r  d2a 

— =  I   de,  (5) 

dti    J  dQde 

is  essentially,  as  a  function  of  k,  the  Fourier  transform 
over  r  of  the  g(r)  function,  it  is  natural  to  expect  S(k,w) 
to  be  essentially  the  Fourier  transform  over  r  and  t  of 
the  pair  distribution  in  space  and  time  G(r,t).  We  there- 
fore define  the  latter  through  the  equivalent  equations : 

S(k,«)=  (2tt)-W  j  expii(K-r-wt)1-G(r,t)drdt,  (6) 

or 

G(r,i)  =  (27r)-W-1J  exp[i(w/-K-r)]-S(K,w)^w.  (7) 

The  coefficient  (2ir)_1iV  in  (6)  is  introduced  for  con- 
venience. It  makes  G(r,t)  independent  of  N  and  asymp- 
totically equal  to  the  number  density  for  the  large 
systems  of  statistical  mechanics,  in  which  the  limit 
]V— >*>  is  to  be  taken.  From  Eqs.  (4)  and  (7)  one  gets, 
successively, 

G{r,t)  =  (2tt)-W-1  E  pno  E  E  i  J  dK  exp(-iK-r) 

•  [exp  ( — itt  •  r  *)  ]  „"°  •  exp  (iE„t/ h) 

•  [exp  (in  ■  tj)  ]n0"  •  exp  ( — iEn0t/ h) ,  (8) 

N  P 

G{x,t)  =  (2x)-W-1  L      dn  exp(- »k-  r) 

1.7=1  J 

■  (exp{ - m •  r,(0) }  •  exp{iK •  r,(fl )). 

The  last  formula  contains  the  Heisenberg  operator  r,(t), 
defined  for  all  j  and  t  by 

tj  (0  =  exp  (itH/h)  r3  exp  ( -  itH/  h) , 

where  H  is  the  Hamiltonian  of  the  system.12  The  bracket 
<•  •  •  >  stands  for  the  average  of  the  expectation  value  of 

n  The  introduction  of  a  time  variable  to  eliminate  the  5  function 
in  Eq.  (1)  and  the  subsequent  consideration  of  time-dependent 
operators  have  become  familiar  in  scattering  theory.  See,  e.g., 
A.  Akhiezer  and  I.  Pomeranchuk,  J.  Phys.  (U.S.S.R.)  11,  167 
(1947);  G.  C.  Wick,  reference  8. 
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the  enclosed  operator : 

(•••)  =  EM[--->o"°.  (9) 

With  the  help  of  the  convolution  formula  for  the 
Fourier  transform  of  an  (ordered)  product,  we  obtain 
finally  the  expression 

G(r,t)  =  N-i(  £  Jdr'-SCr+r.W-r'^r'-rXO)), 

(10) 

which  defines  G(r,t)  entirely  in  terms  of  space  and  time 
variables,  with  the  proper  ordering  of  the  operators 
belonging  to  different  times. 

For  /  =  0,  all  operators  commute  and  the  integration 
can  be  carried  out,  leading  to 

G(tfi)=N-1(  E  Kr+rM-rM)), 

i.i=i 

or 

G(r,0)  =  6(r)+N-1  £  (5(r+ri-ri))=5(r)+g(r),  (11) 

according  to  the  familiar  definition  of  the  conventional 
pair  distribution  g(r).  Similarly,  in  the  scattering 
formula,  if  the  incident  energy  is  sufficiently  large  com- 
pared to  the  energy  transfers,  the  momentum  transfer 
for  a  given  scattering  angle  is  independent  of  the  out- 
going energy,  and  the  differential  cross  section  per  unit 
solid  angle  becomes 

da-      r  d2a  f 

— =  I   de=hA  I  S(k,o))Jw 

dtt    J  dtide  J 

=  hAN  j  exp{iK-r)d(t)G(r,t)drdt 

=  \m/{2irW)jNW{K)  jl+ J  exp(iK-r)g(r)drJ, 

the  familiar  formula  in  the  static  approximation.  Just  as 
measurement  of  da/dQ,  provides  an  experimental  deter- 
mination of  g(r)  in  the  latter  approximation,  the  pair 
distribution  in  space  and  time  G(t,t)  is  experimentally 
accessible  through  measurements  of  d2a/ dttde. 

B.  General  Properties 

We  will  now  discuss  a  few  immediate  properties  of 
the  pair  distribution  in  space  and  time.  G(r,t),  which  is 
in  general  complex,  has  the  Hermitian  symmetry, 

G(-r,-t)  =  {G(r,t)}*,  (12) 
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easily  derived  as  follows:  from  (10), 
{G(r,l))*=N-i(z  j Jr'5(r'-r;-W)5(r+rKO)-r')^ 

=N~1\£j  f  Ti(t)+  r")«(r ,(0)  -  r")^ 

=  ^l(E  J*dr"«<r-r,-(0)+r") 

X8(r,(-*)-r")\ 

=  G(-t,-1). 

In  the  second  step  the  integration  variable  is  r"=  r'—  r ; 
the  third  step  uses  the  invariance  of  the  expectation 
value  under  the  unitary  transformation  exp(itH/h), 
whereas  the  last  is  based  on  the  even  character  of  the 
5  function.  Property  equation  (12)  is  equivalent  with 
the  fact  that  S(k,co)  is  a  real-valued  function. 

Complex  values  of  G(r,t)  reflect  quantum  properties 
of  the  system.  Indeed,  under  classical  conditions,  the 
operators  in  (10)  reduce  to  commuting  c  numbers  and 
G  takes  the  real,  positive  value: 

G(r,t)  =  N-i(ZKr+u(0)-r](t))). 

l.i 

As  announced  in  the  introduction,  it  is  seen  to  describe 
the  average  density  distribution  at  time  t'+t  as  seen 
from  a  point  which  was  occupied  by  a  particle  at  time 
this  distribution  is  independent  of  t' ,  here  given  the 
value  0. 

When  quantum  effects  are  present, — they  are  for 
any  actual  system  in  certain  ranges  of  r  and  t  values — , 
G  is  complex  and  the  simple  physical  interpretation 
given  above  cannot  hold  in  view  of  the  noncommu- 
tativity  of  particle  positions  at  different  times.  How 
this  noncommutativity  enters  into  the  expression  of  G 
can  best  be  seen  by  introducing  suitable  density 
operators.  Let  us  consider  in  space  a  volume  element 
AV  centered  at  point  r  and  define  the  Heisenberg 
operator  AP(r,/)  satisfying  AP(r,0^=^  for  all  states  \p 
of  the  system  for  which,  with  probability  one,  at  least 
one  particle  is  in  A V  at  time  /,  and  AP(r,/)^  =  0  for  all 
states  such  that,  with  probability  one,  no  particle  is  in 
AV  at  time  /.  One  has,  in  the  limit  of  infinitesimal  AV, 

AP(r,/)/A7=ES(r-r,-(0), 

and  thus,  taking  identical  volume  elements  around  each 
point, 

G(r,t)  =  N~XAV~2  j  <f  r"(AP(r",0)  ■  AP(r"+  r,  t)).  (13) 

For  a  system  homogeneous  in  space  (like  a  gas  or  a 
liquid),  enclosed  in  a  volume  V=N/p,  we  get  the  very 


simple  formula : 

G{r,t)  =  p~lA V-*(AP (r",0)  ■  AP (r"+  r,  i) ),  (14) 

where  t"  is  an  arbitrary  point  in  V.  From  Eq.  (13)  or 
(14)  follows  immediately  that  the  real  part  of  G  is 
related  to  the  average  value  of  the  symmetrized  product, 

\  { AP  (r",0)  •  AP (r"+  r,  t) + AP (r"+  r,  t)  ■  AP (r",0) } , 

and  is  therefore  the  natural  extension  to  quantum 
systems  of  the  classical,  real-valued,  pair  distribution 
function  in  space  and  time,  whereas  the  imaginary  part 
reduces  essentially  to  the  average  value  of  the  com- 
mutator of  AP(r",0)  and  AP(r"+r,  t). 

In  the  case  of  systems  for  which  the  symmetric  or 
antisymmetric  character  of  the  wave  function  is  of 
little  importance,  and  which  can  thus  be  regarded  as 
composed  of  distinguishable  particles  (Boltzmann 
statistics),  the  G  function  splits  naturally  into  a  part  Gs 
describing  the  correlation  between  positions  of  one  and 
the  same  particle  at  different  times,  and  a  part  Gd 
referring  to  pairs  of  distinct  particles  (the  subscripts 
stand  for  "self"  and  "distinct,"  respectively).  They  are 
defined  as  follows : 

Ga{r,t)  =  N-i(zJ  dt,-8(r+tM-tf) 

X5(r'-r,(0)),  (15) 
Gd(r,t)  =  N-^  jr  J rfr'.6(r+ri(0)-r') 

X5(r'-r;-(0)).  (16) 

They  verify  separately  the  symmetry  condition  (12) 
and  equations  of  type  Eq.  (13)  with  density  operators 
APj/AV  defined  for  individual  particles.  For  t=0,  they 
reduce  to 

Gs(r,0)  =  5(r),    Gd(t,0)  =  g(r).  (17) 

For  the  systems  of  large  numbers  of  particles  studied 
in  statistical  mechanics,  solids,  liquids,  or  gases,  the 
pair  distribution  G{r,t),  in  the  definition  [Eqs.  (9)  and 
(10)]  of  which  the  statistical  weights  pno  must  be  given 
the  Boltmann  value 

pnO=Z-1exp(-0EnO),    Z=Lexp(-/3£n0)  (18) 

"0 

(^^temperature  T  multiplied  by  Boltzmann  constant 
kB),  has  especially  simple  asymptotic  expressions  for 
large  r  or  |  / 1 .  For  such  systems,  the  particles  in  regions 
widely  separated  in  space  are  statistically  independent, 
and  so  are  the  properties  of  the  system  at  two  widely 
distant  times.  For  sufficiently  large  r  or  large  \t\,  we 
can  thus  write  asymptotically 

<  E  5(r+r(O)-r')5(r'-r;(0))^p(r'-r)p(r'), 
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where 

p(r')  =  <L5(r'-ryW))  (19) 

is  the  average  density  at  point  r',  independent  of  the 
time  t.  Hence,  from  Eq.  (10),  we  can  write  the  asymp- 
totic formula 

GitficxN-1  jdr'-p{r'-i)p(r'),  (20) 

the  right-hand  side  of  which  is  the  often  considered 
autocorrelated  density.13  In  particular,  for  an  homo- 
geneous system,  p(r')  is  a  constant,  the  number  density 
p=N/V  (V  volume  of  the  system),  and  Eq.  (20)  reduces 
to 

G(r,t)~P.  (21) 

It  is  the  difference  between  G  and  its  asymptotic 
value  (20)  which  represents  the  correlation  between 
pairs  of  particles.  The  instantaneous  part  of  this  corre- 
lation is  contained  in  G(r,0)  =  5(r)+g(r)  and  is  well 
known  from  the  study  of  the  familiar  g(r)  function.  The 
interest  of  G  for  1^0  is  to  describe  in  addition  its  time 
dependence:  if  we  consider  a  given,  fixed  point  of 
space  through  which  a  particle  passes  at  time  0,  the 
density  distribution  of  the  system  is  disturbed  around 
this  point  not  only  at  time  0,  but  before  and  afterwards. 
The  average  time  variation  of  this  disturbance  is  repre- 
sented by  the  G  function.  As  formally  expressed  by  Eq. 
(20),  the  disturbance  is  negligible  far  from  the  fixed 
point  at  all  times,  and  everywhere  in  the  system  long 
before  and  long  after  time  0.  Except  in  the  case  of  long- 
range  order  or  under  critical  conditions,  to  be  discussed 
later  on,  the  size  and  duration  of  the  disturbance  are 
characterized  by  a  length  R0  and  a  time  T0  of  micro- 
scopic dimensions  such  that  Eq.  (20)  holds  for  all  /  if 
r»i?0  and  for  all  r  if  \t\^>T0.  Ro  is  the  range  of  the  pair 
correlation,  TQ  its  relaxation  time.  To  establish  from 
first  principles  the  existence  of  i?0  and  To,  and,  a  fortiori, 
to  calculate  G  in  terms  of  intermolecular  forces,  are 
difficult  problems  of  statistical  mechanics,  unsolved 
except  in  very  special  cases.  The  relaxation  time  T0  in 
particular  is  obviously  related  to  the  irreversible  return 
of  a  locally  perturbed  system  to  equilibrium,  and  thus 
depends  on  the  ergodic  properties  of  the  system.  Such 
problems  will  not  be  touched  upon  here.  We  hope  to 
have  shown,  however,  that  quite  apart  from  its  interest 
for  scattering  theory,  the  pair  distribution  in  space  and 
time  is  an  important  extension  of  the  conventional  g(r) 
function  from  the  standpoint  of  general  statistical 
mechanics. 

The  separation  of  G  into  its  asymptotic  value  and  a 

13  For  large  \t\ ,  Eq.  (20)  is  valid  also  for  systems  with  a  small 
number  of  particles  if  the  initial  state  is  a  pure  quantum  state, 
nondegenerate  in  energy.  The  asymptotic  convergence  for  |/|— >°° 
may  then,  however,  hold  only  in  the  mean,  as  is  the  case  for  a  har- 
monic oscillator. 
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correlation  term  G', 

G'  (r,/)  =  G(r,t)  -  N~l  fdt'  •  p(r'-  r)p(r') ,  (22) 

has  also  a  simple  significance  for  scattering.  Insertion 
in  (6)  gives 

S(k,w)  =  5(co)-    I  exp(iK-r)-p(r)dr 


+  (2t)-1NJ  exp[i(K-r-a>/)]-<7(r,0^-  (23) 

The  first  term  of  the  right-hand  side  represents  elastic 
scattering  (co  =  0);  for  an  homogeneous  system  of  large 
dimensions  it  reduces  to  A/>5(co)5(k),  i.e.,  to  forward 
elastic  scattering,  which  in  the  first  Born  approximation 
is  indistinguishable  from  the  unscattered  beam.  The 
second  term  represents  inelastic  scattering:  since  G' 
tends  to  zero  for  r  and  |  /  [  — >°o ,  the  energy  distribution 
has  no  peak  of  form  5(co)  in  any  scattering  direction, 
nor  has  its  angular  distribution  any  peak  of  form  8(k) 
in  the  forward  direction.  In  some  cases,  however,  the 
convergence  of  G'  to  zero  may  be  slow.  This  will  then 
produce,  through  the  Fourier  transform  in  the  last 
term  of  (23),  singularities  of  weaker  type  in  the  angular 
and  energy  distribution  of  inelastically  scattered  par- 
ticles. A  simple  example  of  this  situation  is  provided  by 
slow  neutron  scattering  in  crystals  and  will  be  discussed 
in  Sec.  V. 

The  range  Ro  and  relaxation  time  To  determine  the 
orders  of  magnitude  h/R0,  h/T0  of  average  momentum 
and  energy  transfers  in  those  scattering  processes  which 
are  appreciably  affected  by  the  collective  properties  of 
the  system  S.  Let  us  consider  incident  particles  with 
momentum  of  order  h/R0,  and  let  us  determine  under 
which  condition  the  values  of  G  for  |/|~r0  make  an 
important  contribution  to  the  scattering.  The  condition 
is  that  the  angle  of  scattering  depends  appreciably  on 
both  momentum  and  energy  transfers  [if  it  depends 
essentially  on  momentum  transfer  alone,  the  static 
approximation  applies  and  the  scattering  depends  on 
G(r,0)  only].  It  requires  that  the  spread  hAk  in  the 
length  hk  of  the  final  momentum,  due  to  energy  trans- 
fers of  order  h/T0,  is  at  least  comparable  to  the  mo- 
mentum transfers  h/R0.  Since  Ak~(vR0)-\  where  v  is 
the  velocity  of  the  incident  particle,  the  condition  is 
v<Ro/TQ  or  Ti>  To,  where  Ti  is  the  time  R0/v  in  which 
the  incident  particle  travels  over  a  correlation  range. 
In  the  latter  form,  the  physical  meaning  of  the  condition 
is  obvious:  the  time  variation  of  G  affects  the  total 
scattering  and  angular  distribution  only  for  a  particle 
spending  at  least  a  time  of  order  T0  over  a  correlation 
length  Ro.  If  on  the  contrary  T^To,  the  scattering  is 
not  affected  by  the  values  of  G  for  |  / 1  ~r0.  Apart  from 
the  distribution  of  outgoing  energies,  it  is  then  entirely 
determined  by  the  value  of  G  for  |  / 1  <^C7"o,  and  the 
static  approximation  gives  a  good  description  of  the 
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effect  of  collective  properties  of  5  on  the  scattering,  in 
the  sense  that  da/dSl  can  be  calculated  by  replacing 
G(r,0  by  Gid(r,0+G(r,0)-Gld(r)0),  where  Gid  is  the 
pair  distribution  function  for  an  ideal  gas  of  same 
density  and  temperature  as  5. 

For  incident  particles  of  wavelength  ~7?0,  the  ratio 
Ti/To  is  essentially  equal  to  the  ratio  of  average  energy 
transfer  to  incident  energy.  A  very  crude  estimate  of  R0 
and  T0  for  actual  substances,  solids  or  liquids  at  average 
temperatures,  gives  i?0~10~8  cm,  r0~10~13  sec,  and 
thus  Ti/T0~105/v  if  the  incident  velocity  v  is  measured 
in  cm  sec~x.  This  gives  r1/r0~10-6  for  photons  of 
arbitrary  wavelength,  and  7Vr0~l  for  neutrons  of 
wavelength  around  1  A  or  somewhat  larger,  i.e.,  exactly 
of  the  right  order  i?0  for  which  collective  effects  on  scat- 
tering are  most  conveniently  observed.  For  electrons  of 
wavelength  around  1  A,  one  finds  7V7V-40-4. 

Before  closing  this  section,  we  mention  an  extension 
of  the  G(r,t)  function  to  systems  of  identical  particles 
with  spin,  to  be  used  later  in  connection  with  spin- 
dependent  scattering.  If  a,  is  an  operator  depending  on 
the  spin  of  the  j'th  particle,  the  same  for  each  particle, 
a  spin-dependent  pair  correlation  is  defined  by 

r  (r,0  =  iV-^f  Jdt'  ■  ai  (0)S(r+  r,  (0)  -  r') 

Xa,(05(r'-r;(0)),  (24) 

in  terms  of  the  Heisenberg  operators, 

a, (t)  =  exp (UH/h)aj  exp(-itH/h) . 

For  a  system  of  Boltzmann  particles  with  spin-inde- 
pendent Hamiltonian  H  and  for  the  thermal  distribu- 
tion (18),  there  is  no  correlation  between  spins  nor 
between  spins  and  positions.  Using  the  definitions  (15) 
and  (16)  we  then  find 


r  (r  ,0  =  <a2)AvGs  (r,/) + (a),2Gd  (r,/) , 


(25) 


where  a  is  any  of  the  a/s  and  (•  •  •  )A»  denotes  an  average 
over  the  spin  states  of  the  corresponding  particle.  Corre- 
lations involving  the  spins  can  be  produced  either  by 
the  symmetry  requirements  of  the  wave  functions 
(Bose-Einstein  and  Fermi-Dirac  particles)  or  by  spin 
interactions.  The  first  case  is  illustrated  in  Sec.  VI.  The 
second  case  occurs  in  ferromagnetic  substances  and  will 
be  discussed  in  a  separate  paper. 

The  extension  of  the  foregoing  considerations  to 
systems  composed  of  different  types  of  particles  is 
straightforward  and  will  not  be  given  here. 

III.  NUCLEAR  SCATTERING  OF  SLOW  NEUTRONS 

As  mentioned  before,  it  is  for  the  scattering  of  slow 
neutrons  that  use  of  the  pair  distributions  in  space  and 
time  is  of  most  practical  interest.  We  consider  in  the 
present  section  scattering  due  to  the  nuclear  interaction 


between  neutrons  and  the  nuclei  of  the  scattering 
system  5.  If  the  true  interaction  is  replaced  by  the  cor- 
responding Fermi  pseudopotential, 

V(r)=(2Trah2/m)8(r), 

where  m  is  the  neutron  mass  and  a  the  scattering  length 
of  the  nuclei  assumed  all  identical,  the  Born  approxima- 
tion formula  can  be  applied.14  Equations  (2),  (3),  and 
(6)  give  then,  for  the  cross  section  of  S, 


d2a  a2N  k 
dtide    2irh  k 


Jexp[i(K-r-a)t)^-G(r,t)dTdt.  (26) 


If  the  nuclei  of  5  have  a  nonvanishing  spin,  this  equa- 
tion assumes  a  to  be  spin  independent.  For  nuclei  with 
a  spin-dependent  scattering  length,  or  for  nuclei 
belonging  to  different  isotopes  (the  mass  differences 
being  neglected),  Eq.  (26)  is  simply  replaced  by 


dV  N  k 
dttde    2irh  ko 


J  exp\j(K-T-(d)2-T(T,t)drdt, 


with  the  spin-  or  isotope-dependent  scattering  lengths  a, 
to  be  used  in  the  definition  (24)  of  TV4  In  most  cases  the 
nuclei  can  be  treated  as  Boltzmann  particles  and  the 
spin  or  isotope  disorder  can  be  considered  perfect,  so 
that  Eq.  (25)  applies,  and,  remembering  G=G„+Gd,  we 
obtain 

d2a     JVcoh  d2ainc 

 =  +  ,  (27) 

dQdt    dttde  dttde 

d2<rc„h    {a)k?N  k  r 

 I  exp[»(KT-wO]-G(r,0<ir&,  (28) 

2irh    k0  J 

{(a2)k-{a),2)N  k 


dttde 
d2ami 
dSlde 


2-wh 


-  fexp[*'(K- 
to  J 


■GB(r,t)drdt.  (29) 


Equations  (28)  and  (29)  are  the  so-called  coherent  and 
incoherent  scattering  cross  sections. 

The  separation  Eq.  (23)  of  elastic  and  inelastic  scat- 
tering applies  to  Eq.  (28).  A  similar  separation  can  be 
performed  for  Eq.  (29)  by  considering  the  limit  of  Gs 
for  |/|— >oo.  In  the  static  approximation  we  get,  as  in 
Sec.  II, 

dacoh/dSl=(a}i2N^l+f  exp(*KT)g(r)drj,  (30) 


d<Tinc/da={(a%-(a)*2}N. 


(31) 


The  incoherent  cross  section  no  longer  depends  on  the 
structure  of  S.  Equation  (30),  identical  to  the  Zernike- 

14  The  relevant  information  on  slow  neutron  scattering  will  be 
found,  for  example,  in  J.  M.  Cassels,  Progr.  Nuclear  Phys.  1,  185 
(1950). 
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Prins  formula  for  x-ray  scattering,  has  often  been  used 
before  in  connection  with  slow  neutrons.15-19 

The  physical  interest  of  Eqs.  (28)  and  (29)  is  entirely 
similar  to  that  of  the  familiar  Eq.  (30).  It  mainly  con- 
cerns systems  for  which  a  complete  calculation  of  pair 
distributions  in  terms  of  elementary  forces  cannot  be 
carried  out.  Indeed,  whenever  an  explicit  calculation  is 
possible,  it  leads  to  the  differential  cross  sections  as 
directly  as  to  the  pair  distributions.  For  more  compli- 
cated systems,  however,  like  liquids  or  dense  gases,  the 
pair  distributions,  dealing  with  two-particle  configura- 
tions in  space  and  time,  are  much  easier  to  visualize 
than  the  cross  sections,  and  a  qualitative  prediction  of 
their  behavior  is  almost  always  possible,  thus  providing 
great  help  in  understanding  the  main  features  of  the 
scattering.  For  such  systems,  on  the  other  hand,  the  pair 
distribution  is  the  proper  quantity  in  terms  of  which  to 
interpret  the  scattering  data,  and  since  it  contains  very 
important  information  on  the  local  structure  of  the 
system,  its  experimental  determination  is  desirable. 
Equations  (28),  (29)  provide  the  basis  for  such  a  deter- 
mination. 

Complete  measurements  of  d2a/dQde,  i.e.,  of  the 
angular  and  energy  distribution  of  scattered  neutrons, 
will  provide  a  direct  determination  of  G  or  Gs  by  inver- 
sion of  a  4-dimensional  Fourier  integral  (2-dimensional 
for  isotropic  systems).  At  present,  for  intensity  reasons, 
energy  distributions  of  scattered  neutrons  are  still 
difficult  to  observe,  even  when  they  spread  over  wide 
ranges.  Progress  will,  however,  undoubtedly  be  made 
in  this  direction.20  and  it  is  to  be  hoped  that  complete 
sets  of  experimental  values  for  d2a/ dQ.de  will  eventually 
become  available. 

A  simpler  but  much  less  direct  and  less  satisfactory 
approach  to  the  experimental  study  of  G  or  Gs  can  be 
made  by  measuring  transmissions  (i.e.,  total  cross 
sections)  or  angular  distributions  in  their  dependence 
on  the  incident  wavelength  X0.  For  angular  distribu- 
tions, the  contribution  to  the  scattering  of  values  of  G 
or  Gs  with  t  ^0  will  manifest  itself  through  the  fact  that 
the  differential  cross  section 

j  (d2a/dOde)f(e)de,  (32) 

where  /(e)  is  determined  by  the  detector  used,  does  no 
longer  depend  on  X0  and  on  the  scattering  angle  6 
through  the  single  combination  X0_1  sin  (6/2),  as  it  does 
in  the  static  approximation  with  /(e)  constant.  Since 
a  quantity  like  Eq.  (32)  has  a  complicated  functional 

16  O.  Chamberlain,  Phys.  Rev.  77,  305  (1950). 

16Placzek,  Nijboer,  and  Van  Hove,  Phvs.  Rev.  82,  392  (1951). 

17  L.  Goldstein,  Phys.  Rev.  84,  466  (1951). 

18  P.  C.  Sharrah  and  G.  P.  Smith,  J.  Chem.  Phys.  21,  288  (1953). 
19Henshaw,  Hurst,  and  Pope,  Phys.  Rev.  92,  1229  (1953). 

20  Crude  information  on  energy  distributions  of  neutrons  scat- 
tered by  solids  has  been  obtained  by  P.  Egelstaff,  Nature  168,  290 

(1951)  ;  B.  N.  Brockhouse  and  D.  G.  Hurst,  Phys.  Rev.  88,  542 

(1952)  ;  R.  D.  Lowde,  Proc.  Rov.  Soc.  (London)  A221, 206  (1954). 


expression  in  G  or  G„  the  analysis  of  its  experimental 
values  is  bound  to  be  much  more  difficult  than  it  would 
be  for  d2cr/dtide,  and  the  choice  of  a  detailed  procedure 
would  require  careful  consideration. 

The  next  sections  deal  with  the  properties  of  G  and 
Gs  for  special  systems.  Their  aim  is  to  form  a  more 
accurate  picture  of  the  behavior  to  be  expected  for 
these  functions  and  to  illustrate  the  correspondence 
between  some  of  their  properties  and  simple  features  of 
the  angular  and  energy  distributions  obtained  in  scat- 
tering. 

IV.  LIQUIDS  AND  DENSE  GASES 

The  discussion  of  pair  distributions  in  space  and  time 
for  liquids  and  dense  gases  presents  the  same  difficulties 
as  the  corresponding  discussion  for  the  instantaneous 
pair  distribution  g(r).  Although  the  general  behavior 
of  the  distribution  functions  can  easily  and  safely  be 
guessed,  no  reliable  method  has  yet  been  found  to  cal- 
culate them  in  terms  of  the  intermolecular  forces.21  We 
will  therefore  limit  ourselves  to  a  description  of  their 
most  immediate  properties. 

Except  for  the  case  of  substances  of  light  atomic  mass 
taken  at  very  low  temperatures,  like  liquid  helium  for 
example,  the  particles  in  a  liquid  or  a  dense  gas  have  a 
mean  de  Broglie  wavelength  AB=  h{2MkBTY^  small 
compared  to  the  distance  between  particles  or,  what 
amounts  to  the  same,  to  the  range  of  interatomic  forces. 
M  is  the  mass  of  the  particles  in  the  system.  Under 
these  conditions,  the  distinction  between  Gs{r,t)  and 
Gd(r,t)  =  G—Gs  is  possible  and  these  functions,  which 
are  independent  of  the  direction  of  r,  verify,  as  already 
mentioned, 

G.(r,0)  =  8(r),  Gd(r,0)  =  g(r),  (33) 
lim  G,(r',0=  Jim  Gs(r/)  =  0,  (34) 

lim  Gd(r',t)=tim  Gd(r,t')  =  p,  (35) 

where  p  is  the  number  density.  Except  in  the  neighbor- 
hood of  the  critical  point,  the  convergence  in  Eqs.  (34) 
and  (35)  takes  place  over  a  length  R0  of  the  order  of 
intermolecular  distances  and  a  time  T0  of  the  order  of 
the  time  needed  by  an  average  particle  of  the  system  to 
travel  over  a  distance  Ro.  T0  is  essentially  identical 
with  the  Debye  relaxation  time. 

Under  the  same  condition  of  a  mean  de  Broglie  wave- 
length small  compared  to  interatomic  distances 
(Kb-^Ro),  no  quantum  effects  will  manifest  themselves 
in  Gd,  which  deals  with  pairs  of  particles  separated  by 
distances  of  order  R0,  and  Gd(r,l)  is  thus  a  real -valued, 
positive  function,  even  in  /.  The  situation  is  slightly  dif- 

2i  The  determination  of  pair  distribution  functions  based  on  the 
superposition  approximation  of  Kirkwood,  J.  Chem.  Phys.  3,  300 
(1935),  cannot  be  considered  reliable  for  dense  systems.  It  has 
been  discussed  for  a  gas  of  hard  spheres  by  B.  R.  A.  Nijboer  and 
L.  Van  Hove,  Phys.  Rev.  85,  777  (1952),  and  by  B.  R.  A.  Nijboer 
and  R.  Fieschi,  Physica  19,  545  (1953). 
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ferent  for  G,(r,t),  which  for  very  small  times 

\t\~h/kBT~bB/R0)To, 

is  entirely  concentrated  in  the  region  r~\B  where 
quantum  effects  are  appreciable.  For  small  displace- 
ments of  this  order,  however,  the  potential  acting  on  a 
particle  is  practically  constant,  so  that  the  ideal  gas 
value  can  be  adopted  for  Gs : 

Gs  (r,t)~{  2irl  (kBTt-ih)/M}-*12 

X  exp{  -  Mr* /[It  {kBTt-ih)~]}. 

This  holds  for  1 1  |  <C  7V  For  larger  times,  the  form  of  Gs 
is  affected  by  the  interatomic  forces,  but  quantum 
effects  become  negligible,  and  Gs  thus  also  becomes  real- 
valued  positive  and  even  in  /.  Characteristic  shapes  of 
Gs  and  Gd  are  given  in  Fig.  1  for  three  ranges  of  t  values : 
|/|  <4oTo  (the  curve  for  Gs  is  to  be  understood  as  repre- 
senting the  real  part  of  the  function  if  |/|  <h/kBT), 
\t\~To,  and  |*|»7V 

For  quantum  liquids  like  liquid  helium  at  low  tem- 
perature the  situation  is,  of  course,  entirely  different. 
The  distribution  function  G  has  complex  values  for  all 
nonvanishing  times.  We  will  not  try  to  make  a  guess  at 
its  theoretical  shape  but  want  to  stress  the  interest  of 
its  experimental  determination. 

After  these  general  considerations,  let  us  return  to 
the  case  of  the  so-called  classical  liquids  (XB<^i?o)  which 
will  now  be  studied  in  the  neighborhood  of  the  critical 
point.  When  critical  conditions  are  approached,  the 


^  |tl«T0 


0  r 

Fig.  1.  The  dependence  of  G,(r,t),  (  )  and  Gd(r,t),  (  ) 

on  r  for  three  values  of  /.  The  solid  line  corresponds  to  the  average 
density  of  the  system. 


qualitative  behavior  of  Gs  is  not  expected  to  be  greatly 
modified.  Gd,  however,  is  known  to  exhibit  long-range 
correlations  resulting  from  the  occurrence  in  the  system 
of  spontaneous  density  fluctuations  of  macroscopic 
size.  In  contrast  with  the  short-range  part  of  the  pair 
distribution,  these  long-range  phenomena  can  be  ex- 
plicitly studied,  at  least  for  temperatures  T  slightly 
above  the  critical  temperature  Tc,  by  the  methods  of 
macroscopic  fluctuation  theory.  The  applicability  of 
such  methods  is  actually  not  restricted  to  the  neighbor- 
hood of  the  critical  point.  They  make  a  general  study 
possible  for  the  scattering  from  macroscopic  density 
fluctuations,  by  permitting  the  calculation  of  the  value 
and  the  time  dependence  of  the  Fourier  components 
of  Gd'- 

j ' {Gd(r,t)-p}  exp(jVr)dr, 

for  macroscopic  k_1.  This  question,  studied  by  Landau 
and  Placzek  for  light  scattering,22  will  not  be  treated  in 
full  generality  in  the  present  paper,  where  we  limit 
ourselves  to  the  more  special  case  of  critical  fluctuations. 

The  behavior  of  g (r)  =  Gd(r,0)  near  the  critical  point, 
for  T>  Tc  and  for  r  large  compared  to  the  intermolec- 
ular  distance,  has  been  determined  by  Ornstein  and 
Zernike.23  It  is  given  by 

Gd(r,0)~p-f-(Wr)-1e-''»r,    r»r0,  (36) 

where  r0  is  a  length  slowly  varying  with  temperature 
and  density,  of  the  order  of  the  range  of  the  forces,  with 
value  1  at  the  critical  point,  and  ko  is  the  reciprocal 
length 

Ko  =  r0-i(pkBTXT)-K  (37) 

defined  in  terms  of  the  isothermal  compressibility 
Xt  =  p~l(dp/dp)T-  Equation  (36)  holds  for  r^>r0,  in  the 
temperature  and  density  region  where  roKo^Cl.  Its 
derivation  assumes  the  system  monophasic.  Through 
its  dependence  on  xt,  the  range  /c0_1  of  the  pair  corre- 
lation becomes  infinite  at  the  critical  point,  where  Eq. 
(36)  reduces  to 

Gd(r,0)~p+  (Wr)"1,    r»r„.  (38) 

We  have  now  to  determine  the  time  variation  of  Gd 
for  r^>r0.  The  long-range  part  of  the  pair  distribution 
Gd(r,t)  can  be  identified  with  the  average  shape  at 
time  t  of  the  spontaneous  macroscopic  density  fluctua- 
tions in  the  system,  as  seen  from  a  point  through  which 
a  particle  passed  at  time  0.  Following  Onsager,24  it  is 

22  L.  Landau  and  G.  Placzek,  Physik.  Z.  Sowjetunion  5,  172 
(1934).  For  a  more  detailed  exposition,  see  J.  Frenkel,  Kinetic 
Theory  of  Liquids  (Clarendon  Press,  Oxford,  1946),  pp.  244  ff. 
The  author  is  indebted  to  G.  Placzek  for  illuminating  discussions 
and  communication  of  unpublished  work  on  this  subject. 

23  L.  S.  Ornstein  and  F.  Zernike,  Proc.  Acad.  Sci.  Amsterdam  17, 
793  (1914);  Physik.  Z.  19,  134  (1918).  The  length  r0  in  our  Eq. 
(36)  is  related  by  6>02=€2  to  the  length  e  denned  in  the  latter 
paper. 

24 L.  Onsager,  Phys.  Rev.  37,  405  (1931);  38,  2265  (1931). 
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natural  to  assume  that  macroscopic  variables  which 
have  taken  nonequilibrium  values  as  a  consequence  of 
spontaneous  fluctuations  have  on  the  average  in  their 
return  to  equilibrium  the  same  time  variation  as  if 
their  initial  nonequilibrium  values  had  been  produced 
by  suddenly  released  artificial  constraints.  This  time 
variation  is  given  by  the  well-known  phenomenological 
laws  of  irreversible  processes,  in  our  case  the  Navier- 
Stokes  equations  for  viscous  flow  supplemented  by  the 
continuity  equation,  and  the  equation  for  energy 
transport  involving  heat  conduction. 

Since  we  deal  with  fluctuations  of  small  amplitude, 
all  equations  can  be  linearized  and  treated  by  Fourier 
analysis.  We  then  find  three  independent  plane-wave 
fluctuations  of  wave  vector  k:  two  corresponding  to 
damped  waves  propagating  with  sound  velocity  in  the 
directions  of  k  and  —  k,  and  one  of  nonpropagating 
nature,  with  a  time  dependence  given  by  the  factor 


exp(-iA0fc2/), 


(39) 


with 


A0  =  4x  (pep)'1  =  4*  (pcv)-1  (x  s/xt)  •  (40) 

x  is  the  coefficient  of  heat  conduction,  cp  and  cv  are  the 
specific  heats  per  particle,  at  constant  pressure  and 
volume,  respectively,  and  \s  is  the  adiabatic  compres- 
sibility 

Xs  =  P~1(dp/dp)s 

(S:  entropy).  As  expected,  the  fluctuations  of  the  two 
first  modes  are  found  to  be  adiabatic  and  the  third 
mode  is  a  fluctuation  at  constant  pressure.25 

When  the  critical  point  is  approached,  whereas 
fluctuations  of  the  two  first  modes  remain  normal,  the 
magnitude  of  the  spontaneous  fluctuations  at  constant 
pressure  increases  indefinitely.  They  alone  thus  con- 
tribute to  the  long-range  part  of  the  pair  correlation, 
and  the  time  dependence  of  Gd  for  r^>r0  and  />0  can 
be  obtained  by  multiplying  each  Fourier  component  of 
Eq.  (36)  by  the  corresponding  factor  (39),  i.e.,  by 
calculating  the  convolution  of  Eq.  (36)  with  the  Fourier 
transform, 


  f  exp(-|A0 


k2t)  exp(z'k-r)dk 

/  |r-r'l2\ 
=  (7rAoO-3/2exp(  J, 

of  (39).  One  has  thus,  remembering  that  Gd  is  even  in  t, 

Gd{r,t)~p+  (47rro2)-1(7rA0|/|)-3/2 

r       J     |r-r'|2  \dx' 
Xj  exp  —  K0r'\—  (41) 


Ao|/| 


25  The  foregoing  analysis  of  spontaneous  fluctuations  has  been 
carried  out  by  L.  Landau  and  G.  Placzek  (reference  22)  to  account 
for  the  occurrence  of  a  triplet  line  in  the  fluctuation  scattering  of 
light  by  liquids,  and  to  calculate  the  line  widths. 


Integration  over  the  angles  then  gives 

Gd(r,^p+(47rr0V)-^[/co(Ao|/|)i;  r(A„M )-*],  (42) 

where  the  function  ^  of  two  dimensionless  arguments 
is  defined  by 

<&{y,w)  =  2ir-}t  exp  (—w2) 

X  I    exp(— x2—  vx)  s\vih.(2wx)dx.  (43) 
Jo 

It  is  easily  expressed  in  terms  of  the  error  integral : 
~fy(v)w)  =  exp(\v2—  vw)  -xf/^v—w) 

—  exp({v2-\-vw)  -^{\v-\-w), 

<K*)  =  —  I  exp(-y2)dy. 

The  behavior  of  Gd  for  large  r  and  for  large  and  small 
|7|  is  immediately  obtained  from 

^(z>,w)~exp(— vw),  for  w^>l,  w>jj;  (44) 

^(z>,w)~47r-1/2zr2w  exp(— w2),    for  tCM,  v^>w.  (45) 

Equation  (44)  shows  that  the  expression  Eq.  (42) 
reduces  to  Eq.  (36)  in  the  limit  of  t— >0.  Its  strict  validity 
is,  however,  restricted  to  values  of  |  ^  |  large  compared 
to  the  microscopic  relaxation  time  To  considered  before, 
since  the  phenomenological  equations  used  in  our 
derivation  apply  only  to  quantities  averaged  over  a 
time  interval  large  compared  to  the  duration  of  micro- 
scopic fluctuations.  This  limitation  accounts  for  the 
occurrence  of  a  spurious  discontinuity  at  /  =  0  in  the 
derivative  of  the  right-hand  side  of  (42)  with  respect 
to  t;  this  derivative,  if  calculated  correctly  for  t  of 
microscopic  order  of  magnitude,  would  be  found  con- 
tinuous and  equal  to  zero  at  /=0.  Apart  from  the  con- 
dition \t\^>T0,  the  derivation  of  Eq.  (42)  requires  of 
course  ro/co^l  and  r^>r0  as  for  Eq.  (36).  It  is,  however, 
interesting  that  the  latter  condition  can  be  abandoned 
for  all  times  for  which  the  expression  (42)  differs  appre- 
ciably from  its  value  (36)  at  /  =  0.  Indeed,  it  follows 
from  (41)  that  whenever  |  ^  |  ^>Ao—1r02  the  value  of 
Gd(r,t)  for  all  r,  even  of  order  r0,  is  overwhelmingly 
determined  by  the  values  of  Gd(r,0)  for  r^>r0.  If  now 
1 1 1  is  not  large  enough  to  satisfy  this  condition 


we  get 


M<A<rVo2, 


Hence,  for  r^>r0)  the  asymptotic  form  (44)  of  ^  can  be 
used,  and  Gd(r,t)c^Gd(r,0)  for  r^$>r0.  To  present  this 
conclusion  differently,  we  can  say  that  as  |  / 1  increases, 
the  time  dependence  of  the  long-range  part  of  Gd  sets 
in  only  for  times26 

1 1 1  >A<rW~  (xt/xs)  t0~  (/c0ro)-2r0»r0, 


26  The  following  estimate  is  made  by  using  values  of  x,  cv,  and  xs 
calculated  for  rarefied  gases,  with  the  help  of  kinetic  theory  for  x. 
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at  which  the  short-range  part  of  the  pair  distribution 
has  completely  reduced  to  the  instantaneous  value  of 
the  local  macroscopic  density,  the  variation  of  which  is 
correctly  described  by  Eq.  (42)  for  all  r.  It  is  finally 
to  be  remarked  that  A0_1  increases  indefinitely  when 
the  critical  point  is  approached,  corresponding  to  an 
increasingly  slower  time  variation  of  the  macroscopic 
part  of  the  pair  correlation. 

The  above  discussion  is  valid  for  monophasic  systems 
near  the  critical  point,  i.e.,  for  gases  at  densities  near 
the  critical  density  pc  and  temperatures  slightly 
above  the  critical  temperature  Te.  The  relevant  con- 
dition for  its  applicability  is  that  the  dimensionless 
quantity, 

KoTo  =  (pkBTxT)~K 

be  small  compared  to  one,  let's  say  of  order  0.1  or  smaller- 
A  more  concrete  idea  about  the  corresponding  density 
and  temperature  ranges  is  obtained  by  using  the  ap- 
proximate expression  for  xt  given  by  the  van  der  Waals 
equation  of  state.  One  finds  that  at  the  critical  density 
or  a  density  differing  from  it  by  less  than  some  5  per- 
cent, one  must  have  T-  Tc  <  0.005 TV23 

For  temperatures  approaching  Tc  from  below,  the 
system  is  no  longer  monophasic  at  densities  near  pc 
and  the  previous  treatment  is  then  not  strictly  appli- 
cable. It  seems,  however,  likely  that  the  long-range 
part  of  the  pair  distribution  and  its  time  variation  will 
not  be  radically  different  from  what  we  have  found  them 
to  be  for  T  above  Tc. 

Let  us  now  indicate  a  few  consequences  of  the  above 
discussion  for  the  scattering  of  neutrons  by  liquids  and 
dense  gases,  for  neutron  wavelengths  of  the  order  of  the 
separation  between  particles  or  larger.  Away  from 
critical  conditions  and  apart  from  the  forward  elastic 
peak,  which  is  entirely  coherent,  the  differential  cross 
section  (Pa/dSldt  is  a  smooth  function  of  outgoing  energy 
and  angle  of  scattering,  corresponding  to  average  mo- 
mentum and  energy  transfers  or  order  hRf1  and  hTo"1, 
respectively.  This  applies  to  coherent  and  incoherent 
scattering  alike,  although  the  collective  properties  of 
the  liquid  will  evidently  affect  the  scattering  to  a 
greater  extent  in  the  coherent  case.  Qualitative  shapes 
to  be  expected  for  the  angular  and  energy  distribution 
could  easily  be  obtained  from  Fig.  1  by  Fourier  trans- 
formation. 

When  critical  conditions  are  approached,  whereas  no 
rapid  change  is  expected  to  occur  for  incoherent  scat- 
tering, the  occurrence  of  a  tail  of  increasing  range  in  the 
pair  distribution  Gd  reflects  itself  in  an  increasing 
amount  of  coherent  scattering  characterized  by  small 
momentum  and  energy  transfers.  Using  for  the  latter 
our  customary  notations  hv.,  hu,  we  obtain  by  Fourier 
transformation  of  Eq.  (41)  over  space  and  time  [the 
Fourier  transform  over  space  gives  the  product  of  Eq. 
(39)  by  the  Fourier  transform  of  Eq.  (36) ;  one  has  then 
to  make  a  Fourier  transformation  over  time]  the  fol- 
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lowing  expression, 

(  =—  ,  (46) 

\dnde/ctit       irh     k0  roV+Ko2)  A0V+16«2 

for  the  part  of  the  differential  cross  section  originating 
from  long-range  correlations.  Near  the  critical  point 
(ko7o<0.1),  it  is  the  main  part  of  the  cross  section  in 
the  region  K<Cr0_1.  From  Eq.  (46)  this  critical  scattering 
is  seen  to  have  momentum  and  energy  transfers  of 
order  k~k0,  w~A0ko2/4,  respectively.  Their  relative  mag- 
nitude compared  to  average  momentum  and  energy 
transfers  in  noncritical  scattering  is  easily  estimated  to 
be,  very  crudely,26 

RoKo^ipkiiTxTy*, 
iroA0/co2~  (i?o«o)4~  (pkBTXT)-2. 

The  most  important  feature  revealed  by  this  estimate 
is  that  in  critical  scattering,  the  energy  transfers 
decrease  very  much  faster  than  the  momentum  transfers 
when  the  critical  point  is  approached,  thus  restoring  the 
validity  of  the  static  approximation  and  causing  the 
scattering  to  be  not  only  more  abundant  than  under 
normal  conditions  but  also  completely  different  in  all 
its  properties.  The  total  cross  section,  for  example, 
which  under  normal  conditions  is  proportional  to  the 
incident  neutron  wavelength  2ir/k0  as  soon  as  the  in- 
cident energy  is  small  compared  to  h/T0,27  has  a  com- 
pletely different  wavelength  dependence  in  the  immedi- 
ate neighborhood  of  the  critical  point.  Its  main  con- 
tribution comes  then  from  the  critical  scattering  repre- 
sented by  Eq.  (46),  which  has  to  be  integrated  over 
outgoing  energies  and  angles,  with  the  result : 

<rcoh~  log  (  + 1  ) .  (47) 

(fO&o)2  V  KO2  / 

Application  of  Eq.  (46)  at  the  critical  point  itself, 
where  k0  and  A0  vanish,  would  lead  to  an  infinite  value 
for  the  total  cross  section  (47).  As  was  shown  by  Placzek 
for  the  case  of  light  scattering,28  the  occurrence  of  this 
spurious  conclusion  is  due  to  the  fact  that  our  entire 
treatment  of  scattering  assumes  the  range  of  the  pair 
correlations  to  be  small  compared  to  the  dimensions  of 
the  vessel  containing  the  system.  We  indeed  have  always 
assumed  the  system  large  enough  to  make  surface 
effects  negligible.  Application  of  Eqs.  (46)  and  (47) 
therefore  requires  /c0_1  to  be  small  compared  to  the 
dimensions  of  the  vessel.  Practically  this  condition  is 
violated  only  in  a  temperature  interval  of  ~10~12  degree 
around  Tc,  in  which  the  scattering  would  depend  on  the 
size  and  shape  of  the  vessel. 

We  will  not  in  the  present  paper  consider  the  case 
of  rarefied  gases.  The  natural  way  of  treating  it  is  by  an 

27  This  dependence  on  incident  wavelength  follows  directly  from 
the  presence  of  the  denominator  ko  in  Eq.  (28). 

28  G.  Placzek,  Physik.  Z.  31,  1052  (1930). 
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expansion  of  G„  and  Gd  in  powers  of  the  density,  entirely 
similar  to  the  familiar  expansion  of  the  g(r)  function. 
The  ideal  Bose-Einstein  and  Fermi-Dirac  gases  will  be 
considered  in  Sec.  VI. 

V.  CRYSTALS 

For  crystals,  the  harmonic  nature  of  the  forces 
permits  explicit  calculations  of  the  scattering  cross 
sections  and  pair  distributions.  Such  calculations  have 
often  been  made  for  scattering.29  We  will  here  briefly 
derive  the  expressions  for  the  G(r,t)  function,  describing 
the  correlations  in  position  between  any  two  particles 
of  the  crystal,  and  the  G,(r,t)  function,  describing  the 
correlation  of  a  particle  with  itself.  The  calculation  is 
most  easily  done  by  starting  from  Eq.  (8),  a  fact 
generally  valid  for  systems  which  have  plane  waves  as 
independent  modes  of  motion. 

We  restrict  ourselves  to  a  single  crystal  of  infinite 
extension,  with  Bravais  lattice  (one  atom  per  cell). 
The  lattice  vectors  are  denoted  by  R,  and  the  position 
vector  of  the  particle  with  equilibrium  position  at  R  is 
written  R+uR.30  Defining  for  each  R,  including  the 
origin  R  =  0  of  the  lattice,  the  pair  distribution  Gr  for 
particles  of  equilibrium  positions  0  and  R,  we  have 

G=ErGr,    Gs  =  G0.  (48) 

From  Eq.  (8), 

GB(t,t)=  (2tt)-3  JdK-exp{-iK-  (r-R)} 

•  (exp{  -  in  ■  u0 (0) }  •  exp{ nc  ■  uR  (t)  })T.  (49) 

The  Heisenberg  operators  are  defined  as  usual.  The 
subscript  T  indicates  that  the  thermal  distribution 
must  be  used  in  the  definition  (9)  of  the  average. 
We  have  first,  since  the  commutator  is  a  c  number, 

<exp{-iK-u0(O)}-exp{jK-uR(/)})r 

=  <exp{zV[uft(0-Uo(0)]})r. 

•expUty  uo(0),  k-u*(0]}.  (50) 

Next,  in  view  of  the  fact  that 

K-{ufl(0-Uo(0)} 

is  a  linear  combination  of  coordinates  of  independent 
harmonic  oscillators  and  has  thus  a  Gaussian  prob- 
ability distribution,31  the  first  factor  in  the  right-hand 
side  of  Eq.  (50)  has  the  value 

  exp{-K[K-(u*(0-u0(0))]2>r}. 

29  A.  fairly  complete  list  of  references  is  given  in  G.  Placzek  and 
L.  Van  Hove,  Phys.  Rev.  93,  1207  (1954).  The  unpublished  work 
of  R.  J.  Glauber  (reference  10),  which  makes  use  of  the  correlations 
(52)  below,  must  also  be  mentioned. 

50  When  in  subscript,  R  stands  for  the  vector  R. 

31  This  theorem  is  due  to  F.  Bloch,  Z.  Physik  74,  295  (1932), 
especially  footnote  on  p.  309. 
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Replacing  the  commutator  in  the  second  factor  by  its 
average,  we  get 

(exp { —  iv.  ■  u0 (0) }  •  exp{ iv.  ■  uR (/) }  )T 

=  exp{  -  £  LMPy  (0,0)  -  Mfiy  (R,/)]^,} ,    (5 1) 

0.7 

where  /3,y  =  x,y,z  and 

MPy  (R,0  =  M  yp  (R,0  =  (W  (0W  <fi)r.  (52) 
Inserting  into  (49),  we  get 

GR{r,t)  =  {N(R,t)/S^}i 

Xexp{-i  £  NpyiRMrp-RpKry-Ry)},  (53) 

0,7 

with  the  3X3  matrix  Npy(R,t)  defined  as  the  inverse  of 
2{M^(0,0)-M,T(R,0}, 

and  with 

iV(R,0=det{iV/>7(R,0}. 

Equation  (53)  is  a  Gaussian  distribution  around  the  equi- 
librium position  R.  For  t^Q  it  has  complex  coefficients, 
the  imaginary  parts  of  which  are  of  quantum  origin.32 
The  correlation  equation  (52)  between  displacements 
is  easily  calculated  using  the  functions  co/(q),  e>(q)  which 
express  the  frequency  and  unit  vector  of  polarization 
of  a  plane-wave  vibration  (phonon)  in  terms  of  the 
wave  vector  q  and  the  polarization  index  j=  1,  2,  3. 
One  finds 

Mi3y(R,t)  =  {hv0/(16T*M)} 

XL  J  Jq{e/(q)e^(q)/co;(q)}-{l-exp(-^;(q)}-i 

•  {exp[-  i(R  •  Q-  U»,  (q))]+exp[-  ^W;-(q)] 

Xexp[*(R-q-Mq))]},  (54) 

where  M  is  the  atomic  mass  of  the  crystal,  vo  the  volume 
of  the  cell,  the  quantity  kBT  and  where  the  integra- 
tion is  extended  over  a  cell  of  the  reciprocal  lattice.33  As 
functions  of  q,  wy,  and  e7-  have  the  periodicity  of  the 
reciprocal  lattice. 

Equation  (54)  shows  that  Mpy(R,t)  approaches  zero 
when  R  or  |  / 1  increase  indefinitely.  Npy  (R,t)  approaches 
then  the  inverse  Npy{ca)  of  the  real  matrix  2Mpy{Qfi)- 
Hence,  asymptotically,  for  large  |  / 1  or  for  large  R  but 
finite  |  r-R |, 

G«(r,0^G«(-)(r)  =  {iV<°°V87r3}* 

Xexp{-i  £  NeyMfa-RpKry-Ry)}. 


32  The  above  method  for  the  calculation  of  scattering  cross 
sections  or  pair  distributions  is  applicable  quite  generally  to 
systems  with  harmonic  forces.  Its  main  advantage  is  the  very  brief 
derivation  of  Eq.  (51)  based  on  Bloch's  theorem.  Alternative 
methods  found  in  the  literature  are  less  general  or  more  laborious : 
they  have  to  rederive  Bloch's  theorem  in  disguised  form. 

33  We  define  here  the  reciprocal  lattice  vectors  as  the  vectors 
whose  inner  products  with  the  vectors  R  of  the  crystal  lattice  are 
integral  multiples  of  27r. 
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This  equation  expresses  the  asymptotic  vanishing  of 
correlations  between  particles  with  widely  separated 
equilibrium  positions,  and  between  neighboring  par- 
ticles considered  at  widely  separated  times. 

For  t=  ±  oo ,  the  limiting  values  of  the  pair  distribu- 
tions Eq.  (48)  are  thus 

G(r,°o)=E«Gfl(°0)(r),  (55) 

G5(r,oo)  =  Go(oo)(r).  (56) 

The  elastic  part  of  coherent  and  incoherent  neutron 
scattering  follows  immediately  by  insertion  into  Eqs. 
(28)  and  (29) : 

(  ) - WW—  

\dVJe/ei    L         hv0  J 

Xexp{-£  M^(0,0)K^7}5(co)E  5(*-«), 
(  )  =\((a%-(aW)-\ 

\   dtldt   /el     L  hi 

Xexp{-Z  Mf,y(0,0)KPKy)S{u). 

It  contains  the  familiar  Debye-Waller  factor  and,  in 
the  coherent  case,  the  interference  condition  K=a, 
where  a  denotes  the  vectors  of  the  reciprocal  lattice.33 
The  cross  sections  for  inelastic  scattering  can  be  derived 
from  the  difference  between  G,  G„  and  their  asymptotic 
values  (55),  (56);  one  obtains  then  immediately  ex- 
pressions previously  derived  by  Glauber.10 

It  is  of  some  interest  to  study  the  nature  of  the  con- 
vergence of  G  and  G,  toward  their  asymptotic  limits. 
G  is  found  to  approach  (55)  both  for  |/|— >oo,  r 
fixed  and  for  f— >»,  t  fixed,  the  convergence  being  in 
\t\~m  in  the  former  case,  in  r_1  in  the  latter.  G,  ap- 
proaches (56)  for  1 1 1— »°o,  with  a  convergence  in  |/|_3/2. 
The  convergence  is  very  slow  in  all  cases.  As  seen  from 
Eqs.  (28)  and  (29),  this  fact  is  closely  related  to  the 
occurrence  of  singularities  in  the  angular  and  energy 
distribution  of  neutrons  scattered  inelastically  by  a 
single  crystal;  these  singularities  have  been  studied  in 
detail  elsewhere.34  The  convergence  of  the  pair  distri- 
butions for  large  |  / 1  has  also  another  important  physical 
significance:  it  implies  that  the  crystal,  despite  its 
over-all  lack  of  ergodicity,  exhibits  locally  a  type  of 
ergodic  behavior,  the  return  toward  local  equilibrium 
being  in  |;|-3'2.35 

We  will  here  restrict  ourselves  to  establishing  the  law 
of  asymptotic  convergence  of  pair  distributions  for 
\t\— ><».  This  law  is  entirely  determined  by  certain 
special  crystal  vibrations,  already  met  before  in  con- 
nection with  the  frequency  distribution  function  of  the 

34  See  G.  Placzek  and  L.  Van  Hove,  reference  29. 

36  Properties  of  local  ergodicity  have  been  studied  for  a  one- 
dimensional  system  of  particles  with  harmonic  interaction  between 
nearest  neighbors  by  G.  Klein  and  I.  Prigogine,  Physica  19,  1053 
(1953). 


crystal.36  Applying  the  result  thus  obtained  to  G„  we 
will  then  establish  in  an  indirect  way  the  existence, 
asserted  before  without  proof,34  of  singularities  in  the 
energy  distribution  of  incoherently  scattered  neutrons. 

The  convergence  of  Gr  to  Gie(oo)  is  determined  by  the 
convergence  of  M py  (R,t)  to  0  for  1 1  j— »oe ,  which  accord- 
ing to  Eq.  (54)  is  to  be  discussed  by  the  method  of 
stationary  phases.  For  large  |  t 1 ,  the  main  contribution 
to  the  integral  in  (54)  comes  from  the  neighborhood  of 
the  points  qc  where  for  some  j  =  jc, 

grado;i(q)  =  0.  (57) 

It  has  been  shown  that  such  points  always  exist  for 
general  values  of  the  force  constants  of  the  crystal.36 
Their  existence  is  implied  by  the  periodicity  of  w;(q) 
in  q.  In  suitable  local  coordinates  preserving  the  volume 
element  dq,  the  expansion  of  a>/c(q)  near  qc  can  be 
written 

«yc(q)  =  coe+ae    E     fj3c&2H  »    £=q— q« 

(3=1.2.3 

with  wc=w;c(qc),  €,3C=±1,  oc>0.  Inserting  in  (54)  and 
carrying  out  the  integration  over  3j,  one  gets  for 
Mfiy(R,t)  the  asymptotic  form: 

M^(R,/)~{W(161r!M|/|i)}Ec{^(qc)e;j(qc)/ 
(oe*«c) }  { 1  -  exp  ( -  hfac)  }-l{exp  (  -  »R  •  qe)  8C  (t) 

+exp(-hPo}c+i'R-qc)8c*(t)},  (58) 

with 

ge(t)  =  exp[tfa)e+*(ir/4) (t/ \t\)Zn  *fiel- 

Sc*  is  the  complex  conjugate  of  Sc.  The  sum  £c  extends 
over  all  solutions  of  Eq.  (57).  The  decrease  of  Mpy  for 
large  |/|  is  seen  to  be  in  |/|_3/2.  From  (58)  it  is  now  an 
elementary  matter  to  find  the  following  asymptotic 
formula  for  Gr: 

GR(T,t)-GR^(r)^GR^(r)\t\-w 

XHc{Pc(T)6c(t)+Pc'(T)8*(t)).  (59) 

Pc  and  Pe'  denote  polynomials  of  second  degree  in  the 
components  of  r.  Their  explicit  expression  is  not  needed 
for  our  purpose.  The  asymptotic  convergence  of  Gr, 
and  thus  of  G  and  Gs,  is  again  in  |/|_3/2. 

Through  the  Fourier  transform  over  t  in  Eq.  (29), 
each  term  of  the  expression  (59),  taken  for  R=0,  con- 
tributes a  singularity  to  the  energy  distribution  of 
incoherently  scattered  neutrons.  The  analytic  nature  of 
the  singularity  is  best  obtained  by  Fourier  transforma- 
tion of  simple  functions  of  t  with  asymptotic  behavior 
\t\~*l*Se(t)  or  \t\-3l2S*(t)  for  large  |/|.  We  take  for 
example  the  function, 

fe(t)=\t\^i2$c(t)(l±ia/t)~*i% 

where  a>0  and  the  upper  (lower)  sign  is  taken  when 
ec=Y,f)  ef>c  =  3  or  -1  (—3  or  1).  It  has  the  following 

«L.  Van  Hove,  Phys.  Rev.  89,  1189  (1953). 


123 


CORRELATIONS    IN    SPACE   AND  TIME 


261 


Fourier  transform  :37 


/„(«)=  j  trt»'feW- 


/(«— coc)  for  tc  =  3 

—  /(coc— w)  for  €c=  1 

—  /(o>— wc)  for  €c=  —  1 
f(uc—ui)  for  €e=  —  3 


with 


/(«)  = 


0  for  w<0 

4(7rw)i  exp(— aw)  for  w>0. 


Hence,  in  the  energy  distribution  of  neutrons  scattered 
in  an  arbitrary  direction,  the  term  in  Sc(t)  of  (59) 
produces  a  singularity  atu=wc:  near  w  =  wc,  the  energy 
distribution  has  the  form  Afc(o))+F(w),  where  A  is  a 
constant  and  F(oj)  a  continuous  function,  the  first 
derivative  of  which  has  at  most  a  finite  discontinuity 
at  w  =  wc.  Both  A  and  F  depend  on  the  scattering  direc- 
tion. One  can  easily  show  that  the  scattering  processes 
responsible  for  this  singularity  involve  excitation  by  the 
neutron  of  one  phonon  of  wave  vector  qc  and  polariza- 
tion jc.3&  Similarly,  the  term  in  6*  (t)  produces  a  singu- 
larity at  w=  —  we,  with  an  energy  distribution  of  form 
A'fc(— oi)-{-F'(w),  where  A'  and  F'  have  meanings 
similar  to  A  and  F.  This  singularity  is  due  to  anni- 
hilation by  the  neutron  of  one  phonon  again  character- 
ized by  qc  and  jc. 

VI.  IDEAL  QUANTUM  GASES 

To  illustrate  the  effect  of  Bose-Einstein  and  Fermi- 
Dirac  statistics  on  pair  correlations  we  treat  very  briefly 
the  case  of  ideal  quantum  gases.  It  is  instructive  to 
consider  particles  with  nonvanishing  spin  and  to  study 
simultaneously  the  correlations  imposed  by  the  statistics 
on  particle  positions  and  on  spin  orientations.  This  is 
done  by  calculating  the  spin-dependent  pair  distribution 
function  T  defined  in  Eq.  (24) ;  aj  is  an  arbitrary  function 
of  the  jth  particle  spin,  the  same  function  for  each 
particle. 

The  expressions  of  T  for  the  Fermi  gas  and  for  the 
Bose  gas  without  condensed  phase  are  very  similar  and 
their  derivation,  to  be  based  on  the  analog  of  Eq.  (8) 
for  T,  is  quite  straightforward.  Only  the  final  result  will 
be  given  here : 

r  (r,t)  =  p(a%{f(r,t) ±  (2s0+ 1)-^  (r,t) } 

■{n?(r,t)}*+p(a)J.  (60) 

The  upper  and  lower  signs  refer  to  Bose  and  Fermi  par- 
ticles, respectively.  The  averages  (a2)Av  and  (a)Av2  have 
the  same  meaning  as  in  Eq.  (25).  s0  is  the  spin  of  the 
particles  in  units  of  h.  The  functions  /  and  n±  are 

37  The  various  cases  correspond  to  the  possible  signatures  of 
the  stationary  point  of  oy'c(q)  at  q,;:  minimum,  saddle  point  of  one 
of  two  types,  maximum,  respectively. 

38  This  is  shown  for  cubic  crystals  in  reference  34. 


defined  by 
f(r,t)  =  (2tt)-3p-1  j  exp{  -  i  (k  •  r  - «*0 } dk 

mJ(lJ«)(JL-),mJJZ\ 

P\       i  /  \4*h\t\/       \    2ht  / 

n?(r,t)=  (2tt)-3p-1J*  exp{-z'(k-r-coi/)} 

■{Bexp(hpwk)^l}-ldk.  (61) 

M  is  the  mass  of  the  particles,  0  is  {kBT)'1,  and  cok 
stands  for  hk2/2M.  The  constant  5^£(1±1)  is  deter- 
mined by  n=F  (0,0)  =  1 . 

According  to  Eq.  (60),  the  range  of  the  pair  corre- 
lations in  space  and  time  is  determined  by  the  con- 
vergence of  to  zero  for  rorH=c.  This  convergence 
can  be  discussed  in  all  cases  from  Eq.  (61).  We  consider 
here  only  the  case  B>  1,  for  which  expansion  in  powers 
of  5_1  gives 


/M\*«  (±1)'- 

O-p-1!  — )  2  

\2Trh/   i=i  Bl(UT-i 


C±i)«_ 


Xexp 


Mr2 


2h(ltT-it) 


(62) 


where  tT=h(i=h/ (kBT)  is  a  measure  of  the  relevant 
relaxation  time.  For  B  not  too  close  to  one,  an  estimate 
of  the  spatial  range  of  the  pair  correlations  is  obtained 
from  the  first  term  of  the  series.  It  gives 

and  for  /  <  h,  reduces  essentially  to  the  mean  de  Broglie 
wavelength  {h2^/2MY  =  \B-  The  expansion  Eq.  (62) 
becomes  impractical  when  B  is  close  to  one,  in  particular 
for  the  Bose  gas.  For  the  latter  and  for  0<B— 1<§:1  a 
more  convenient  expression  has  been  obtained  by 
Placzek39  for  n_(r,0);  it  can  be  used  for  ti-(r,t)  by 
introducing  it  into  the  identity, 

*f  (r,t)  =  Pfn+  (r',0)/(  \x-r'\,t)dx' , 

and  shows  that  the  correlation  range  becomes  of  order 
(B—  1)_1/2Xb,  thus  increasing  indefinitely  as  condensa- 
tion is  approached. 

From  Eq.  (60)  the  difference  between  T  and  its 
asymptotic  value  p(a)^2  is  seen  to  depend  on  the  spin 
through  <a2)Av  only.  This  fact  is  obviously  due  to  the 
absence  of  spatial  correlation  between  particles  in  dif- 
ferent spin  states.  Applied  to  neutron  scattering  by 

39  G.  Placzek,  Proceedings  of  the  Second  Berkeley  Symposium 
on  Mathematical  Statistics  and  Probability  (University  of  Cali- 
fornia Press,  Berkeley,  1951),  pp.  581-588,  especiaUy  Eq.  (36). 
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nuclei  with  spin-dependent  scattering  length  a,  it 
illustrates  how  little  sense  is  made  by  the  conventional 
terminology  of  calling  coherent  (or  incoherent)  the 
part  of  the  scattering  containing  (a)Av2  (or  (<z2)Av- (a)Av2), 
as  soon  as  some  correlation  exists  between  spins,  result- 
ing either  from  symmetry  requirements  of  the  wave 
function  or  from  spin  interactions.  It  is  only  for  systems 
of  Boltzmann  particles  with  free  nuclear  spins  that  this 
terminology  is  physically  reasonable.40 

For  a  Bose  gas  in  the  condensation  region,  the  pair 
distribution  T  has  the  following  expression : 

r  (r,t)  =  p{a%l{f(r,t)  +  (2s0+ 1     (n  (r,t)  +  m) } 

■  (n(r,t)+n0)*- (2so+l)-W]+p«a%-<a>A,2) 

X(250+2)-1n02+p(a)Av2.  (63) 

The  function  /  is  the  same  as  above;  n  and  n0  are 
denned  by 

n(r,t)  =  (2ir)-3p-lJ  exp{-«(k-r-«*f)} 

•{exp(fyfofc)-l}_1<&, 
»o=  1-»(0,0}=1  -(pc/p), 

where  pc  is  the  condensation  density  at  temperature  T. 
The  quantity  p—pc  —  n0p,  supposed  to  be  positive,  is  the 
density  of  the  condensed  phase.  The  asymptotic  be- 
havior of  n  is  easily  shown  to  be  in  XT/r  for  r— »oo  and 
in  (<r/|/|)!  for  /-»«>. 

In  the  derivation  of  Eq.  (63),  the  only  point  which 
is  not  quite  elementary  is  the  calculation  of  the  thermal 
average  {NaNp),  where  Na,  Nf>  denote  the  number  of 
particles  of  momentum  zero  in  spin  states  a,  13  (a,  0=  1, 
•  •  -250+1).  With  the  help  of  generating  functions  for 
the  distribution  of  values  of  the  Na's,  one  easily  shows 
that 

250+l  1 

(NaNp)  =  (Nay  (Na),  (a^/S) 

25o+2  25o+l 

25o+l  250 

(Na2)  =  2  (Na)2+  (Na). 

_____         250+2  250+2 


40  This  remark  holds  of  course  also  for  isotope  disorder.  Other 
terminologies,  introduced  by  G.  C.  Wick,  Physik.  Z.  38,  689 
(1937),  and  J.  M.  Cassels,  Progr.  Nuclear  Phys.  1,  185  (1950), 
have  the  same  limitation. 


In  the  right-hand  sides,  the  second  terms  can  be 
neglected  in  comparison  with  the  first  ones  in  the  limit 
of  an  infinite  number  of  particles. 

In  the  special  case  t=0,  ay=l,  Eqs.  (60)  and  (63) 
reduce  to  the  instantaneous  pair  distributions  derived 
for  ideal  quantum  gases  by  London.41 

VII.  CONCLUDING  REMARKS 

Our  aims  have  been  to  introduce  the  time-dependent 
generalization  of  the  familiar  pair  distribution  function, 
to  indicate  its  interest  from  the  standpoint  of  statistical 
mechanics,  and  to  establish  its  role  in  scattering  theory, 
showing  at  the  same  time  how  slow  neutron  scattering 
makes  it  experimentally  accessible. 

The  use  of  scattering  experiments  for  the  study  of  the 
pair  distribution  in  space  and  time  seems  to  us  to  be 
of  real  interest  for  systems  of  nontrivial  and  poorly 
known  dynamical  properties,  mainly  liquids  and  dense 
gases.  It  is  our  hope  that  increasingly  complete  and 
accurate  data  on  such  systems  will  become  available. 
The  case  of  liquid  helium,  with  its  marked  quantum 
properties  and  its  complex-valued  pair  distribution, 
undoubtedly  deserves  special  attention.42 

From  the  theoretical  standpoint,  the  determination 
of  the  g(r)  function  in  terms  of  the  intermolecular  forces 
is  well  known  to  be  a  difficult  and  challenging  problem 
for  liquids  and  dense  gases.  Both  the  difficulty  and  the 
theoretical  interest  of  a  determination  of  the  time- 
dependent  pair  distribution  are  likely  to  be  greater,  in 
view  of  the  fact  that  the  relaxation  properties  of  the 
system  are  involved.  On  a  more  modest  scale,  approxi- 
mate discussions  of  the  time  dependence  of  G,  based  on 
suitable  models,  would  probably  be  instructive  and 
might  provide  considerable  help  in  the  analysis  of  scat- 
tering experiments,  since  for  some  time  to  come,  com- 
plete angular  and  energy  distributions  will  not  be  readily 
measurable. 

The  author  wishes  to  express  his  gratitude  to  Dr.  G. 
Placzek  for  many  stimulating  discussions  and  sug- 
gestions on  the  various  aspects  of  the  present  work. 

41  F.  London,  J.  Chem.  Phys.  11,  203  (1943). 

42  Theoretical  discussions  of  neutron  scattering  for  various 
models  of  liquid  helium  have  been  given  by  A.  Akhiezer  and  I. 
Pomeranchuk,  J.  Phys.  (U.S.S.R.)  9,  461  (1945);  Goldstein, 
Sweeney,  and  Goldstein,  Phys.  Rev.  77,  319  (1950);  L.  Goldstein 
and  D.  W.  Sweeney,  Phys.  Rev.  80,  141  (1950). 
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The  pair  correlation- between  spins  considered  at  different  times  in  a  ferromagnetic  crystal  is  used  to  derive 
a  general  formula  for  the  angular  and  energy  distribution  of  magnetically  scattered  neutrons.  The  qualitative 
properties  of  the  correlation  are  established  for  various  temperature  ranges  and  a  number  of  characteristic 
features  of  the  scattering  and  of  its  temperature  variation  are  thus  accounted  for.  From  the  study  of  the  long- 
range  part  of  the  correlation  an  explicit  expression  is  derived  for  the  "critical  magnetic  scattering"  produced 
in  the  neighborhood  of  the  Curie  point  by  the  large  spontaneous  fluctuations  of  the  magnetization. 


L  INTRODUCTION 

AS  was  shown  in  an  earlier  paper,1  the  Born  ap- 
proximation scattering  cross  section  can  be  simply 
expressed  in  terms  of  the  four-dimensional  Fourier 
transform  of  a  pair  distribution  function  depending  on  a 
space  vector  and  a  time  variable.  The  formula  thus 
obtained  provides  a  new  and  physically  very  intuitive 
method  of  analyzing  the  properties  of  slow  neutron 
scattering  by  systems  of  particles,  in  the  most  inter- 
esting energy  region  where  energy  transfers  are  of  the 
order  of  the  incident  neutron  energy  or  larger.  The 
formula  is  the  natural  extension  to  neutron  scattering  of 
the  classical  Zernike-Prins  formula2  for  scattering  of 
x-rays.  In  full  analogy  with  the  latter,  it  is  expected  to 
be  of  most  practical  interest  in  the  case  of  scattering 
systems  of  complicated  dynamical  and  statistical  struc- 
ture, like  liquids  or  dense  gases,  for  which  a  theoretical 
calculation  of  the  scattering  is  not  possible. 

This  general  method  of  describing  slow-neutron  scat- 
tering in  terms  of  a  time-dependent  pair  distribution 
function  finds  a  very  fruitful  application  in  the  case  of 
magnetic  inelastic  scattering  by  ferromagnetic  crystals. 
The  total  magnetic  cross  section  of  iron  has  been 
measured  by  Palevsky  and  Hughes  for  neutrons  of 
wavelengths  ranging  from  5  to  13  A,  from  very  low  tem- 
peratures to  well  above  the  Curie  point.3  Similar 
measurements  were  made  by  Squires  for  iron  and 
nickel.4  As  was  briefly  shown  in  an  earlier  paper,5 
striking  features  in  the  temperature  variation  of  the 
total  cross  section  are  readily  understood  in  terms  of  the 
general  properties  of  the  time-dependent  pair  distribu- 
tion (or  correlation)  for  spin  orientations.  The  present 
paper  is  devoted  to  the  detailed  derivation  and  discus- 
sion of  these  properties  as  well  as  to  a  more  complete 
account  of  the  predictions  which  can  be  made  on  their 


*  Part  of  this  work  was  done  at  Brookhaven  National  Labora- 
tory where  it  was  supported  by  the  U.  S.  Atomic  Energy  Com- 
mission. 

1  Leon  Van  Hove,  Phys.  Rev.  95,  249  (1954).  This  paper  will  be 
referred  to  as  II,  and  its  equations  denoted  by  Eq.  (II  •  •  • ). 

2  F.  Zernike  and  J.  A.  Prins,  Z.  Physik  41,  184  (1927). 

'H.  Palevsky  and  D.  J.  Hughes,  Phys.  Rev.  92,  202  (1953). 
4  G.  L.  Squires  (to  be  published). 

s  L6on  Van  Hove,  Phys.  Rev.  93,  268  (1954),  henceforth  re- 
ferred to  as  I. 


basis  for  the  magnetic  inelastic  scattering  of  slow 
neutrons.  Despite  the  well-known  impossibility  to  deal 
in  any  exact  way  with  the  dynamical  properties  of  a 
ferromagnetic  spin  system,  it  turns  out  that  all  the  most 
important  qualitative  properties  of  the  correlation,  and 
thus  of  the  scattering,  can  be  derived  by  means  of 
general  statistical  arguments  completed  with  macro- 
scopic considerations.  The  success  of  this  approach 
must  be  ascribed  to  the  simple  and  direct  physical 
meaning  of  the  correlation  as  a  function  of  space  and 
time  variables.  It  therefore  illustrates  in  a  striking  way 
the  practical  usefulness  of  the  concepts  introduced  and 
studied  in  II  in  more  abstract  terms. 

The  general  formula  expressing  the  magnetic  scat- 
tering cross  section  in  terms  of  the  pair  correlation  be- 
tween spins  is  derived  and  discussed  in  the  next  section. 
Section  III  deals  with  the  correlation  calculated  by  spin 
wave  theory  for  temperatures  very  low  compared  to  the 
Curie  temperature.  The  qualitative  properties  of  the 
correlation  and  of  the  magnetic  inelastic  scattering  are 
discussed  in  Sec.  IV  for  general  temperatures,  neither 
too  small  nor  too  close  to  the  Curie  point.  The  long 
range  part  of  the  correlation  present  at  temperatures 
close  to  the  Curie  point  and  resulting  from  the  occur- 
rence of  large  spontaneous  fluctuations  in  the  mag- 
netization is  studied  in  the  following  section,  where  it  is 
also  used  to  derive  the  characteristic  features  of  the 
"critical  magnetic  scattering"  produced  by  those  fluctu- 
ations. The  experimental  evidence  confirming  the  ex- 
istence of  the  critical  magnetic  scattering  is  mentioned. 
The  final  section  is  devoted  to  a  few  concluding  remarks. 

II.  SCATTERING  FORMULA 

For  the  description  of  ferromagnetic  crystals  we  adopt 
the  atomic  (Heisenberg)  model  of  ferromagnetism  which 
attributes  to  each  atom  a  spin  of  fixed  length  s0.  Apart 
from  assuming  not  too  large  overlap  integrals,  this 
model  can  be  a  fair  approximation  only  when  the 
magneton  number  v0  per  atom  is  close  to  an  integer. 
This  is  the  case  for  iron  (p0=2.2),  for  which  s0  must  be 
given  the  value  1.  For  nickel  (v0  =  0.6)  the  model  does 
not  hold. 

Although  there  is  no  difficulty  in  writing  down 
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formulas  taking  polarization  effects  into  account,6,7  we 
limit  ourselves  to  scattering  of  unpolarized  neutrons  by 
a  ferromagnetic  crystal  and  leave  the  polarization  of  the 
scattered  beam  out  of  consideration.  The  differential 
cross  section  d2a/dtide  per  unit  solid  angle  and  unit 
interval  of  outgoing  neutron  energy  e  is  then  the  sum  of 
a  term  entirely  due  to  the  nuclear  interaction  of  the 
neutron  with  the  nuclei  of  the  crystal,  and  a  term 
d2aTmim/d9.dt  resulting  from  the  magnetic  interaction  of 
the  neutron  with  the  magnetic  electrons  of  the  crystal.8 
Following  Halpern  and  Johnson,9  the  magnetic  cross 
section  is 

 =(  — )  —1*00 1» 

dttde      \m0c2/  h  k0 

x^s^~y^M,  (i) 

^(K,Co)  =  E/'«oE|E^"exp(-7KTW)l 


x|£S«^exp(iicr*Oj 

/  En0-En\ 

■,(*+—),  (2) 

where  e  and  m0  are  the  electron  charge  and  mass,  g=  1.91 
is  the  neutron  magnetic  moment  in  nuclear  magnetons,  c 
is  the  velocity  of  light,  k0  and  k  =  k0— k  are  the  initial 
and  final  wave  vectors  of  the  neutron,  whereas 
a)=h(k02—k2)/2m,  m  being  the  neutron  mass.  The 
indices  a,  &=x,  y,  z  refer  to  rectangular  coordinates  in 
space.  The  function  F(k)  is  the  form  factor  of  the 
magnetic  electrons  normalized  to  F(0)  =  1.  The  atoms  in 
the  crystal  have  their  equilibrium  positions  R  at  the 
sites  of  a  lattice  which  we  assume  to  be  of  Bravais  type 
(one  particle  per  cell).  We  denote  their  actual  position 
vectors  by  rR=R+Ufi;  and  the  resultant  spin  vector  of 
their  electron  cloud  by  Sr.10  The  initial  and  final 
quantum  states  of  the  crystal  (including  the  spin  sys- 
tem) are  labeled  by  n0,  n ;  their  energies  are  En0,  En ;  the 
bracket  [  •  •  •  ]nno  denotes  a  matrix  element  and  pn0  is  the 
Boltzmann  factor, 

pn0  =  Z-1  exp(-En0/kBT),  £/>n0=l, 

no 

containing  the  temperature  T  and  Boltzmann's  con- 
stant kB. 

6  F.  Bloch,  Phys.  Rev.  50,  259  (1936). 

7  J.  Schwinger,  Phys.  Rev.  51,  544  (1937). 

8  The  weak  neutron-electron  interaction  of  nonmagnetic  nature 
is  neglected. 

9  0.  Halpern  and  M.  H.  Johnson,  Phys.  Rev.  55,  898  (1939). 

10  R  stands  for  R  when  in  suffix.  We  make  the  assumption  that 
the  orbital  motion  of  the  electrons  does  not  contribute  to  the 
magnetic  moment  of  the  atom. 
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By  the  method  of  II,  Eq.  (2)  is  transformed  into 

Safl(K,a>)  =  (27r)-wJ  exp[z(KT-co/)]-r^(r,/)(ir^,  (3) 

where  /V  is  the  number  of  atoms  in  the  crystal.  The  pair 
distribution  TaS  is  defined  by 

ra„ (r,/)  =  /V-1  £  Z(fdr'  ■  Sn>"(0)  •  5(r+  rR, (0)  -  r') 

XS^(t)-8(t'-TR(t))\  ,  (4) 
/  T 

where,  for  each  operator  A ,  one  writes 

.4  (/)  =  exp(HH/h)  ■  A  ■  exp(-itH/h)  (5) 

in  terms  of  the  Hamiltonian  H  of  the  crystal  (including 
spins),  and  also 

All  atoms  being  identical,  the  sum  over  R'  in  Eq.  (4) 
may  be  restricted  to  R'  =  0  and  the  factor  AT_1  dropped. 

It  is  a  good  approximation  to  assume  that  there  is  no 
coupling  between  atomic  positions  rR  and  atomic  spins 
Sr.  The  correlation  (4)  then  becomes 

r*(r,O-£*7**WG«(r,0-  (6) 

yRa0(l)  is  the  time-dependent  correlation  between  pairs 
of  spins, 

7«a#(/)  =  (50-(0)5«"(0>r.  (7) 

It  is  complex-valued  and  satisfies  the  hermiticity 
condition, 

The  function  GR,  already  introduced  and  calculated  in 
II,  describes  the  pair  distribution  in  space  and  time  of 
two  atoms  with  equilibrium  positions  separated  by  R: 

G/e(r,0  =  ^Jrfr'6(r+r0(0)-rO«5(r/-rR(/))^  .  (8) 

The  theoretical  discussion  of  the  magnetic  scattering 
reduces  thus  to  the  study  of  the  time-dependent  correla- 
tion (7)  between  pairs  of  spins.  It  could  be  carried  out  in 
full  detail  if  an  actual  calculation  of  this  correlation 
were  possible.  Except  for  temperatures  small  compared 
to  the  Curie  temperature,  where  spin  wave  theory  is 
applicable,11  such  a  calculation  presents  great  difficulties, 
comparable  to  the  difficulties  involved  in  the  theoretical 
determination  of  pair  distribution  functions  in  liquids 
(see  II).  As  in  the  case  of  liquids  one  has  to  proceed  by 
deriving,  rigorously  when  possible  and  qualitatively 

11  The  discussion  of  magnetic  scattering  of  neutrons  by  spin 
wave  theory  has  been  given  by  R.  G.  Moorhouse,  Proc.  Phys.  Soc. 
(London)  A64,  1097  (1951). 
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otherwise,  as  many  general  properties  of  the  correlation 
7Ra0(t)  as  can  be  found.  On  the  basis  of  these  one  could 
further  select  approximate  methods  to  obtain  more 
quantitative  results.  Our  present  aim  is  to  deal  with  the 
first  problem  and  to  derive  from  its  solution  the  main 
qualitative  properties  of  the  magnetic  scattering  of  slow 
neutrons. 

By  far  the  main  part  of  the  interaction  between 
atomic  spins  is  Of  the  exchange  type,  so  that  the  main 
term  in  the  Hamiltonian  H0  of  the  spin  system  is  of  form 

H0=-  E  /m'SjtS*.,  (9) 

R^R' 

where  —  2Jr  is  the  negative  exchange  energy  of  two 
atoms  separated  by  a  lattice  vector  R,  negligible  for  all 
but  the  shortest  lattice  vectors.  Additional  terms  in  the 
Hamiltonian,  like  the  dipole-dipole  interaction  between 
spins,  are  very  much  smaller.  If  they  are  neglected,  the 
cross-section  formula  (1)  greatly  simplifies  for  scattering 
by  a  polycrystal:  averaging  over  crystal  orientations 
gives 

d2amaga    /2ge2\2  2  k 

 =( — )  |F(k)|2-S(k,W),  (10) 

dQde      Vmoc2/  3h  ko 

where  S,  the  trace  of  the  3X3  matrix  Sajs,  is  the  4- 
dimensional  Fourier  transform  of  T,  trace  of  Tap: 

S(k,o;)=  (2tt)-W  j  exp[i(K-r-^)]-r(r,OrfrJ/.  (11) 

Equations  (6)  and  (7)  reduce  to 

r(r,0  =  E*Y«(0G«(r,0,  (12) 
Y*(f)  =  (SQ(0)-SB(OV  (13) 

As  was  discussed  in  II,  the  separation  between  elastic 
and  inelastic  scattering  can  be  obtained  by  separating 
the  pair  distribution  Ta0(r,t)  into  its  asymptotic  value 
f or  /  =  ±  oo  and  a  term  converging  to  zero  when  |  / 1  — >  °o  . 
It  will  be  seen  in  Sec.  IV  that  (for  large  N) 

yR*P(t)  =  N-3(S")T{S^T  +  yfRaP(t), 

|  Km  yV*(0=O,  (14) 

with  S  =  E«      the  total  spin  of  the  system.12  Similarly 
GR(r,l)  =  GR^(r)+GR'(r,t),    |m  G«'(r,*)=0,  (15) 

Gr(x)  has  been  calculated  in  II.  Insertion  of  (14)  into  (6) 
gives 

Ta&(r,t)  =  N-%S")T(SWr,t) 

  +E*7VW*(r,0,  (16) 

12  In  the  ferromagnetic  case,  where  (S)r^O,  our  considerations 
apply  to  scattering  by  one  ferromagnetic  domain.  Except  for  very 
small  angle  effects  (angles  of  the  order  of  a  few  minutes),  the 
scattering  of  various  domains  adds  up  incoherently. 


where 

G(r,0  =  EflMr,0  (17) 

is  the  pair  distribution  function  of  the  crystal  which 
determines  the  coherent  nuclear  scattering  (see  II). 

The  part  d2<xi/d2de  of  the  magnetic  scattering  origi- 
nating from  the  first  term  in  the  right-hand  side  of  Eq. 
(16)  will  thus  be  very  similar  to  the  coherent  nuclear 
scattering.13  The  main  difference  results  from  the  mag- 
netic form  factor  F(/c)  occurring  in  Eq.  (1),  which  will 
strongly  depress  all  scattering  processes  with  k~1  of  the 
order  of  atomic  dimensions  or  smaller,  and  from  the 
factor  N-2(Sa)T(S^T  in  (16)  obviously  related  to  the 
magnetization  of  the  system.  This  scattering  is  elastic  as 
far  as  the  spin  system  is  concerned.  As  far  as  the  crystal 
vibrations  are  concerned  it  subdivides  into  an  elastic 
and  an  inelastic  subpart,  obtained  respectively  by  re- 
placing G  by  Efl  Gr<-x)  and  E«  Gr'.  The  former  subpart, 
i.e.,  the  truly  elastic  magnetic  scattering,  is  readily 
calculated  to  be 

/d<Tmasa\  l/2ge2\2 

(  )  =-(  )  FW|2((S-S)-K-2(S-K)2)r 

V   dtt   /el  N\m0c2/ 

XE  f  exp(tKT)G«(->(r)rfr. 

R  J 

Inserting  the  explicit  expression  of  G/j(oc)  found  in  II,  one 
gets 


•<(S-S)-K-2(S-K)2>r 
Xexp{-<(K-u)2MEr5(K-*),  (18) 

where  v0  is  the  volume  of  the  crystal  cell,  u  is  the  dis- 
placement vector  of  any  atom,  and  the  t's  are  the 
reciprocal  lattice  vectors.14  The  exponential  is  the 
familiar  Debye-Waller  factor. 

Whereas  the  total  spin,  i.e.,  the  total  magnetization,  is 
the  only  magnetic  property  affecting  the  part  d2ai/d^ldt 
of  the  cross  section,  the  rest  of  the  magnetic  scattering, 
the  cross  section  of  which  will  be  denoted  by  d2o-2/tffide, 
involves  the  last  term  in  Eq.  (16)  and  depends  through 
y'Rafi(t)  on  the  full  space  and  time  variation  of  the 
correlation  (7).  Only  this  part,  which  is  inelastic  in  the 
spin  system  and  will  hereafter  be  called  magnetic 
inelastic  scattering,  requires  therefore  a  further  analysis. 
We  are  at  present  interested  in  its  main  qualitative 
properties  and  for  this  purpose  we  can  neglect  the  atomic 
displacements,  thus  replacing  Gr{t,()  by  5(r— R).  One 

13  For  a  discussion  of  nuclear  scattering  by  crystals  and  for  a  list 
of  earlier  papers  devoted  to  it,  see  G.  Placzek  and  L.  Van  Hove, 
Phys.  Rev.  93,  1207  (1954). 

14  We  define  them  as  the  vectors  i  for  which  (27r)_1('t  •  R)  is  an 
integer  for  each  lattice  vector  R.  In  suffix  t  stands  for  t- 
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gets 


d2a2  /2ge2\2  N  k  /  KaKp\ 
 =(  — )  \F(K)\*-Z(oae  ) 


X 


i(K.R-»0>/«°',(0>  (19) 


and,  for  a  polycrystal, 
d2a2  /2ge2\2  N  k 
dSlde 


\mnC2/ 


moc2/  3irh  ko 


X  f ^exp[i(K-R-coO]7«'(0,  (20) 

R  J 


with 


yR'(t)  =  yR(t)-N-2\(S)T\-< 


(21) 


At  first  sight  it  would  seem  that  the  atomic  displace- 
ments could  be  approximately  taken  into  account 
by  simple  insertion  of  the  Debye-Waller  factor 
exp{-((K-u)2)r}  into  Eqs.  (19)  and  (20).  This  would 
amount  to  the  replacement  of  Gr{t,()  by  its  asymptotic 
value  Gr^(t)  in  the  last  term  of  Eq.  (16).  The  im- 
provement obtained  in  this  way  is  however  in  general 
illusory,  since  the  differences, 

GR'  =  GR-GR™,  G«<»>-5(r-R), 

are  of  the  same  order  of  magnitude.  It  is  only  with  the 
exact  expression  of  GR(r,t),  Eq.  (II  53),  that  the  effect  of 
atomic  vibrations  can  be  calculated  properly.  Such  a 
calculation  is  completely  unwarranted  at  present  in 
view  of  our  poor  knowledge  of  the  magnetic  correlation 
function  yRa^(t),  with  the  exception  of  the  low- tempera- 
ture region  where  spin  wave  theory  applies11  and  of  the 
critical  magnetic  scattering  occurring  near  the  Curie 
point  (Sec.  V). 

We  now  begin  the  discussion  of  the  spin  correlation 
function  and  of  the  effect  of  its  properties  on  magnetic 
scattering.  Only  for  temperatures  small  compared  to  the 
Curie  temperature  Tc  is  a  complete  calculation  possible. 
It  is  briefly  outlined  in  the  next  section.  A  general, 
qualitative  discussion  is  then  given  for  higher  tempera- 
tures, comparable  to  Tc  but  not  too  close  to  it.  The 
special  long-range  effects  occurring  near  the  Curie  point 
are  studied  separately. 

III.  SPIN  WAVE  THEORY  OF  CORRELATION 
FUNCTION 

For  temperatures  T  small  compared  to  Tc,  in  a 
ferromagnetic  domain  magnetized  in  the  z  direction,  the 
spin  operators  SR  can  be  approximately  represented 
by16 


(22) 


SR'=  (s0/2IV)i  £3  exp(zq-  R)(a4*+<0 
SR"=  (s0/2N)H  L9  exp(iq-  R)  •  (a,*-a_fl) 

Sfl2  =  Jo-^T-1[E9exp("l-R)as*] 

X[E«exp(-iq-R)a9] 

We  assume  the  domain  to  have  A7*  cells  along  each  of  the 
three  lattice  axes.  The  vector  q16  runs  then  over  the 
values 

where  n,  t2j  t3  are  basic  vectors  of  the  reciprocal  lattice, 
and  «i,  «2,  «3  take  all  integral  values  in  the  interval 
—  %Nl<ni^%Nt.  The  only  nonvanishing  commutators 
of  the  operators  aq,  aq*  are 


aqaq*- 


Equations  (22)  are  valid  apart  from  terms  of  third  and 
higher  order  in  the  aq  and  a*.  In  the  same  approxima- 
tion the  Hamiltonian  (9)  of  the  spin  system  reduces  to 

#o=  —Ns02Xr  JR)+h  E?w,o9*a9,  (23) 

with 

&u9  =  2joEs/*[l-a>s(q-R)].  (24) 

The  operators  aq*  and  aq  respectively  create  and 
annihilate  an  excitation  of  wave  vector  q  and  frequency 
wg.  Following  Bloch17  such  excitations  are  called  spin 
waves.  In  the  present  approximation  there  is  no 
interaction  between  spin  waves. 

On  the  basis  of  Eqs.  (22)  and  (23)  the  calculation  of 
the  time-dependent  correlation  (7)  is  straightforward.  It 
leads  to  the  following  result,  valid  in  the  limit  of  large  N : 


yRIX(S)=yRyy{t)- 


>{t)  = 


<(/)  = 


j  dq-il-expi-hfa,)}-1 


J  <fq-{l-exp(-ft/3tu,)}- 


VoSo 
lOTT3 

X{exp[-i(R-q-W] 

+exp(-/j/3w,)-exp[;(R-q-/w9)]}, 
voS0i 
16tt3 

X{exp[-i(R-q-to9)] 

—  exp(  —  ftj3w9)-exp[t(R-q— k>9)]}, 
yR"(t)  =  N-2(Sl)2T=^2\(S)T\2 

vqSq  c  exp(—h0wq) 
■exp(  —  h(3wq) 


 j  dq- 


yR"(t)  =  yRv*(j)  =  0. 

/3  is  the  reciprocal  of  kBT  and  the  integration  extends 
over  one  cell  of  the  reciprocal  lattice.  The  vector  S  is  the 
total  spin  Sr. 


16  T.  Holstein  and  H.  Primakoff,  Phys.  Rev.  58,  1098  (1940). 


16  q  stands  for  q  when  in  suffix. 

17  F.  Bloch,  Z.  Physik  61,  206  (1930). 
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Table  I.  Magnetic  inelastic  cross  section  from  spin  wave  theory. 


T  in  °K 

0 

100 

200 

300 

400        500  600 

<T2/\0 

in  mb  per  A 

0 

0.4 

1.7 

3.5 

5.5       8  10 

I  From  these  formulas  a  closed  expression  of  the  mag- 
netic scattering  cross  section  d2a2/dSld€  at  low  tempera- 
ture is  obtained  by  insertion  into  (19).  The  result  is  of 
course  equivalent  with  what  follows  from  a  direct  spin 
wave  treatment  of  the  scattering  problem,  as  given  by 
Moorhouse.11  We  refer  to  this  author  for  a  detailed 
discussion.  It  will  be  enough  to  mention  here,  for 
comparison  with  the  transmission  measurements  of 
Palevsky  and  Hughes3  and  of  Squires,4  the  numerical 
values  of  the  total  cross  section, 

ff2=  j \d2ff2/dQde)dnde, 

in  the  long  wavelength  region  (X0=  2r/k0'^>2A)  where 
it  is  proportional  to  the  incident  wavelength  X0.  They 
have  been  calculated  for  iron,  with  the  value  s0=l  for 
the  atomic  spin  and  the  value  /=205°K  for  the  ex- 
change interaction  between  nearest  neighbors.18  Table  I 
gives  the  values  of  o-2/X0  in  millibarns  per  angstrom  for 
various  temperatures  T.  A  comparison  with  the  ob- 
servations of  Palevsky  and  Hughes  is  shown  in  the 
figure  of  I.6  It  gives  a  crude  idea  of  the  domain  of 
validity  of  spin  wave  theory  for  the  magnetic  cross 
section  <r2.  It  is  certainly  limited  to  the  low-temperature 
region  (r<300°)  where  cr2  is  quite  small  compared  to 
the  nuclear  scattering  cross  section,  and  where  the 
magnetic  scattering  could  thus  better  be  separated  by 
its  peculiar  angular  and  energy  distribution,  as  dis- 
cussed by  Moorhouse.11 

As  far  as  our  present  aims  are  concerned,  the  main 
interest  of  spin  wave  theory  is  to  provide  us  with  an 
explicit  expression  for  the  correlation  yRa^(t)  for  at  least 
one  temperature  region,  however  restricted  it  may  be. 
One  can,  for  example,  discuss  the  convergence  of  the 
correlation  toward  its  asymptotic  value  N~2(S")t(S0)t 
when  R  or  |  /|— »a> .  It  is  determined  by  the  convergence 
to  zero  of  jRxx(t)  and  yRxy(t)  as  expressed  in  the 
formulas  above.  At  any  nonvanishing  temperature  and 
for  i?— >o° ,  the  convergence  is  in  Rr1,  as  a  consequence  of 
the  singularity  of  (1  —  exp(  —  /*/3a>g)}_1  at  q  =  0, 

{ 1  -  exp ( - ft/3w,)        (^,)-'  «  q-\ 

For  1 1 1  — >  oo  the  convergence  is  in  1 1  \  ~* ;  this  last  result  is 
best  obtained  by  the  method  of  stationary  phases 
already  used  in  the  section  of  II  devoted  to  crystals.  The 
slow  convergence,  especially  in  R,  is  characteristic  of  the 
low-temperature  region.  As  the  temperature  goes  up,  the 

18  This  value  is  determined  from  the  low-temperature  variation 
of  the  magnetization.  See  C.  Kittel,  Revs.  Modern  Phys.  21,  541 
(1949),  especially  Eq.  (2.1.17). 


number  of  spin  waves  excited  increases  rapidly  and  their 
interactions  start  playing  a  predominant  role.  The  main 
effect  of  these  interactions  on  the  correlation  is  to  make 
it  converge  much  more  rapidly  toward  its  asymptotic 
value.  The  energy  distribution  of  magnetically  scattered 
neutrons,  highly  singular  at  low  temperature,  becomes 
correspondingly  smoother. 

Another  interesting  point  concerns  the  time-de- 
pendent correlation  at  absolute  zero.  It  has  the  following 
expression : 

yRxx(t)  =  yRvy(t)  =  -iyR*v{t)  =  iyRy*{t) 

VqSq  r 

=          I  exp[-t(R-q-/w,)]dq,  (25) 

16ir3  J 

yR"(t)  =  so2,  ynx'(t)=yR*>(t)=0. 

Although  the  convergence  of  the  first  four  components 
toward  zero  is  again  in  for  large  times,  the  con- 
vergence in  R  for  finite  t  is  quite  different  from  what  it  is 
at  positive  temperatures:  from  the  expression  (24)  of 
the  spin  wave  frequency  one  can  show  it  to  be  expo- 
nential with  a  range  of  order  of  a  few  interatomic 
distances  for  all  times  not  very  large  compared  to  h/J, 
where  J  is  the  exchange  interaction  for  nearest  neigh- 
bors. In  this  case,  however,  despite  the  rapid  con- 
vergence of  the  correlation  for  R—kx,  the  angular  and 
energy  distribution  of  scattered  neutrons  is  still  highly 
singular.  This  is  possible  only  in  view  of  the  very  special 
functional  form  of  .the  right-hand  side  in  Eq.  (25). 

IV.  THE  CORRELATION  FUNCTION  AT  GENERAL 
TEMPERATURES 

At  temperatures  too  high  for  the  application  of  spin 
wave  theory,  no  explicit  calculation  is  possible  for 
either  the  inelastic  scattering  cross  section  d2oil 'dQdt  or 
the  time-dependent  correlation  yRa0(t).  It  is  in  such  a 
situation  that  the  description  of  the  scattering  in  terms 
of  the  correlation  is  actually  useful,  since  the  properties 
of  the  correlation,  with  their  more  direct  significance  in 
space  and  time,  are  easier  to  discuss  on  an  approximate 
basis  than  those  of  the  scattering.  We  limit  ourselves  in 
the  present  paper  to  the  most  qualitative  features  of  the 
correlation  and  to  their  consequences  for  the  tempera- 
ture dependence  of  the  magnetic  inelastic  scattering. 

The  first  point  to  discuss  is  the  limiting  value  of 

yRal)(t)  =  (So"(0)SRe(t))T  (26) 

for  R  or  \t\— >».  Under  the  assumption  that  the  spin 
system  is  large  (N  large),  as  is  usually  the  case  in 
statistical  mechanics,  the  two  factors  in  the  right-hand 
side  of  Eq.  (26)  will  be  statistically  independent  as  soon 
as  they  refer  to  locations  sufficiently  distant  in  space  or 
instants  sufficiently  distant  in  time.  We  thus  have,  for 
large  R  or  |  / 1 , 

7«^(0^oa(0))r<5«^(/))r, 
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and,  since  (SRff(t))T  is  independent  of  R  and  t, 

T/^O-rWrW^ir^^,  (27) 

where  S  =  £R  SR  is  the  total  spin  and  sT  =  N~l(S)T  is  the 
average  spin  vector  per  atom.  Above  the  Curie  point 
sr  =  0.  Below  the  Curie  point,  the  foregoing  argument 
and  equations  apply  to  a  single  ferromagnetic  domain, 
in  which  the  magnetization  has  a  definite  orientation,  so 
that  sT^0. 

Equation  (27)  requires  a  further  comment.  It  is 
possible  to  derive  an  apparently  different  asymptotic 
formula  for  the  correlation,  namely, 

7K^/)~V-2<S«(0)S"(/)y  (28) 

For  /  finite  and  R— >oo,  it  follows  from  the  fact  that  if 
yRaf>{t)  has  a  limit,  the  latter  can  be  written  for  large  N 
in  the  form  N~l  7RaP(t),  leading  readily  to  (28).  For 
R  fixed  and  1 1\— -><» ,  Eq.  (28)  is  also  found  to  hold  if  one 
makes  the  assumption  that  the  Hamiltonian  is  invariant 
for  simultaneous  rotations  of  all  spins,  as  in  Eq.  (9). 
Actually,  of  course,  Eqs.  (27)  and  (28)  are  equivalent  in 
the  limit  of  large  systems,  N— ><».  The  total  spin, 
although  of  order  2V",  has  then  a  mean  square  fluctuation 
of  the  same  order,  so  that  the  average  of  the  product  in 
Eq.  (28)  can  be  replaced  by  the  product  of  the  averages, 
the  error  in  the  equation  being  of  order  N~l  and  thus 
negligible. 

The  consequences  of  the  asymptotic  formula  (27)  for 
scattering  have  been  discussed  in  Sec.  II.  The  asymptotic 
value  of  the  correlation  was  shown  to  determine  the  part 
d2ai/dttde  of  the  scattering  which  is  elastic  in  the  spin 
system. 

We  consider  next  the  range  r0  and  relaxation  time  t0  of 
the  correlation  (26),  i.e.,  the  distance  and  time  interval 
such  that  Eq.  (27)  holds  for  i?»r0,  /  arbitrary  and  for 
|  / 1  ^>t0)  R  arbitrary.  They  have  meaning  only  when  the 
convergence  of  the  correlation  toward  the  asymptotic 
value  (27)  is  rapid,  a  condition  which  is  expected  to  be 
always  verified  except  at  very  low  temperature  (see 
foregoing  section)  and  near  the  Curie  point,  where  long- 
range  and  slowly  varying  spontaneous  fluctuations  of 
the  magnetization  affect  the  correlation  (see  Sec.  V).19 

19  Even  away  from  these  exceptional  temperatures,  the  con- 
vergence of  the  correlation  for  |  / 1  — > »  is  not  strictly  short  ranged. 
The  actual  situation  is  very  likely  to  be  the  following.  For  suffi- 
ciently small  [  / 1 ,  the  R  dependence  of  jRa^(i)  extends  only  over  R 
values  of  microscopic  dimension  of  which  r0  gives  a  measure  and 
which  do  not  exceed  a  few  interatomic  distances.  This  microscopic 
R  dependence  of  the  correlation  is  completely  damped  after  a 
certain  time  interval,  namely  for  |/[^>^o,  thus  giving  a  slightly 
more  precise  definition  of  the  relaxation  time  to.  For  |  / 1  »<0, 7«a"(0 
reduces  to  a  small  macroscopic  function,  practically  constant  over 
microscopic  distances,  decreasing  with  time  as  \t\~i  and  having  a 
macroscopic  range  in  space  which  increases  as  1 1 |  *.  This  macro- 
scopic part  of  the  correlation,  which  is  entirely  due  to  macroscopic 
fluctuations,  plays  no  appreciable  role  in  neutron  scattering. 
Although  it  was  not  mentioned  in  II,  a  similar  long-range  part 
should  exist  for  the  pair  distribution  function  G(r,t)  in  liquids  and 
dense  gases.  Although  again  unimportant  for  neutrons  in  the 
presently  available  wavelength  range,  it  affects  light  scattering, 
the  properties  of  which  were  deduced  directly  from  macroscopic 
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Unless  one  solves  first  the  difficult  theoretical  problem 
of  finding  reliable  approximate  methods  for  the  calcula- 
tion of  the  time-dependent  correlation,  it  is  not  possible, 
outside  the  exceptional  temperature  regions  mentioned 
above,  to  determine  the  actual  dependence  of  yRa0(t)  or 
R  and  /,  nor  even  to  give  an  accurate  theoretical  defini- 
tion of  the  range  r0  and  the  relaxation  time  l0.  All  that 
can  be  done  is  to  predict  their  orders  of  magnitude. 
Whereas  r0  must  be  of  order  of  a  few  interatomic  dis- 
tances, to  is  presumably  of  order  of  a  somewhat  larger 
multiple  of  the  period  k/J  associated  with  the  interac- 
tion /  between  spins.  These  estimates,  which  are  known 
to  be  correct  for  liquids  (/  being  replaced  by  the 
intermolecular  interaction)  and  can  be  sharpened  on  the 
basis  of  the  experimental  data  (see  below),  must  hold 
for  temperatures  both  below  and  above  the  Curie  point. 
One  would  also  expect  that  r0  and  t0  do  not  vary  too 
rapidly  with  the  temperature  T  as  long  as  it  does  not 
approach  absolute  zero  or  the  Curie  temperature  Tc.  It 
is  clear  however  that,  quantitatively,  there  must  be  a 
definite  variation  with  T  and  a  definite  difference  be- 
tween the  regions  T<TC  and  T>TC. 

Beyond  asymptotic  value,  range  and  relaxation  time, 
another  very  important  aspect  of  the  time-dependent 
correlation  about  which  one  would  like  to  have  at  least 
some  qualitative  information  is  its  decomposition  into 
real  and  imaginary  parts.  In  the  low-temperature  region 
where  spin  wave  theory  applies,  the  situation  is  quite 
simple.  As  seen  immediately  from  the  expressions  given 
in  Sec.  Ill,  only  the  real  part  of  the  correlation  varies 
with  temperature,  the  imaginary  part  retaining  always 
the  value  it  has  at  absolute  zero.  Although  so  simple  a 
behavior  cannot  rigorously  prevail  at  higher  tempera- 
tures, it  is  probably  always  true  that  the  imaginary  part 
Inry Rafi(t),  which  is  due  to  the  noncommutativity  of 
50a(0)  and  SRff(t),  has  a  much  weaker  temperature  de- 
pendence than  the  real  part.  Definite  support  for  this 
prediction  is  obtained  by  considering  the  asymptotic 
value  of  Imy Ral3(i)  for  R  or  |/|— *oo  and  the  range  over 
which  it  converges  toward  this  value  for  R— ><».  As 
follows  from  Eq.  (27),  the  asymptotic  value  is  zero  for 
all  temperatures.  From  what  was  said  in  Sec.  Ill  on  the 
correlation  at  absolute  zero  and  from  the  discussion  of  r0 
in  the  present  section,  one  concludes  that  the  range  of 
Inry Ra0(t)  for  R— ><x>  is  of  microscopic  magnitude  at  low 
as  well  as  at  general  temperatures.  This  remains  true 
even  in  the  neighborhood  of  the  Curie  point  since  the 
long-cange  part  which  is  then  present  in  the  correlation 
originates  from  macroscopic  fluctuations  and  is  there- 
fore real  (see  Sec.  V).  Both  the  asymptotic  value  of 
lmyRal3(t)  and  the  order  of  magnitude  of  its  convergence 
range  are  thus  independent  of  temperature. 

Returning  now  to  magnetic  scattering  of  neutrons, 
we  want  to  extract  from  the  admittedly  very  crude  and 
incomplete  considerations  just  developed  some  equally 

fluctuation  theory  by  L.  Landau  and  G.  Placzek,  Physik  Z. 
Sowjetunion,  5,  172  (1934).  A  detailed  exposition  and  discussion  of 
the  above  remarks  will  be  left  to  another  publication. 
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crude  consequences  concerning  the  temperature  de- 
pendence of  the  magnetic  inelastic  scattering  (total 
cross  section  <t2  in  the  notation  of  Sec.  II).  We  restrict 
ourselves  to  polycrystals.  We  have  thus  to  consider  only 
the  scalar  correlation  yR(t)  defined  in  Eq.  (13),  and  the 
difference  7b' (0  defined  in  Eq.  (21).  As  far  as  these 
functions  are  concerned,  the  results  of  our  discussion  can 
be  summarized  as  follows : 

(i)  For  R  or  |/|— >»,  yR(t)  converges  to  sT2  and 
7  b' W  converges  to  zero. 

(ii)  to(0)  =  Jo(*o+1)  and7o'(0)  =  50+5o2-^2. 

(iii)  The  convergence  in  (i)  takes  place  over  distances 
and  time  intervals  which  do  not  change  rapidly  with 
temperature,  the  low-temperature  region  and  the 
neighborhood  of  the  Curie  point  Tc  being  excepted. 

(iv)  The  common  imaginary  part  of  yR(t)  and  yR  (t) 
depends  much  less  on  temperature  than  the  real  parts  of 
these  functions. 

These  qualitative  facts  indicate  that,  if  the  tempera- 
ture is  increased  from  the  upper  limit  of  validity  of  spin 
wave  theory  (around  200°K  or  300°K  at  most  for  iron) 
up  to  a  temperature  close  to  the  Curie  point  Tc  (some 
100°K  below  Tc=  1043°K  for  iron),  the  main  variation 
in  the  function  yR'(t)  affects  its  real  part,  and,  without 
radical  change  in  its  range  of  convergence  toward  zero, 
its  value  70' (0)  at  R  =  t=0  increases  from  a  number  very 
close  to  Jo  to  a  number  close  to  Jo+Jo2.  Such  a  rapid 
variation  of  magnitude  is  on  the  contrary  absent  in  the 
temperature  range  starting  somewhat  above  Tc  (around 
T,e+100°K  for  iron)..  As  a  consequence,  in  view  of  Eq. 
(20),  one  expects  a  marked  increase  of  the  magnetic 
inelastic  scattering  (cross  section  <r2)  when  the  tempera- 
ture varies  from  low  values  up  to  the  neighborhood  of 
the  Curie  point,  whereas  the  temperature  variation 
should  be  less  pronounced  beyond  the  neighborhood  of 
the  Curie  point.  The  rapid  increase  of  the  cross  section 
<r2  with  temperature  below  Tc  must  be  particularly 
striking  when  the  incident  neutrons  are  very  slow,  so 
that  practically  no  magnetic  scattering  takes  place  at 
low  temperature.  One  expects  then  an  increase  roughly 
proportional  to 

7o/(0)-[7o'(0)]r=o  =  5o2-^2,  (29) 

i.e.,  proportional  to  1—  (IT/Io)2,  where  IT  is  the  in- 
tensity of  magnetization  of  the  magnetic  domains  at 
temperature  T  and  I0  the  same  quantity  at  absolute 
zero.  Qualitatively,  as  shown  in  I,  this  expectation  is  in 
agreement  with  the  temperature  variations  of  <j%  for 
iron,  measured  by  Palevsky  and  Hughes3  for  neutrons  of 
wavelength  ranging  from  5  to  13  A,  and  by  Squires4  for 
neutrons  of  7  A. 

No  quantitative  agreement  can  of  course  be  hoped  for 
since  the  actual  shape  of  yR{t)  must  unavoidably  change 
to  a  certain  extent  with  temperature.  A  measurement  of 
the  angular  and  energy  distribution  of  scattered  neu- 
trons would  indeed  reveal  a  much  more  complicated 


temperature  dependence  than  the  simple  proportionality 
factor  (29).  All  we  can  say  at  present  about  this 
distribution  concerns  a  rough  order  of  magnitude  for 
average  momentum  and  energy  transfers  in  magnetic 
scattering.  From  the  Fourier  transformations  in  Eqs. 
(19)  and  (20)  the  transfers  have  to  be  of  order  h/r0  and 
h/to,  respectively,  for  all  incident  neutron  wavelengths 
X0  for  which  the  collective  properties  of  the  spin  system 
appreciably  affect  the  scattering  (A0>  1  A). 

As  already  mentioned,  in  order  to  go  beyond  the 
quite  crude  considerations  of  this  section,  in  particular 
to  obtain  more  theoretical  information  on  the  angular 
and  energy  distribution  of  scattered  neutrons,  one  has  to 
develop  proper  approximate  methods  for  the  quanti- 
tative determination  of  the  correlation.  Although  this 
problem  falls  outside  the  scope  of  the  present  paper,  we 
would  like  to  stress  its  importance  and  its  interest  from 
the  standpoint  of  general  statistical  mechanics.  Re- 
garding the  absolute  magnitude  of  the  total  cross 
section,  although  its  accurate  calculation  would  also 
require  a  complete  determination  of  the  correlation,  it  is 
possible  to  check  the  consistency  of  the  observed  values 
with  the  expected  orders  of  magnitude  of  correlation 
range  fo  and  relaxation  time  to  by  choosing  some 
reasonable  analytical  form  for  the  R  and  /  dependence  of 
7b (0-  This  has  been  done  by  C.  E.  Porter  for  the  case  of 
iron,  using  the  experimental  data  of  Palevsky  and 
Hughes3  and  of  Squires.4  Consistency  is  obtained  for 
r(f^2.3voi  (fo  volume  per  particle)  and  t(f^23h/J,  and 
the  requirement  that  reasonable  values  be  obtained  for 
both  ro  and  to  turns  out  to  determine  the  two  quantities 
within  surprisingly  narrow  limits,  especially  to  (within 
some  50  percent).  The  fact  that  the  microscopic  re- 
laxation time  to  can  be  determined  with  fair  accuracy 
from  a  total  scattering  cross  section  measurement  is 
noteworthy  and  illustrates  strikingly  the  close  relation- 
ship between  inelastic  scattering  and  time-dependence 
of  the  correlation  between  spin  orientations. 

To  the  main  qualitative  feature  encountered  for  the 
temperature  dependence  of  the  magnetic  inelastic  scat- 
tering, namely,  a  rapid  increase  with  temperature  below 
the  Curie  point,  roughly  governed  by  the  decrease  of  the 
magnetization,  and  a  less  pronounced  temperature 
variation  above  Tc,  one  has,  of  course,  to  superimpose 
the  very  sudden  and  sharp  increase  in  scattering  when 
the  Curie  point  is  approached  from  below  and  from 
above.  This  additional  scattering,  the  study  of  which  is 
the  object  of  the  next  section,  is  responsible  for  the 
sharp  peaks  observed  at  the  Curie  point  by  Palevsky 
and  Hughes  as  well  as  by  Squires  in  the  a2  versus 
temperature  curve  for  iron. 

V.  THE  NEIGHBORHOOD  OF  THE  CURIE  POINT 

From  the  fact  that  the  susceptibility  of  a  ferromagnet 
increases  without  limit  as  the  Curie  point  is  approached, 
there  results  an  unbounded  increase  in  magnitude  for 
the  spontaneous  fluctuations  of  the  magnetization. 
These  fluctuations  in  turn  scatter  neutrons  with  in- 
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creasing  intensity.  Since  the  fluctuations  extend  over 
distances  large  compared  to  interatomic  distances  and 
decay  over  times  long  compared  to  the  microscopic 
relaxation  time  t0  considered  above,  they  produce  mag- 
netic scattering  with  an  angular  and  energy  distribution 
radically  different  from  what  is  expected  at  general 
temperatures.  At  the  same  time,  from  the  theoretical 
standpoint,  the  applicability  of  macroscopic  methods 
makes  a  more  complete  discussion  possible,  at  least  for 
temperatures  above  Tc. 

Basically  the  phenomenon  under  study  is  very  similar 
to  the  abnormally  abundant  scattering  occurring  in  a 
liquid  or  a  dense  gas  near  critical  conditions.  In  this 
case,  as  the  critical  point  is  approached,  the  spontaneous 
density  fluctuations  at  constant  pressure  increase  in- 
definitely in  magnitude  and  produce  an  increasing 
amount  of  scattering  both  for  electromagnetic  waves 
(x-rays  or  light ;  for  light  the  phenomenon  is  known  as 
critical  opalescence)  and  for  neutrons.  In  the  case  of 
electromagnetic  waves  it  is  a  very  good  approximation 
to  neglect  the  energy  transferred  by  scattering  in  com- 
parison to  the  incident  energy.  The  scattering  depends 
then  only  on  the  average  instantaneous  shape  of  the 
density  distribution  as  seen  from  a  particle.  This  shape, 
expressed  by  the  familiar  pair  distribution  g(r),  has  been 
calculated  near  critical  conditions,  for  T  above  the 
critical  temperature  and  r  macroscopic,  by  Ornstein  and 
Zernike,  who  thus  were  able  to  derive  the  properties  of 
critical  scattering  in  the  electromagnetic  case.20  The 
extension  of  this  theory  to  neutrons,  for  which  the  ratio 
of  energy  transfers  to  incident  energy  is  much  larger, 
requires  a  knowledge  of  the  time  variation  of  the 
average  density  distribution  as  seen  from  a  point  where 
a  particle  passed  at  some  initial  time.  .The  proper 
description  is  given  by  the  time-dependent  pair  distri- 
bution G(r,t)  introduced  in  II,  and  its  calculation  near 
critical  conditions,  for  macroscopic  distances  and  arbi- 
trary times,  is  carried  out  in  Sec.  IV  of  that  paper  on  the 
basis  of  the  phenomenological  equation  for  heat  con- 
duction. 

An  entirely  analogous  procedure  can  be  followed  to 
deal  with  the  present  problem  of  what  we  might  call 
critical  magnetic  scattering,  at  temperatures  above  the 
Curie  point  and  close  to  it.  One  has  to  calculate  the 
correlation  yRal>(t)  for  R  large  compared  to  interatomic 
distances  by  determining  first,  from  statistical  con- 
siderations analogous  to  those  of  Ornstein  and  Zernike, 
the  instantaneous  correlation  7^(0),  and  by  then 
deriving  the  time  dependence  from  the  phenomenological 
theory  of  macroscopic  irreversible  processes.  These  two 
steps  will  now  be  carried  out  under  the  simplifying 
assumption  that  the  properties  of  the  spin  system  are 
invariant  with  respect  to  simultaneous  relations  of  all 
spins.  The  correlation  yBap(t)  is  then  of  the  form 
^5affyR(t),  at  least  in  the  absence  of  external  magnetic 

20  L.  S.  Ornstein  and  F.  Zernike,  Proc.  Am.  Acad.  Arts.  Sci.  17. 
793  (1914). 


field,  and  the  calculation  can  be  restricted  to  the  scalar 
correlation  y«(J). 

Following  the  Ornstein-Zernike  method  in  the  im- 
proved form  given  to  it  by  Klein  and  Tisza,21  we  imagine 
the  crystal  to  be  divided  into  a  cubic  array  of  identical 
cells,  of  macroscopic  size  but  small  compared  to  the 
total  dimensions  of  the  crystal.  We  denote  by  My  the 
magnetic  moment  of  the  yth  cell.  Since  the  temperature 
T  is  assumed  larger  than  Tc,  My  fluctuates  around  a 
vanishing  mean  value.  In  view  of  the  macroscopic  size 
of  the  cells  the  joined  probability  distribution  of  the 
vectors  My  is  Gaussian : 

prob  =  ^  expf-iflo  £  My  My+Oi  £  My  My,}, 

where  the  first  sum  extends  over  all  cells  and  the  second 
over  all  pairs  of  adjacent  cells.  a0  and  d  are  positive 
constants  depending  on  the  temperature.  A  is  a  nor- 
malization constant.  Consider  now  the  correlation 
(MyMj)r  between  the  magnetic  moments  of  two  cells. 
It  depends  only  on  the  relative  position  of  the  cells  j  and 
I  and  verifies  the  equation, 


a0(My •  M,)r  -  a,  £<My  •  M2)r  =  3Sjlf 


(30) 


with  the  sum  extending  over  the  cells  adjacent  to  /. 
This  equation  results  from  the  Gaussian  character  of  the 
probability  distribution.  It  gives  immediately  for  the 
fluctuation  of  the  total  magnetic  moment  M  =  £;-My, 

(M-M)T  =  3n(a0-za1)-1, 

where  n  and  z  are  the  number  of  cells  in  the  crystal  and 
the  number  of  cells  adjacent  to  a  given  cell.  The  same 
fluctuation  is  obtained  independently  from  thermo- 
dynamical  fluctuation  theory, 

(M-M)T= 3VkBT$, 

V  being  the  volume  of  the  crystal  and  x  the  magnetic 
susceptibility.  From  the  two  last  equations, 


i—zai)-1  =  vkBTx, 


(31) 


with  v  the  cell  volume. 

As  the  Curie  point  is  approached  x  increases  indefi- 
nitely; ao—zai  is  thus  seen  to  approach  zero,  so  that  the 
correlation  occurring  in  Eq.  (30)  must  have  a  longer  and 
longer  range  for  the  equation  to  be  satisfied.  When  this 
range  is  long  compared  to  the  cell  dimension  »*,  the 
correlation  between  cells  separated  by  a  distance  IOv* 
can  be  identified  with  the  instantaneous  correlation 
7  k  (0)  according  to  the  equation 

<MyM,)r~(2^Ao)27/e(0), 

where  f3=he/2m0c  is  the  Bohr  magneton.  In  this  case  the 
long-range  part  of  yR(0)  can  thus>e  obtained  from  the 
solution  of  Eq.  (30),  itself  easily  derived  by  Fourier 

21  M.  J.  Klein  and  L.  Tisza,  Phys.  Rev.  76,  1861  (1949). 
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analysis.22  Taking  the  asymptotic  expression  of  the 
solution  for  small  values  of  v*/R  and  of  a0—zai  (T  near 
Tc),  and  using  further  Eq.  (31),  one  finds 

yR  (0)~  (4*t  fRpv*  (s0+ 1)  •  exp  ( -  k  yR)  (32) 

in  terms  of  two  lengths  rx  and  kx~\  related  by  the 
formula 

(*in)2=Xi/x,  (33) 

where  xi  is  the  value  which  the  susceptibility  would 
have  at  temperature  T  if  there  were  no  exchange 
interaction  between  the  spins  (paramagnetic  suscepti- 
bility), 

Xi  =  4/3250(*o+l)/(3£BrV). 

In  contrast  with  the  product  ki^  the  length  rx  is 
unavoidably  obtained  in  terms  of  the  cell  size  and  of  the 
constant  ax, 

r?  =  \kBTxizaiv™,  (34) 

although  its  occurrence  in  Eqs.  (32)  and  (33)  clearly 
establishes  its  independence  of  the  cell  system.  Equation 
(34)  shows  that  rx  does  not  vary  rapidly  with  tempera- 
ture even  in  the  neighborhood  of  the  Curie  point.  Its 
order  of  magnitude  is  easily  obtained  from  the  following 
remark.  For  T  rising  to  values  substantially  larger  than 
Tc,  the  ratio  x/xi  decreases  rapidly  to  values  of  order 
one,  and,  from  Eq.  (33),  the  range  /cf 1  decreases  toward 
values  of  order  rx.  We  know,  on  the  other  hand,  that  the 
range  has  to  decrease  to  microscopic  size,  so  that  rx  must 
certainly  be  of  microscopic  dimension,  probably  of  the 
same  order  as  the  correlation  range  r0  for  temperatures 
outside  the  neighborhood  of  the  Curie  point  (Sec.  IV). 
Whereas  rx  is  thus  seen  to  be  a  microscopic  length 
changing  little  with  temperature,  /cr1  behaves,  of  course, 
quite  differently.  Indeed,  for  T  decreasing  toward  Tc, 
the  right-hand  side  of  (33)  approaches  zero  and  the 
range  kx~x  of  yr(0)  grows  beyond  any  limit  until  the 
Curie  point  is  reached  and  the  correlation  becomes 

TR(0)~(47rr12i?)-1^o(^o+l). 

Our  derivation  of  Eq.  (32)  holds  only  when  R  and  the 
range  kx~1  are  large  compared  to  the  cell  size.  Since  the 
cell  size  can  be  chosen  at  will  with  the  only  restriction 
that  it  be  macroscopic,  the  essential  limits  of  validity  of 
Eq.  (32)  are 

R»v,\    kxv0*=  (i>oVVi)(xi/x)'«l, 

or,  more  quantitatively, 

i?>l(W,    ki»o*<0.1.  (35) 

The  last  condition  defines  the  upper  limit  Tx  of  the 
temperature  interval  TC^T<TX  to  which  the  con- 
siderations of  the  present  section  apply.  Its  actual 

K  For  this  solution  see  Klein  and  Tisza  (reference  21),  also  F. 
Zernike,  Physica  7,  565  (1940)  where  a  similar  equation  is  studied 
in  connection  with  the  order-disorder  problem. 


determination  is,  however,  difficult,  even  with  full 
knowledge  of  the  susceptibility  x,  because  of  the  un- 
certainty concerning  the  actual  magnitude  of  rx.  The 
best  procedure  at  present  would  probably  be  to  consider 
rx  as  a  parameter  and  to  determine  its  value  from 
neutron  scattering  data. 

Before  turning  to  the  time  variation  of  the  correlation 
we  want  still  to  draw  attention  to  the  complete  simi- 
larity between  Eqs.  (32),  (33)  and  the  analogous  Eqs. 
(II  36),  (II  37)  derived  in  II  for  the  long-range  pair  dis- 
tribution function  in  gases  near  critical  conditions.  In 
particular,  the  part  played  there  by  the  isothermal 
compressibility  xt  is  taken  here  by  the  magnetic  sus- 
ceptibility x  and  the  isothermal  compressibility  in 
absence  of  forces  {pkBT)~l  (ideal  gas)  is  here  replaced  by 
the  paramagnetic  susceptibility  xi- 

The  time  dependence  of  the  correlation  jr{()  must 
now  be  derived  for  macroscopic  R.  For  the  reasons  ex- 
plained in  II  in  the  case  of  gases  near  critical  conditions, 
the  time  dependence  is  given  by  the  average  decay  in 
time  of  fluctuations  of  the  magnetization,  itself  de- 
scribed by  the  phenomenological  equations  for  irre- 
versible processes  in  the  spin  system.  A  formal  deriva- 
tion of  the  latter  from  the  conservation  equations  and 
the  equation  for  entropy  production  can  be  obtained  by 
the  methods  of  the  thermodynamics  of  irreversible 
processes  in  a  way  entirely  similar  to  the  derivation  of 
the  Navier-Stokes  equations.23  The  situation  is  here 
particularly  simple  above  the  Curie  point  if,  with  a  good 
approximation,  the  system  is  invariant  for  simultaneous 
rotations  of  all  spins.  For  reasons  of  invariance  the 
phenomenological  equations  contain  then  no  coupling 
between  the  magnetization  and  any  other  macroscopic 
variable.  The  equation  for  the  density  of  magnetization 
W(r,t)  is  of  the  diffusion  type 

m/dt=  (X/x)A2R,  (36) 

where  A  is  the  Laplacian  in  r  and  X  a  phenomenological 
constant  related  by 

r(S)  =  —  Zl  )  (37) 

to  the  amount  t(S)  of  entropy  produced  per  unit  volume 
and  unit  time  by  the  dissipative  processes  occurring 
when  the  system  returns  to  equilibrium  from  a  state 
characterized  by  an  inhomogeneous  distribution  of 
magnetization  of  small  magnitude.  The  constant  X  in 
Eqs.  (36)  and  (37)  is  so  chosen  that  the  entropy  pro- 
duction t{S)  does  no  longer  contain  the  susceptibility  x 
when  (37)  is  expressed  in  terms  of  the  intensive  variable 
conjugate  to  9Ji  in  the  sense  of  thermodynamics.  This 
variable  (the  magnetic  field  which  would  produce  the- 

23  For  the  phenomenological  theory  of  irreversible  processes,  see 
I.  Prigogine,  Etude  Thermodynamique  des  Phenomenes  Irreversibles 
(Editions  Desoer,  Liege,  1947),  and  S.  R.  de  Groot,  Thermody- 
namics of  Irreversible  Processes  (North-Holland  Publishihg  Com- 
pany, Amsterdam  and  Interscience  Publishers,  New  York,  1951). 
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magnetization)  retains  spontaneous  fluctuations  of  nor- 
mal size  even  when  T  approaches  Tc,  so  that  X  remains 
finite  in  the  neighborhood  of  the  Curie  point.24  It  would 
clearly  be  desirable  to  get  some  insight  into  the  actual 
mechanism  of  the  dissipative  processes  here  involved 
and  to  obtain  in  this  way  for  Eq.  (36)  and  for  the 
finiteness  of  X  a  more  reliable  justification  than  the 
highly  formal  derivation  sketched  above.  One  would 
then  get  also  a  theoretical  estimate  of  the  order  of 
magnitude  of  X.  No  attempt  will  be  made  to  answer 
these  questions  here. 

Accepting  the  validity  of  Eq.  (36)  we  conclude  im- 
mediately that  the  decay  in  time  of  a  plane  wave 
fluctuation  of  the  magnetization  is  given  by  the  factor 
exp(-Ai&2/)  for  l>0,  with  k  the  wave  vector  and 
Ai  =  X/x.25  Proceeding  as  in  IT,  one  obtains 

7ft(/)~(47rr12)-^05o(5o+ 1)  (4ttAi 
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in  terms  of  the  function  ^  defined  in  II,  Eq.  (II  43). 
These  equations  hold  in  the  R  and  T  ranges  defined  by 
Eqs.  (35),  for  all  macroscopic  times. 

The  cross  section  for  critical  magnetic  scattering  can 
now  be  obtained  by  replacing  yR'a^(t)  in  Eq.  (19)  by 
i««/J7*(0  as  given  by  Eq.  (38).  The  calculation  is 
straightforward  and  gives  for  a  single  crystal 
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This  formula,  which  is  applicable  only  in  the  tempera- 
ture interval  TC^T<T,  here  defined  by  the  condition 
Kiflo^O.l,  must  be  understood  as  describing  a  special 
type  of  scattering  which  appears  in  addition  to 
the  general  scattering  described  in  the  last  section  when 
the  Curie  point  is  approached.  Since  both  Ax  and  ki  tend 
to  zero  when  T—>TC,  this  scattering  is  characterized  by 
small  energy  transfers  and  by  momentum  transfers  hit 
with  k  close  to  some  reciprocal  lattice  vector  x 


|k-?[<O0-*,  hw«J, 


(40) 


where  J  gives  the  order  of  magnitude  of  energy  transfers 
in  noncritical  scattering.  The  conditions  (40)  give  at  the 
same  time  the  limits  of  applicability  of  Eq.  (39).  It  is 

24  The  situation  is  here  analogous  to  the  case  of  a  gas  or  liquid 
near  the  critical  point,  where  the  coefficient  of  heat  conduction 
remains  finite. 

25  Aj  corresponds  to  one-fourth  of  the  constant  A0  defined  in  II, 
Eq.  (II  40). 
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seen  in  particular  that  in  the  sum  over  reciprocal  lattice 
vectors  only  one  term  can  be  significant  for  each 
scattering,  namely,  the  term  belonging  to  the  vector  x 
for  which  the  first  condition  (40)  holds. 

Equation  (19),  and  thus  Eq.  (39),  neglect  the  atomic 
vibrations.  In  the  case  of  the  critical  scattering,  in  view 
of  the  slow  variation  of  the  long-range  correlation  (38) 
with  R  and  t,  it  is  consistent  to  take  the  atomic  vibra- 
tions partly  into  account  by  replacing  «(r-R)  by 
G«(oo)  (r)  in  the  derivation  of  Eq.  (19).  The  improvement 
thus  obtained  in  Eq.  (39)  is  the  multiplication  of  the  cross 
section  by  the  Debye- Waller  factor  exp{-((K-u)2)r}.  It 
does  not  affect  the  very  special  distribution  of  mo- 
mentum and  energy  transfers  described  by  the  condi- 
tions (40).  In  view  of  the  first  of  these,  the  cross  section 
can  be  written26 

/  d*a  \         /2ge\*2N  k 
1^77    =(  — )  — *>(*<>+ 1)-|F(K)  |2 


exp{-((x-u)2)r}  A, 


rI2{(K--c|2+Kl2>  A^k-tIM-c 


(41) 


The  experimental  conditions  under  which  critical 
magnetic  scattering  is  observable  are  immediately  de- 
termined by  its  distribution  (40)  of  momentum  and 
energy  transfers.  To  the  term  with  x  =  0  in  the  cross 
section  corresponds  scattering  with  k«v0~1,  i.e.,  small 
angle  scattering  whenever  the  incident  wavelength  is 
not  too  large  compared  to  the  interatomic  spacing  v0K  In 
our  approximations  this  scattering  is  independent  of 
crystal  orientation.  It  occurs  in  single  crystals  or 
polycrystals  alike.  Critical  scattering  corresponding  to  a 
term  with  x?*0  can  only  be  observed  if  the  form  factor 
F(k)  is  not  too  small  at  k=  t  and  if  it  is  possible  to  satisfy 
simultaneously  both  conditions  (40).  The  latter  re- 
quirement can  only  be  fulfilled  for  incident  wavelengths 
close  to  or  shorter  than  the  Bragg  cut-off  wavelength, 
and,  for  a  single  crystal,  near  Bragg  position.  In  the  case 
of  a  polycrystal  the  critical  scattering  for  t^0  is  greatly 
weakened  by  the  averaging  process  over  orientations 
and  its  observation  is  further  hampered  by  its  proximity 
to  the  intense  Deybe-Scherrer  rings. 

Whereas  we  had  noticed,  as  far  as  correlations  are 
concerned,  an  almost  perfect  analogy  between  the 
considerations  of  the  present  section  and  the  discussion 
of  gases  near  the  critical  point  presented  in  II,  we  have 
met  with  an  important  difference  regarding  the  scat- 
tering, namely  the  occurrence  in  the  cross  section  (41)  of 
the  terms  with  t^O,  evidently  absent  in  the  gas  case. 
These  terms  reflect,  of  course,  the  fact  that,  despite  the 

26  To  take  the  effect  of  atomic  vibrations  completely  into 
account  one  would  still  have  to  add  to  Eq.  (41)  a  small  amount  of 
critical  scattering  coming  formally  from  the  difference  between 
GR{x,t)  and  G«(to)(r)-  This  scattering,  in  contrast  with  the  scat- 
tering described  by  (41),  is  inelastic  in  the  lattice  vibrations  and, 
apart  from  being  much  smaller,  it  has  an  entirely  different 
distribution  of  momentum  and  energy  transfers.  It  is  of  more 
restricted  experimental  interest. 
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intense  disorderly  fluctuations  of  the  magnetization,  the 
spin  system  retains  the  regular  arrangement  of  positions 
in  space  imposed  by  the  lattice  structure  of  the  under- 
lying crystal.  Their  occurrence  is  of  considerable 
practical  interest  by  permitting  the  observation  of 
critical  scattering  in  absence  of  any  elastic  peak  for  a 
single  crystal  rotated  slightly  from  Bragg  position. 

Our  theoretical  discussion  has  dealt  with  a  ferro- 
magnetic spin  system  at  temperatures  higher  than  the 
Curie  point.  The  situation  for  T<TC  is  complicated  by 
the  presence  of  permanent  magnetization  and  would 
therefore  require  a  special  discussion.  It  is,  however,  to 
be  expected  that  the  properties  of  the  critical  magnetic 
scattering  derived  above  hold  true  without  essential 
modifications  for  T<TC,T  being  again  in  the  vicinity  of 
Tc,  since  the  magnetization  has  there  also  abnormally 
large  fluctuations. 

Both  in  transmission  (total  cross  section)  and  in 
differential  measurements  there  is  clear  evidence  that 
the  critical  magnetic  scattering  has  been  experimentally 
observed.  The  peak  at  the  Curie  point  obtained  by 
Palevsky  and  Hughes3  as  well  as  by  Squires4  in  the 
transmission  versus  temperature  curve  for  iron  is  un- 
doubtedly to  be  ascribed  to  critical  scattering.  It  comes 
from  the  contribution  of  the  term  x  =  0  of  (41)  to  the 
total  cross  section.  As  the  Curie  point  is  approached, 
this  contribution,  unlike  that  of  the  other  terms,  would 
increase  indefinitely  in  the  ideal  case  of  a  perfect 
geometry.  The  greater  height  and  sharpness  of  the  peak 
obtained  by  Squires  is  a  consequence  of  a  better  temper- 
ature control  than  in  the  experiment  of  Palevsky  and 
Hughes. 

The  occurrence  of  abundant  small  angle  scattering  of 
0.9-A  neutrons  in  polycrystalline  iron  for  temperatures 
in  the  vicinity  of  Tc  has  been  observed  by  Wilkinson  and 
Shull,27  with  a  pronounced  maximum  in  the  amount  of 
scattering  at  the  Curie  point  itself.  McReynolds  and 
Riste,28  investigating  the  magnetic  structure  of  a  single 
crystal  of  Fe304  with  1.3-A  neutrons,  have  established 
the  existence,  around  the  Bragg  directions,  of  diffuse 
magnetic  peaks  of  rapidly  increasing  intensity  as  the 
Curie  point  is  approached  from  either  side.  The  results 
of  both  experiments  are  in  good  agreement  with  the 
theoretical  predictions  presented  above.  They  tend  to 
indicate  that,  at  least  for  Fe  and  Fe304,  critical  scat- 
tering takes  place  over  a  rather  wide  neighborhood  of 
the  Curie  point,  extending  roughly  to  some  100°  below 
and  above  Tc. 

27  M.  K.  Wilkinson  and  C.  G.  Shull,  Phys.  Rev.  95, 1439  (1954), 
and  private  communication. 

28  A.  W.  McReynolds  and  T.  Riste  (to  be  published). 


VI.  CONCLUDING  REMARKS 

Our  discussion  of  the  time-dependent  correlation  be- 
tween spins  and  of  magnetic  neutron  scattering  in 
ferromagnetic  crystals  has  dealt  only  with  the  points  of 
greatest  importance  for  the  qualitative  understanding  of 
the  phenomena.  Several  questions  have  been  raised 
without  any  attempt  being  made  at  their  solution.  Some 
of  them,  although  difficult,  are  of  considerable  interest 
from  the  standpoint  of  general  statistical  mechanics, 
and  further  experimentation  is  likely  to  make  their 
study  desirable  also  from  a  more  practical  standpoint. 

The  present  paper  is  entirely  based  on  the  atomic 
(Heisenberg)  model  of  ferromagnetism,  ascribing  a  spin 
of  fixed  length  to  each  atom.  The  general  method, 
however,  consisting  in  the  use  of  time-dependent  corre- 
lations between  pairs  of  spins  and  founded  on  Eqs.  (1), 
(3),  and  (4),  is,  of  course,  applicable  to  magnetic 
scattering  by  the  spins  of  an  arbitrary  system  of 
electrons.  The  spin  vectors  in  Eq.  (4)  have  only  to  be 
taken  as  belonging  to  the  individual  electrons.29  One 
could  thus  attempt  to  carry  out  our  whole  discussion  for 
the  collective  (electron  band)  theory  of  ferromagnetism. 
No  deep  alteration  of  our  main  qualitative  conclusions 
is  probably  to  be  expected.  Some  support  for  this  view 
is  given  by  the  case  of  nickel  which,  having  an  average 
of  0.6  electron  spin  per  atom,  clearly  requires  a  collective 
treatment.  The  results  of  transmission  experiments  of 
Squires4  with  7-A  neutrons  seem  to  be  in  rough  agree- 
ment with  the  main  qualitative  predictions  one  would 
obtain  from  o.ur  methods:  the  transmission  versus 
temperature  curve  has  a  peak  at  the  Curie  point,  and 
the  magnitude  of  the  magnetic  cross  section,  although 
very  uncertain  as  a  consequence  of  its  small  size,  is 
compatible  with  what  would  be  obtained  from  the 
observed  magnitude  in  iron  by  correcting  for  the  smaller 
average  atomic  spin. 

Another  problem  deserving  attention  concerns  the 
case  of  antiferromagnetic  crystals.  The  dynamics  of  such 
systems  is  certainly  less  well  understood  than  is  the  case 
for  ferromagnets,  and  instructive  information  would 
undoubtedly  be  revealed  by  inelastic  neutron  scattering 
experiments.  The  extension  of  our  theoretical  discussion 
to  antiferromagnets  raises  also  a  number  of  questions 
which  might  be  worth  investigating. 

We  would  finally  like  to  express  our  appreciation  to 
D.  J.  Hughes,  H.  Palevsky,  G.  L.  Squires,  C.  G.  Shull, 
and  A.  W.  McReynolds  for  making  their  experimental 
results  available  before  publication  and  for  many 
stimulating  discussions,  to  G.  Placzek  for  various  useful 
comments,  and  to  C.  E.  Porter  for  communicating  the 
results  of  unpublished  calculations. 

29  The  vectorial  indices  R,  R'  must  be  replaced  by  numerical 
indices  labeling  the  electrons. 
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The  quantum-mechanical  perturbation  theory  of  continuous  energy  spectra  is 
investigated  for  a  special  class  of  perturbations  possessing  some  of  the  formal  properties 
of  the  familiar  interaction  energies  of  field  theory.  These  formal  properties  entail  the 
inapplicability  of  the  familiar  perturbation  theory  of  continuous  spectra.  The  latter, 
which  implies  that  the  perturbation  causes  transitions  between  unperturbed  stationary 
states,  with  conservation  of  the  unperturbed  energy,  is  valid  for  scattering  and  reaction 
processes.  The  perturbations  here  considered  are  found  to  produce  transitions  between 
"asymptotically  stationary  states"  differing  from  the  unperturbed  stationary  states 
both  by  the  admixture  of  other  states  and  by  correction  of  the  energy  value.  This  is  in 
agreement  with  the  situation  intuitively  expected  but  not  explicitly  verified  in  field 
theory  (due  to  divergence  and  computational  difficulties),  according  to  which  the 
interaction  between  fields  causes,  besides  scattering,  creation  or  annihilation  processes, 
the  persistent  occurrence  around  each  real  particle  of  a  cloud  of  virtual  particles 
(photon  cloud  around  an  electron,  meson  cloud  around  a  nucleon,  etc.),  with  an 
accompanying  self -energy  effect. 

1 .  Introduction.  The  quantum-mechanical  perturbation  theory  of  systems 
with  a  continuous  energy  spectrum  has  been  studied  by  many  authors  for 
the  situations  encountered  in  scattering  and  reaction  processes.  Typically 
the  perturbation  term  of  the  hamiltonian  would  for  example  be  the  inter- 
action potential  between  two  particles  and  would  then  produce  scattering. 
It  may  also  be  the  interaction  energy  between  particles,  one  or  both  of 
which  are  composite  (like  a  nucleus,  an  atom  or  a  molecule) ,  and  it  produces 
then  reaction  processes  whereby  the  identity  of  the  particles  can  be  changed. 
For  all  such  cases  the  theory  has  been  worked  out  to  arbitrary  order  in  the 
perturbation,  leading  to  the  following  conclusions1).  For  general  (non- 
monoenergetic)  wave  packets  the  motion  reduces  asymptotically,  in  the 
distant  past  and  in  the  distant  future,  to  the  unperturbed  motion,  and  the 
essential  effect  of  the  perturbation  consists  in  causing  transitions  between 
the  unperturbed  stationary  states.  These  transitions  conserve  the  unper- 
turbed energy  and  are  described  by  a  unitary  matrix,  the  well-known 
S-matrix. 

There  are  however  two  important  classes  of  quantum  systems  with 
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continuous  spectra  to  which  this  general  theory  does  not  apply,  despite  the 
fact  that  one  term  in  their  hamiltonian  obviously  plays  the  role  of  a  per- 
turbation and  is  regarded  as  such  in  all  the  (essentially  incomplete  and  often 
unsatisfactory)  treatments  proposed  so  far  for  these  systems.  The  two 
classes  are  best  characterized  by  considering  typical  examples. 

Characteristic  of  the  first  class  is  a  non-conducting  crystal,  where  the 
potential  energy  is  the  sum  of  a  main  term  quadratic  in  the  displacements 
of  the  atoms  and  a  small  anharmonic  term  containing  third  and  higher 
powers  of  the  displacements*  The  latter  term  is  the  perturbation.  Under  its 
neglection,  and  for  the  physically  most  important  limiting  case  of  a  crystal 
with  a  very  large  number  of  particles,  the  system  is  harmonic  and  its 
stationary  states  are  characterized  by  the  presence  of  non  interacting  plane 
wave  vibrations  (phonons).  Each  phonon  has  a  wave  vector  and  an  energy. 
In  the  limit  of  an  infinite  crystal,  the  former  can  take  any  of  a  continuum  of 
possible  values,  whereas  the  latter  is  a  continuous  function  of  the  former. 
The  unperturbed  energy  spectrum  can  therefore  indeed  be  regarded  as 
continuous.  Still,  the  effects  of  the  perturbation  consisting  of  the  anharmonic 
terms  are  by  no  means  of  the  sort  occurring  in  scattering  and  reaction 
processes.  The  most  striking  difference  is  the  presence  of  dissipative  effects 
of  which  heat  conduction  is  the  most  familiar  manifestation:  such  effects 
take  place  for  a  wave  packet  irrespective  of  the  relative  phases  of  its  plane 
wave  components  and  consequently  a  S-matrix  formalism  is  unable  to 
describe  them.  Other  examples  of  perturbations  with  similar  effects  of 
dissipative  type  are  the  interaction  between  spin  waves  in  an  (infinitely 
large)  ferromagnetic  crystal,  the  interaction  between  an  electron  and  lattice 
vibrations  in  an  (infinitely  large)  conducting  crystal,  etc. 

The  perturbations  of  the  second  class  referred  to  above,  —  this  class  will 
form  the  main  object  of  the  present  paper  — ,  are  encountered  most  common- 
ly in  quantum  field  theory  as  the  interactions  between  quantized  fields. 
Consider  the  electromagnetic  interaction  between  the  electron-positron 
field  and  the  photon  field,  or  any  of  the  familiar  interactions  between  a 
nucleon  field  and  a  meson  field.  Taking  e.g.  the  latter  case,  we  assume, 
because  Lorentz  invariance  is  of  no  concern  for  our  present  discussion 
and  we  do  not  want  to  deal  with  divergence  difficulties,  that  a  form  factor 
has  been  introduced  smearing  out  the  nucleons  in  space.  The  unperturbed 
system  is  composed  of  the  non-interacting  nucleon  and  meson  fields.  The 
interaction  between  these  fields  is  a  perturbation,  the  effects  of  which  are 
certainly  not  describable  by  an  S-matrix  theory  of  the  standard  type. 
Although  it  is  true  that  the  perturbation  produces  transitions  between 
certain  states  stationary  for  large  times,  just  like  in  scattering  and  reaction 
processes,  these  states  are  not  the  stationary  states  of  the  unperturbed 
hamiltonian,  composed  of  free  nucleons  and  mesons.  They  are  rather  states 
where  each  nucleon  is  surrounded  by  a  meson  cloud,  each  meson  by  a  cloud 
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of  nucleon  pairs,  etc.,  and  where  these  clouds  contribute  non  vanishing 
corrections  to  the  total  energy.  These  cloud  effects  affect  the  motion  at  all 
times,  whereas  scattering,  creation  and  annihilation  processes  are,  for 
general  wave  packets,  of  transient  nature.  The  cloud  effects  are  responsible 
for  the  necessity  to  renormalize  the  primitive  constants  of  the  fields,  —  re- 
normalization  is  necessary  even  in  a  convergent  theory  — ,  but  it  is  clear 
that  renormalization  alone  is  not  able  to  describe  them  completely:  full 
knowledge  of  the  meson  cloud  around  a  nucleon  clearly  requires  an  infinite 
number  of  parameters. 

The  two  classes  of  perturbations  just  considered,  characterized  by  the 
occurrence  of  dissipative  effects  and  cloud  effects  respectively,  have  im- 
portant features  in  common.  The  perturbations  act  upon  systems  of  very 
large  (in  the  limit,  infinitely  large)  spatial  extension,  with,  as  a  consequence, 
a  continuous  unperturbed  energy  spectrum  *).  The  perturbations  themselves 
extend  over  the  whole  system :  the  anharmonic  term  in  the  potential  energy 
of  a  crystal  is  a  lattice  sum  over  the  whole  crystal ;  similarly  the  interaction 
between  a  nucleon  field  and  a  meson  field  is  an  integral  over  all  space.  This 
large  spatial  extension  of  the  perturbations  is  the  decisive  property  by  which 
they  differ  from  the  simpler  types  of  perturbation  encountered  in  scattering 
and  reaction  processes.  It  is  responsible  for  the  inapplicability  of  the 
familiar  methods  as  well  as  for  the  occurrence  of  novel  physical  effects, 
dissipation  or  cloud  effects.  It  manifests  itself  mathematically  as  follows. 
Take  for  the  eigenstates  of  the  unperturbed  system  the  most  natural  set  of 
quantum  numbers,  i.e.  the  number,  wave  vectors  and  polarizations  of  the 
free  quanta  (phonons,  nucleons  and  mesons,  etc.).  Denote  this  set  by  a, 
and  by  \a  >  the  unperturbed  eigenstate  of  quantum  numbers  a.  Some  of  the 
quantum  numbers  are  continuous,  some  are  discrete;  we  denote  by  d(a  —  a) 
the  product  of  d-functions  for  all  continuous  quantum  numbers  and  Kro- 
necker  symbols  for  all  discrete  ones  and  adopt  the  normalization 

<  a  |  a  >  =  d(a  —  a). 

Consider  an  operator 

VAX  VA2V  ...  AnV  (1.1) 

where  V  is  the  perturbation  and  Alt  ...  A. ^  are  arbitrary  operators  diagonal 
in  the  |  a  ^representation 

<  QL  \Aj\  a'}  =  A^a)  d(a  -  a'). 

The  large  (in  the  limit,  infinite)  spatial  extension  of  the  perturbation 
energy  V  implies  that  for  many  choices  of  n,  Au  ...  An  the  matrix  element 
<  a  |  VAX  V  . . .  An  V\a  >  has  a  d(a  —  a') -singularity,  i.e.  that  the  operator 
(1.1)  has  a  non- vanishing  part  diagonal  in  the  \a  ^representation,  although 
the  same  does  not  hold  for  V  itself. 

*)  In  most  cases  the  number  of  degrees  of  freedom  of  the  system  is  also  very  large.  This  is  however 
not  necessary,  as  shown  by  the  simplified  model  of  meson  theory  recently  proposed  by  Lee2). 


139 

904  LEON  VAN  HOVE 


The  diagonal  parts  of  the  type  just  described,  which  never  occur  in  the 
familiar  cases  of  perturbations  producing  scattering  or  reaction  processes 
only,  are  mathematically  responsible  for  the  novel  features,  dissipation  or 
cloud  effects,  described  above.  How  to  decide  whether  a  given  perturbation 
produces  dissipative  or  cloud  effects  is  the  first  aim  of  the  present  paper. 
The  answer  is  given  in  Section  4  and  is  based  on  rather  extensive  mathe- 
matical preparations  to  be  found  in  Sections  2  and  3.  The  rest  of  the  paper  is 
devoted  to  the  case  of  cloud  effects,  of  interest  for  field  theory,  and  studies 
it  to  general  order  in  the  perturbation.  The  asymptotic  motion  of  wave 
packets  for  large  times  is  investigated  in  Section  5  and  is  shown  to  be 
expressible  as  a  superposition  of  asymptotically  stationary  states  differing 
from  the  unperturbed  stationary  states  by  the  admixture  of  other  states  as 
well  as  by  a  correction  to  the  unperturbed  energy.  Section  6  deals  with  the 
motion  of  wave  packets  for  finite  times,  i.e.  with  the  transient  effects  of  the 
perturbation.  It  establishes  that  this  motion  consists  of  transitions  between 
the  asymptotically  stationary  states,  with  conservation  of  the  corrected 
energy.  The  results  obtained  are  thus  in  agreement  with  the  situation 
intuitively  expected  from  the  field  theoretical  examples. 

The  case  of  dissipative  effects  is  not  handled  here.  It  has  been  considered 
in  a  previous  paper  where  it  was  treated  in  the  lowest  non  vanishing  order  3) . 
Its  study  to  general  order  has  not  yet  been  carried  out. 

2.  Diagonal  parts  of  operators.  The  hamiltonian  H  +  XV  to  be  studied 
contains  a  time-independent  unperturbed  part  H  and  a  time-independent 
perturbation  term  XV.  We  assume  H  to  have  a  continuous  spectrum,  with 
eigenstates  |  a  >  characterized  by  a  number  of  parameters  (quantum 
numbers)  which  we  denote  by  the  single  symbol  a,  and  eigenvalues  e(a): 

H\a}  =  e(a)  \  a  >.  (2.1) 

It  is  essential  that  at  least  some  of  the  parameters  a  are  continuous  variables 
and  that  e(a)  is  a  continuous  function  of  them;  other  parameters  may  be 
discrete.  Our  notation  will  be  adapted  to  continuous  parameters  but  could 
of  course  easily  be  completed  in  order  to  take  explicit  account  of 'some 
discrete  ones.  We  write  the  normalization  as  in  (1.1) 

<  a  |  a'  > d(a  -  a')  (2.2) 

The  coefficient  X  in  front  of  the  perturbation  is  a  dimensionless  quantity 
characterizing  its  size.  The  perturbation  operator  V  is  assumed  to  have  a 
matrix  element  <oc|F|a'>  without  d[e(a)  —  e(a')]-singularity ;  any  such 
singularity  could  be  incorporated  into  the  unperturbed  hamiltonian  and 
thus  eliminated.  On  the  contrary  ^-singularities  are  allowed  in  the  matrix 
elements  of  product  operators  VA]VA2.  .  .  V AnV ,  where  the  Aj  are  diagonal 
in  the  |a  >-representation 

Aj  |a>  =  Aj(a)  |a>.  (2.3) 
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These  matrix  elements  are  assumed  to  have  the  form 

<a \VAXV.  .  .AnV  |a'>  =  d(a  -  a'JF^a)  +  F2(a,  a'),  (2.4) 

F2(a,  a')  possessing  no  d[e(a)  —  £(a')]-singularity.  The  function  Fj(a)  may 
of  course  vanish  for  certain  values  of  n  or  certain  choices  of  the  Aj*).  We 
are  however  interested  in  the  cases  where  F}(a)  is  not  always  zero,  and  it  is 
precisely  our  object  to  investigate  the  influence  of  d(a  —  a') -singularities  as 
appear  in  (2.4)  on  the  motion  of  the  system. 

The  situation  where  the  singular  term  in  (2.4)  never  occurs  is  also  much 
more  familiar  and  has  been  throroughly  investigated  in  the  general  theory 
of  scattering  and  reaction  processes1).  It  is  worth  mentioning  again,  for  later 
comparison,  the  main  result  of  this  theory.  Any  solution  (p(t)  of  the  Schro- 
dinger  equation  (we  put  %  =  1) 

idcpjdt  =  (H  +  W)<p  (2.5) 

approacnes  asymptotically  for  t  ->  ±  oo  solutions  of  the  unperturbed 
equation 

id<p0/dt  =  H  (p0;  (2.6) 

in  formulae: 

(p(t)  ~  f\d>  exp[—  ite(a)]c(a)da      for  t  ->  —  oo,  (2.7) 

tp(t)  ~  f\d>  exp[—  ite(a)]c  (a)da    for  t  ->  +  oo.  (2.8) 

The  connection  between  the  initial  and  final  amplitudes  c(a)  and  2(a)  has 
furthermore  the  following  type 

1(a)  =  f<a  |S|  af>c(a')da'  (2.9) 

S  is  a  unitary  matrix,  the  so-called  S-matrix.  Its  matrix  element  <a  \S\  a'> 
contains  a  factor  d[e(a)  —  e(a)]  ensuring  conservation  of  the  unperturbed 
energy.  The  asymptotic  validity  of  (2.7)  and  (2.8)  shows  that  for  each  wave 
packet  the  action  of  the  perturbation  is  concentrated  within  a  finite  time 
interval  and  produces  transitions  between  unperturbed  stationary  states; 
the  perturbation  has  thus  exclusively  a  transient  action.  The  results  of  this 
paper  will  show  that  perturbations  for  which  the  ^-singularity  of  (2.4)  does 
occur  produce,  besides  transient  effects  described  by  a  S-matrix,  also  very 
important  persistent  effects  affecting  the  asymptotic  behaviour  of  y(t)  for 
/  ->  i  00  • 

The  actual  systems  for  which  our  discussion  will  be  of  interest  are 
quantized  fields.  The  energy  H  belongs  then  to  the  free  fields  and  their 
interaction  plays  the  role  of  perturbation.  That  the  singular  term  of  (2.4) 
is  not  identically  zero  in  the  case  of  interacting  fields,  and  what  its  value  is, 
can  be  found  out  by  the  usual  method  of  quantizing  the  free  fields  in  a 
cubic  box  of  large  volume  Q,  with  periodic  boundary  conditions.  The  states 

*)  In  the  conventional  field  theories,  it  always  vanishes  for  even  n. 
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|a>,  characterized  by  the  presence  of  a  number  of  free  field  quanta  in  plane 
wave  states,  are  then  still  discrete.  They  become  continuous  as  Q  ->  oo. 
In  the  matrix  element  (2.4)  certain  types  of  transitions,  impossible  when 
a  #  a' ',  may  become  possible  when  a  =  a.  They  are  the  so-called  self-energy 
transitions  where  virtual  particles  are  first  created  with  arbitrary  values 
of  their  momentum  and  then  reabsorbed.  Their  contribution  to  the  matrix 
element  is  larger  than  the  contribution  of  other  transitions  by  a  factor  Q. 
It  gives  rise  in  the  limit  Q  ->  oo  to  the  term  6 (a  —  a)Fx(a)  of  (2.4).  One  can 
thus  say  that  the  perturbations  of  interest  to  us  are  essentially  those  which 
produce  self-energy  effects  in  the  continuous  spectrum.  The  fact  that  in 
relativistically  invariant  field  theories  the  self-energies  are  found  to  diverge 
will  be  of  no  concern  to  us:  we  restrict  ourselves  from  the  outset  to  cases 
where  all  integrations  over  intermediate  states  are  convergent.  We  will  even 
assume  the  function  e(a)  to  be  bounded. 

The  preceding  remarks  make  it  immediately  clear  that  the  perturbations 
to  be  studied  will  produce  persistent  effects :  a  self-energy  effect  is  indeed  in 
essence  of  persistent  nature.  We  will  find  however  that  the  energy  corrections 
are  necessarily  accompanied  by  other  persistent  effects  of  the  perturbation, 
resulting  in  the  fact  that  the  validity  of  the  asymptotic  formulae  (2.7)  and 
(2.8)  is  not  restored  even  after  introducing  the  corrected  energies  in  the 
exponentials.  These  further  effects  correspond  in  field  theory,  in  electro- 
dynamics for  example,  to  the  presence  of  a  photon  cloud  persistently 
attached  to  the  electron  even  when  no  other  charge  is  interacting  with  it. 
That  field  theory  must  imply  such  cloud  effects  has  long  been  intuitively 
clear.  Little  progress  has  however  been  made  toward  their  precise  theoretical 
description  as  separated  from  all  transient  effects  of  the  interaction.  Our 
analysis  will  provide  this  description.  We  should  mention  at  this  point  an 
attempt  by  Pirenne4)  to  construct  a  perturbation  theory  of  continuous 
spectra  including  self-energy  effects.  This  attempt  must  be  regarded  as 
incomplete.  As  shown  by  his  equation  (5),  Pirenne  has  left  out  of 
consideration  the  cloud  effects  just  discussed,  overlooking  that  they  are 
inseparably  related  to  the  self-energy  effects. 

We  give  now  a  closer  analysis  of  the  singular  terms  in  the  matrix  elements 
(2.4).  We  call  diagonal  part  of  the  matrix  VAXV .  .  .AnV  and  denote  by 
{VAxV...AnV}d  the  diagonal*)  operator  with  matrix  elements 


where  Fx(a)  is  the  same  function  as  in  (2.4).  Considering  the  explicit  value  of 
the  matrix  element  (2.4) 


<a\  {VAXV.  .  .AnV}d  \a'>  =  6 (a  -  a')Fx(a) 


(2.10) 


<a \VAXV.  .  -AnV  |a'>  =  /<a \V\  ax>  Ax(ax)  <ax  \V\  a2> .  .  . 
...  An{an)<an\V\  a'>dax  ...  dan, 


(2.11) 


*)  By  diagonal  we  always  mean  diagonal  in  the  |a  >  -representation. 
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we  notice  that  some  of  the  partial  products  VAjV .  .  .AkV ,  (1  <  j  <  k  <  n; 
k  —  /  <  n  —  1)  may  have  themselves  a  d(aj_l  —  ak+  j) -singularity  in  their 
matrix  element  (aj_x  \VAjV, .  .AkV  |aft+J>,  producing  a  contraction  between 
the  integration  variables  ai_1  and  ak+l  in  (2.11)*).  Assume  now  such 
contributions  to  be  excluded  in  (2.11)  by  the  convention  that  each  of  the 
variables  ax,  ...  an  is  kept  outside  some  infinitesimal  neighbourhood  of  each 
other  as  well  as  of  a  and  a  .  Consider  again,  in  the  result  thus  obtained  for 
the  integral  (2.1 1)  regarded  as  function  of  a  and  a  ,  the  separation 

d(a  -  «')£,(«)  +  F2(a,  a') 

similar  to  (2.4).  We  call  irreducible  diagonal  part  of  VAXV .  .  .AnV  and  denote 
by  {VAXV .  .  .AnV}id  the  diagonal  operator  defined  by 

<o|  {VAXV.  .  .AnV}ld  \a'>  =  d(a  -  a')Fx(a). 

It  is  that  portion  of  the  diagonal  part  {VA XV .  .  .AnV}d  which  is  obtained 
when  the  intermediate  states  \a{>,  ...  |aM>  are  kept  different  from  each 
other  and  from  the  initial  and  final  states  \a'},  |a>. 

The  definitions  of  diagonal  and  irreducible  diagonal  parts  are  immediately 
extended  to  operators  of  the  form  AqVA^  .  .AnVAn  +  l,  with  A0,  Ax,  . . .  An  +  l 
diagonal,  by  the  formulae 

{AaVA,V  . . .  A,VAn+1}d  =  A0{VA{V  . . .  AnV}dAn+u 

{A0VA,V  . . .  AnVAn  +  l}id  =  Aa{VA,V  . . .  AnV}tdAn+l. 

We  extend  them  also  by  mere  additivity  to  sums  of  such  operators. 

We  make  now  the  assumption,  always  verified  in  the  practical  situations, 
that  in  calculating  the  non-irreducible  part  of  (2.10),  when  one  has  two 
contractions  between  the  intermediate  states  of  (2.11),  let  say  one 
between  aj_l  and  ak  +  ]  and  one  between  ay_x  and  ak,+  l,  one  has  never 
/  <  <  k  <  k'  nor  f  <  /  <  k'  <  k.  As  a  consequence  of  the  assumption 
just  made  one  can  systematically  determine  the  d.p.  (diagonal  part)  of 
any  product  P  =  VAXV  ...  AnV  by  &  succession  of  operations  consisting 
each  of  taking  the  i.d.p.  (irreducible  diagonal  part)  of  a  number  of  similar 
products.  Each  operation,  to  be  called  a  diagonalization  process,  proceeds 
as  follows: 

i)  One  selects  in  P  one  or  more  subproducts 

VAhVAh+lV...Ah^1V,  VAhV...Ah,_1V,  VAiJAiq+,V...Ak-lV, 

(i  < /,  < /; <j2<i2<    h <u<n  +  o. 

and  one  replaces  each  of  them  by  its  i.d.p. 

ii)  These  i.d.p.  are  considered  as  diagonal  operators.  Remembering  that 
a  product  of  diagonal  operators  is  a  diagonal  operator,  one  finds  for  P 


*)  If  ;  =  1,  replace  ay_j  by  a;  if  k  =  n,  replace  a^  +  i  by  a'. 
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after  step  i)  either  a  diagonal  operator,  in  which  case  the  operation  is 
ended,  or  a  product  A'0VA[V  .  .  .  A'n,VA'n,+]  with  A'Q,  A\,..  .A'n,+  ]  di- 
agonal and  n  <  n. 

iii)    In  the  latter  case,  step  i)  is  applied  to  VA\V  ...  A'n.V  selecting  this 
time  only  subproducts  which  were  not  already  present  in  the  same  form 
before  the  previous  application  of  step  i).  This  process  is  continued, 
until  after  a  total  number  v  of  applications  of  step  i)  the  operation 
ends  through  obtention  of  a  diagonal  operator. 
The  number  v  is  called  the  order  of  the  d.  pr.  (diagonalization  process)  and 
the  diagonal  operator  obtained  at  its  end  is  called  its  contribution.  It  is 
clear  that  for  given  P  many  different  d.pr.  can  be  carried  out,  since  each 
application  of  step  i)  requires  a  choice  of  subproducts:  two  d.pr.  are  different 
as  soon  as  they  do  not  make  identical  choices  of  subproducts  in  all  appli- 
cations of  step  i).  The  important  point  is  now  that  the  d.p.  of  P  =  VAXV  .  .  . 
AnV  is  the  sum  of  the  contributions  of  all  different  d.pr.  which  can  be 
carried  out  on  P. 

A  diagonalization  process  A  for  a  sum 

UfAfVAfV  . . .  A$VA$+l 

is  by  definition  a  combination  of  d.pr.  Aj  of  the  type  defined  above,  one 
for  each  product 

VAf  V  ...  A(l]y. 

Let  Bj  be  the  contribution  and  vj  the  order  of  Af,  the  contribution  and  order 
of  the  d.pr.  A  are  respectively  defined  by 

B  =  YijA^B1A^j+X}  v  =  mzxvj. 

3.  Separation  of  diagonal  parts  in  the  resolvent.  We  are  now  prepared  to 
investigate  the  diagonal  part  of  an  operator  which  will  play  an  important 
role  in  the  sequel,  the  so-called  resolvent  operator,  defined  by 

Rt  =  (H  +  XV  -l)~x  (3.1) 

for  each  complex  number  I  with  non  vanishing  imaginary  part.  The  con- 
nection of  the  resolvent  with  the  unitary  operator  of  the  motion  is  well 
known  and  will  be  used  later  on.  The  resolvent  can  be  expanded  in  powers  of 
the  perturbation 

Ri  =  D(0)  _  XDf]VDf]  +  ^D^VD^VD^ 

with  Z)J0)  =  (H  —  l)~\  and  this  expansion,  about  which  the  assumption 
of  convergence  is  made  once  and  for  all,  will  enable  us  to  calculate  the  d.p. 


{Rt}d  =  £>!0)  +  X2D^{VDf]V  -  WD^VD^V  +  . .  .}dD\0)-  (3-2) 
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We  shall  consider  successively  the  contributions  of  d.pr.  of  increasing 
orders. 

Define  first  the  diagonal  operator 

gl!)  =  {VD\0)V  -  WDfWD^V  +  .  .  .}id.  (3.3) 
As  can  be  easily  established,  the  sum       of  the  contributions  to 

{VD\0)V  -  XVD^VDfW  +  ...},  (3.4) 
of  all  d.pr.  of  order  1  has  the  value 

si"  =  g<»  +  A^SWSJ"  +  ^Df^Df^  +  ■■■ 
It  can  be  summed  explicitly,  with  the  result 

2f  =  gj«[i  -  A^gWr1  =  9S1)A(1,/^0)  (3-5) 

where  the  diagonal  operator  D\X)  is  defined  by 

Dm  =  [(D(0)}-i  _  A2gu,ri  =  [H_i_  #gj^->.  (3.6) 

The  total  contribution  Si2)  to  (3.4)  of  all  d.pr.  of  orders  1  and  2  is  calcu- 
lated next  and  found  to  be 

s<2>  =  g<2'  +  A2g  Wg}2>  +  A4g  WgWQl21.  +  . . .  (3.7) 

where  g{2)  is  defined  by 

gj2)  =  {F(Z)10)  +  A2Dl0)       Z)J0))  7  - 

-  AF(D<°>  +  A2Z)i0)  Si1'  L>1°>)F(L><0>  +  A2Z)<°>  S  J!)  Z>{0,)7  +  •  • 
We  notice  that,  from  (3.5)  and  (3.6), 

£>|0)  +  A2/)*0'  Si1*  D[0)  =  Dl0)(\  +  A2Z>i1)gj1))  =  D\l). 

Thus 

gp  =  {VD\X)  V  -  XVD\X)VD\X)V  +  .  .  .}« 
and  we  obtain  for  S{2),  by  summation  of  (3.7), 

s<2>  =  gp»[i  -  A2g|2)z)j0)] ~ '  =  gp'A'2'/^]0' 

where 

Z>j2)  =  [#  —  /  —  A^p]"1. 

This  procedure  can  be  continued  indefinitely,  with  the  result  that  the 
total  contribution  Slv)  to  (3.4)  of  all  d.pr.  of  orders  1,2,  ...  v  is  given  by 

£<*)  =  ^D\v)jDf\  (3.8) 

where  the  diagonal  operators  glv)  and  are  defined  by  the  recurrence 
relations 

g!'>  =  {VD?-X)V  -  XVD{rl)VD{rl)V  +  .  • .}«,  (3.9) 

D(,°  =  [H  ^  I  —  A2gi",]~1.  (3.10) 


145 

910  LEON  VAN  HOVE 


Assuming  convergence,  we  go  to  the  limit  v  ->  oo  and  define  the  diagonal 
operators 

9i  =  linWoo  Qfr  A  =  HnWoo  ty.  (3.1 1) 

Equation  (3.10)  becomes  in  the  limit 

Dt=  [H  —  I  —  X2  g,]-1,  (3.12) 

whereas  (3.9)  gives  the  identity 

&  =  {VDy  -  XVDlVDlV  +  . .  .}idt  (3.13) 

.e.  essentially  an  implicit  equation  verified  by  g,.  One  will  observe  that  the 
operators  gj1',  Ql2),  .  .  .  Si"',  ...  are  simply  obtained  by  solving  (3.13)  by 
successive  approximations  starting  from  Qi0)  =  0.  Going  to  the  limit  in 
(3.8)  one  finds 

{VDfV  -  XVDf^Df>V  +  ...},=  9,0/0?" 
and,  with  the  help  of  (3.2), 

{R,}a  =  D,  (3.14) 
With  this  result  one  can  also  rewrite  the  resolvent  itself  as 

R,  =  Dl  -  WlVDl  +  X2Dl{VD,V  -  XVD.VDjV  +  .  .  .}ndDh  (3.15) 

where  the  notation  {. .  ,}nd,  meaning  non-diagonal  part,  is  defined  for  a 
product  VAXV  .  .  .  AnV,  (Au  . . .  An  diagonal)  by  restricting  in  (2.11)  all 
states  |a>,  \a{>,  .  .  .  |aM>  and  \a}  to  be  outside  infinitesimal  neighbourhoods  of 
each  other  *),  and  is  extended  by  additivity  to  a  sum  of  such  products. 

We  will  describe  now  some  properties  of  the  diagonal  operators  <^  and  Dt 
which  may  be  expected  to  hold  barring  exceptional  analytic  complications. 
Denote  by  Im(l)  the  imaginary  part  of  /.  From  the  hermiticity  of  H  +  XV 
it  follows,  as  is  well  known,  that  the  resolvent  Rt  is  holomorphic  in  /  for 
Im(l)  ^0.  From  (3.14)  and  the  definition  of  the  diagonal  part  we  may 
conclude  that  Dl  is  also  holomorphic  in  /  for  Im(l)  0.  Equation  (3.12) 
implies  then  the  same  property  for  C^.  Similarly,  denoting  by  the  star  the 
complex  conjugate  of  a  number  and  the  hermitian  conjugate  of  an  operator, 
we  have 

=  R? 

and  thus  A*  =  D?>  %i*  =  9?  (3-16) 

From  (3.14)  and  (3.13),  and  from  the  fact  that  the  spectrum  of  H  is  bounded, 
we  can  conclude  further 

lim1/Koo  Dl      0,  lim|;Koo  ^  =  0. 


*)  The  value  of  <  a  {{VA^.  .  .AnV}nd\  a  >  is  then  to  be  taken  as  the  limit  of  <a\{VAlV . 
AnV)nd\a'  >  for  a'  ->  a  with  a'  #  a. 
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The  definition  (3. 1 )  of  Rt  implies  on  the  other  hand 

Rv  -  Rt  -  (/'  -  l)RrR,  (3.17) 

and  thus  Dv  -  Dt  =  {V  -  l){RvR^d- 

Using  (3.12)  and  (3.15)  one  transforms  this  relation  into 

-  1){{V  -  WD,,V  +...}„„  D,,D,{V  -  IVD,V  +  . .  (3.18) 

where  {V}nd  must  of  course  be  understood  as  equal  to  V.  Put  now  V  —  I*, 
Since  Dt*  =  Df,  the  diagonal  part  in  the  right  hand  side  becomes  non 
negative  and  we  conclude  that  *(Cjj*  —  Q,)  is  semi-definite  positive  when 
Im(l)  >  0,  or 

ItnlSfa)]  >  0  for  Im(l)  >  0,  (3.19) 

where  Qz(a)  is  the  eigenvalue  of  for  the  state  |a>.  The  inequality  can  be 
improved  a  little  by  noting  that  for  given  a 

(a)]  >  0  for  Im(l)  >  0, 

unless  9/(a)  =  0  for  all  I,  because  the  function  (a)]  is  harmonic  in  the 

upper  half  of  the  /-plane  and  can  thus  only  attain  its  minimum  on  the 
boundary.  Finally,  from  (3.19)  and  from  the  form  taken  by  (3.13)  when  the 
right  hand  side  is  written  in  terms  of  the  matrix  elements  <a  \  V\  a},  with 
integrals  over  intermediate  states,  one  may  conclude,  always  barring 
exceptional  complications,  that  converges  to  a  finite  limit  for  I  =  E  -f-  irj, 
E  real,  rj  >  0,  rj  ->  0.  We  write  for  this  limit 

lim  S£+J,  =  KE  +  iJE  (3.20) 

where  KE  and  JE  are  diagonal  operators,  with  real  eigenvalues  KE(a), 
JE(a).  Furthermore,  from  (3.16), 

lim0<^o  §E-in  =  Ke  -  Ue  (3-21) 
and  from  (3.19),  for  all  |a>, 

JE(a)  >  0.  (3.22) 

4.  The  case  of  vanishing  line  width.  A  fundamental  distinction  must  now 
be  introduced  according  to  whether  the  operator  Dl  remains  bounded  or 
becomes  unbounded  when  I  approaches  the  real  axis  from  either  side.  It 
will  correspond  physically  to  the  distinction  between  the  two  classes  of 
perturbations  described  in  the  introduction,  producing  dissipative  effects 
and  cloud  effects  respectively.  For  each  state  |«>,  consider  the  equation 
(E  real) 

e(a)  -  E-X2KE(a)  =0.  (4.1) 

Under  our  assumptions  it  has  at  least  one  root  E  =  E(a),  and  we  shall 
suppose  that  it  has  only  one. 
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If  one  has  for  each  a  the  inequality 

JE(a)  =£  0  when  E  =  E(a)  (4.2) 

the  operator  Dt  remains  bounded  in  the  neighbourhood  of  the  real  axis  and 
has  a  finite  discontinuity  when  passing  accross  it.  Under  these  circumstances 
one  must  expect  that  the  perturbation  produces  for  the  system  a  motion  of 
dissipative  type,  like  in  absorption  or  diffusion  processes.  This  is  indeed  the 
type  of  motion  found  in  a  previous  paper  3)  where  the  effects  of  the  pertur- 
bation were  studied  in  lowest  order  in  X  under  the  assumption  (4.2),  also 
taken  in  lowest  order  *).  The  quantity  JE(a)  for  E  =  E(a)  was  there  found 
to  play  the  role  of  a  line  width,  its  inverse  being  essentially  the  decay  time 
or  relaxation  time  of  the  state  |a>  in  the  dissipative  process. 

We  want  to  study  here  the  complementary  case  where  JE(a)  vanishes 
when  E  verifies  (4.1).  We  assume  a  little  more,  namely  that  for  each  state 
|a>  the  function  Cjj(a)  is  holomorphic  in  the  point  I  =  E(a)  of  the  real  axis.  It 
then  follows  of  course  that  JE(a)  vanishes  for  E  real  around  E(a),  so  that 
D^a)  becomes  singular  when  I  approaches  the  real  value  E(a). 

The  assumption  just  made  has  far  reaching  consequences.  Clearly,  the 
identity  (3.13)  requires  that  if  Qz(a)  is  holomorphic  in  I  on  a  given  portion  of 
the  real  axis  for  some  |a>,  the  function  Dt(ax)  must  also  be  holomorphic  on 
the  same  portion  of  the  real  axis  for  all  the  states  \a{>  which  intervene  as 
intermediate  states  when  the  products  of  operators  in  (3.13)  are  written  out 
as  integrals  in  terms  of  the  matrix  elements  of  V.  Indeed,  quite  remarkable 
cancellations  of  singularities  in  the  right  hand  side  of  (3.13)  would  otherwise 
be  needed,  and  we  may  safely  exclude  such  a  situation  as  highly  exceptional. 

Let  us  formulate  the  above  statement  more  precisely.  We  need  therefore 
an  important  definition.  Consider  the  matrix  element 

<a  \VD,V  -  kVDtVDtV  +  . . .  \a'y  =  f<a  \V\  at>  A(«i)  <«i  \V\ayda, 

-Xf<a\V\  «!>  A(«i)<«i  l^l«2>  A(«2)  <«2  \V\  a'ydaida2  +  .  .  .  (4.3) 

According  to  (3.13)  we  can  obtain  from  this  expression  the  value  of  Qz(a) 
by  keeping  in  the  right  hand  side  ax  #  et2,  . . .  in  the  terms  of  order  1,2,  ... 
in  X  and  separating  the  part  of  the  expression  obtained  which  has  a  d(a  —  a')- 
singularity.  The  coefficient  of  this  singularity  is  Qz(a).  Call  xa  the  smallest 
family  of  states  |a">  such  that  the  correct  value  of  Qt(a)  would  be  obtained 
if  at  the  start  of  the  above  operations  on  (4.3)  the  integrations  over  |aj>, 
|a2>  ...  were  restricted  to  xa.  This  family  is  well  defined  if  we  require  it  to 
be  continuous  in  those  parameters  a  which  are  continuously  varying.  We 
can  now  reformulate  our  statement  in  the  form  of  a  lemma:  //  for  some  ja> 
the  function  5; (a)  is  holomorphic  in  I  for  I  on  a  portion  6  of  the  real  axis,  the 


*)  The  inequality  (4.2)  taken  in  lowest  order  reduces  to  the  condition  W{Ea'  ;  Ea)  ^  0  of 
Reference  3). 
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function  A(ai)  an^  therefore  the  function  Q/(«i)  have  the  same  property  for  all 
states  |aj>  belonging  to  xa. 

The  family  of  states  xa  will  play  an  important  role  in  the  sequel.  Let  us 
comment  a  little  more  on  its  properties.  In  general  xa  will  change  with  a, 
and  would  also  have  to  be  replaced  by  another  domain  of  integration  in 
order  to  calculate  (4.3)  for  a  ^=  a'.  Barring  again  exceptional  cancellations, 
one  may  however  admit  that,  given  the  perturbation  V,  xa  is  completely 
determined  by  |a>  and  does  not  depend  for  example  on  the  special  value  of  I 
in  (4.3).  More  generally,  xa  would  be  the  same  if  it  had  been  defined  for 
operators  VAXV  +  VA2VA3V  +  .  .  .,  (Au  A2,  ...  arbitrary  diagonal  oper- 
ators), instead  of  the  special  operator  in  (4.3).  As  an  example  let  us  consider 
quantum  electrodynamics.  If  |a>  is  a  state  characterized  by  the  presence  of 
one  electron  of  momentum  q,  xa  contains  all  states  with  one  electron  and 
one  photon,  one  electron  and  two  photons,  .  .  . ,  for  which  the  total  m. 
(momentum)  is  q.  If  |a>  is  the  state  with  one  electron  of  m.  q  and  one 
photon  of  m.  —  q,  xa  contains  e.g.  states  with  one  electron  of  m.  q  —  q' 
and  two  photons  of  m.  —  q  and  q'  but  does  not  contain  states  with  one 
electron  of  m.  q'  q  and  one  photon  of  m.  —  q',  neither  states  with  one 
electron  of  m.  —  qx  —  q2  and  two  photons  of  m.  q{  ^  —  q  and  q2  ^  —  q. 
If  |a>  is  the  state  with  two  electrons  of  m.  q  and  —  q,  xa  contains  no  other 
states  with  two  electrons  only,  and  involves  only  those  states  with  one 
photon  and  two  electrons  in  which  one  electron  has  m.  q  or  —  q. 

We  notice  now  that  our  lemma  can  be  easily  extended  to  a  family  of 
states  larger  than  xa.  For  each  a,  call  x^]  the  family  of  states  |a'>  such  that 
either  |a'>  is- in  xa  or  |a'>  is  in  the  family  xa..  for  some  la")  in  xa,  call  (for 
n  =  2,  3,  .  .  .)*Ln)  tne  family  of  states  |a'>  such  that  either  |a'>  is  in  x{"~1] 
or  it  is  in  the  family  xa„  for  some  |a">  in  x["~l\  and  call  finally  ya  the  family 
of  states  |a'>  such  that  |a'>  is  in  x£]  for  some  n.  From  this  definition, 
the  family  ya  contains  the  family  ya,  corresponding  to  each  of  its' ele- 
ments |a'>. 

By  induction  we  conclude  now  from  the  lemma:  if  for  some  state  |a>  the 
function  Cj/(«)  is  holomorphic  in  /  for  /  on  a  portion  6  of  the  real  axis,  the 
functions  Dt(ax)  and  S^aJ  have  the  same  property  for  all  states  \a{>  belonging 
to  ya.  From  the  form  of  A(ai)  this  implies  that 

jE(ax)  =  0,  e(ax)  -E-  X2KE(ax)  ^  0  (4.4) 

for  E  on  d  and  \a{>  in  ya.  We  have  assumed  above  Q/(a)  to  be  holomorphic 
tor  /  around  E(a).  We  may  thus  conclude  that  for  each  state  |a>  there  is  an 
energy  interval  da  around  E(a)  such  that  (4.4)  holds  whenever  E  is  on  da  and 
l«i>  in  ya-  In  particular  |a>  is  not  contained  in  ya.  These  conclusions  will  play 
a  central  role  in  the  following. 

A  remark  must  still  be  included  on  the  significance  of  the  family  of  states 
ya.  For  given  |a>  the  family  xa  is  the  collection  of  states  which  intervene  as 
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intermediate  states  when  one  calculates  the  eigenvalue  for  |a>  of  operators 
of  the  form  {VA{V  +  VA2VA3V  -f  .  .  .}id  with  arbitrary  diagonal  Av 
A 2,  ...  Similarly  the  family  ya  is  the  collection  of  states  intervening  in 
addition  to  |a>  as  intermediate  states  when  the  eigenvalue  for  |a>  is  calcu- 
lated for  operators  {VAXV  +  VA2VA3V  +  .  .  .}d  with  diagonal  Ax,  A2>  .... 
Remembering  how  ya  was  defined  in  terms  of  xa  one  verifies  this  property 
immediately  by  means  of  the  fact  that  any  diagonal  part  can  be  obtained 
by  successive  calculation  of  a  number  of  irreducible  diagonal  parts.  For 
each  |a>  let  us  now  define  the  diagonal  projection  operator  Ya  by 

Y  la  >  -  \  |ai>  f°r  |ai>  in  y°'  (4  5) 

Ya  |ai>  ~  \    0  otherwise.  (4'5) 

The  above  property  of  ya  can  then  be  expressed  by  the  identity 

{VA,VA2V  . . .  AnV}d  |a>  =  {VA,V  . . .  Aj^V(YaAj)V  . . .  A„V}d  |a> 

+  {VAtV  .  . .  A^W^VA^V  .  .  .  A„V}d  |a>  (4.6) 

for  arbitrary  diagonal  Ax,  A2,  .  .  .  An,  (1  <  /  <  n).  Use  is  made  of  this 
identity  in  the  next  section  where  the  physical  significance  of  the  family  of 
states  ya  will  be  established :  ya  contains  the  states  persistently  attached  to 
the  state  |a>  when  it  moves  under  the  influence  of  the  perturbation,  i.e.  the 
states  present  in  the  "cloud"  surrounding  |a>. 

5.  The  asymptotic  motion  of  wave  packets.  The  mathematical  properties  of 
the  hamiltonian  H  -f  XV  and  its  resolvent  Rt  have  now  been  sufficiently 
investigated  to  permit  a  discussion  of  the  motion  of  the  system.  We  study  in 
the  present  section  the  asymptotic  motion  of  a  general  wave  packet,  i.e.  the 
time  variation  for  t  ->  i  oo  of  a  general  non-monochromatic  solution  (p(t) 
of  the  Schrodinger  equation 

id<pldt  =  (H  +  XV)<p  (5.1) 

This  asymptotic  motion  has  been  described  in  Section  2,  Equations  (2.7)  and 
(2.8),  for  the  case  of  a  "normal"  perturbation  producing  no  diagonal  parts, 
i.e.,  no  (5-term  in  the  matrix  elements  of  type  (2.4).  In  this  case  the  asymp- 
totic motion  is  unaffected  by  the  perturbation,  being  a  superposition  of 
unperturbed  stationary  states  |a>  with  time-dependent  phase  factors 
exp[—  ^e(a)],  corresponding  to  the  unperturbed  energy  value  e(a).  We 
can  thus  say  that  in  the  presence  of  a  normal  perturbation  the  states  |a>, 
although  not  stationary,  are  asymptotically  stationary  with  energy  e(a). 

Our  first  concern  will  be  to  show  that  for  the  perturbations  here  studied 
the  states  |a>  are  no  longer  asymptotically  stationary,  not  even  with  an 
energy  value  different  from  e(a).  Let  us  assume  them  to  be  asymptotically 
stationary  with  energy  values  e'(a).  Putting  for  each  t0 

ip(t0)  =  f  |a>  exp[—  it0e'(a)]c(a)da  (5.2) 


PERTURBATION  OF  CONTINUOUS  SPECTRA 


915 


and  assuming  the  coefficients  c(a)  to  be  smooth  functions  of  a,  we  would 
then  have  for  finite  t,  in  the  limit  tQ  ->  ±  °°> 

exp[-  it(H  +  XV)]y>(t0)  ~  y>(t0  +  t), 

and  therefore 

linv±00  <y,(*0  +     |exp[-  it(H  +  AF)]|  #0)>  =  /|c(a)|2da  (5.3) 
Introduce  the  resolvent  by  means  of 

exp[-  U(H  +  XV)]  =  {2ji)-H/v  exp(-         dl.  (5.4) 

y  is  a  contour  in  the  complex  plane  encircling  a  sufficiently  large  portion 
of  the  real  axis  and  is  to  be  described  counterclockwise.  From  the  definition 
of  the  diagonal  part  of  an  operator  one  gets 

linv±eo  <y(t0  +  0  \Rt\  y>{t0)>  =  <y>(t0  +  t)  \{Ri}d\  v(*o)> 

=  /cxp[ffe'(a)]  .           ■  k(«)!2  •  d«  (5-5) 
We  are  thus  led  to  calculate  the  expression 

(2jt)~l  i  fy  exp(-  ilt)Dt(a)M  =  rt{a)  .  exp[-  itE(a)].  (5.6) 
From  the  results  of  Sections  3  and  4  one  finds 


,\      ,n,     -H2   f      expME(a)  -  £)]  .  /£(a)  .  dE 
ri{a)  =  N(a)  +  n  ^  j  _     _   2  2       4  2  (5.7) 


exp[>7(£(a)  -  £)]  .  /£(a)  .  dE 
[e(a)  -E-  X2KE(a)f  +  A4[/*(«)]5 

—  oo 

with  [^V(ct)]-1  =  1  +  A2[agz(a)/a/]/=£(a).  (5.8) 

In  (5.7)  the  integration  is  restricted  to  the  values  of  E  for  which  JE(a)  #  0; 
the  denominator  does  not  vanish  for  these  values.  Notice  that  rt(a)  reduces 
to  1  for  t  =  0, 

r0(a)  =  (2jt)-li/yDl(a)dl=  1, 

because 

(27.)-1  ifY  Dl  dl  =  (2n)~]  ifY  {R^d  dl  =  {(2n)-]  ify  R,  dl}d  =  {\}d  =,  1. 
Therefrom  two  inequalities  follow,  the  second  for  t  ^=  0, 

0  <  N(a)  <  1  (5.9) 
\rt(a)\<\  (5.10) 

unless  the  function  JE(a)  is  identically  zero  for  all  E,  a  circumstance  which 
under  our  assumptions  would  imply 

9,(0)  =0,  D.ia)  =  [e(a)  -  l]-1  (5.11) 

for  all  /,  just  as  for  a  normal  perturbation.  Using  (5.4),  (5.5)  and  (5.6)  we 
now  determine  the  left-hand  side  of  (5.3).  It  is 

fexp[it(e'(a)  -  E(a))]  .rt{a) . \c(a)\2.da. 
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From  (5.10)  it  is  seen  to  be  less  than  the  right  hand  side  of  (5.3)  except  in 
the  "normal  case"  where  (5.1 1)  holds  for  all  I  and  a. 

The  question  is  now  whether  the  replacement  in  Equation  (5.2)  of  the 
states  |a>  by  others  would  restore  the  asymptotic  validity  of  the  formula. 
This  will  be  shown  to  be  the  case  if  the  new  states  are  chosen  to  be 

. [»+g.,{(gw+Sa(4_g  ^J i°>- 

and  the  corresponding  energy  values  E(a).  The  numbers  E(a)  and  N(a),  the 
symbol  {...}„*  and  the  diagonal  operators  Ya,  KE  have  all  been  defined 
before.  KE(a)  is  the  operator  KE  for  E  =  E(a).  Notice  that  in  (5.12)  the 
denominator  never  vanishes:  because  of  the  presence  of  Ya  its  eigenvalues 
occur  only  for  states  |aj>  belonging  to  the  family  ya>  so  that  (4.4)  can  be 
applied  for  E  =  E(a).  As  a  further  consequence  of  (4.4)  we  can  use  in  (5.12) 
the  equality 

E[a)  +  kia)SH=^^-YM  (5-13) 

The  property  we  have  to  establish  is  the  following.  Put  for  smoothly 
varying  c(a) 

Wo)  =/l«>«sexp[-  it0E(a)]c(a)da.  (5.14) 
Then  one  has,  for  finite  t  and  in  the  limit  tQ  ->  ±  oo, 
exp[-  it(H  +  W)]<p(t0)  ~  <p(t  +  to). 

Since  the  operator  on  the  left-hand  side  is  unitary,  it  is  sufficient  to  prove 
in  the  limit  t0  ->  dz  oo 

<sp(t  +  tQ)  |  exp[-  it(H  +  W]\  I  9#o)>  - 

<SP%)  I  ?W>  -        +  *o)  I       +  *o)>-  (5-15) 

Calculate  first 

«p(k)  I  9(t0)>  =/W  ■  exp[do(£(a)  -  *(<0)]. 

<°'[1+^{K(a)  +  A5w-J'}J- 

•[i+^-{U+X,-^F)"Ula,> 

c*(a)  c(a')dada'  (5.16) 

In  the  limit  t0  ->  ±  oo  only  the  diagonal  part  of  the  operator  under  the 
integral  sign  gives  a  non  vanishing  contribution,  so  that 

linv±«,<?>«o)  I  ?«o)>  -/*W  •  S(a)  •  \c(a)\2  .  da  (5.17) 


152 

PERTURBATION  OF  CONTINUOUS  SPECTRA  917 

if  B(a)  is  the  eigenvalue  of  this  diagonal  part  for  the  state  |a>.  Using  (5.13) 
we  can  write 

B(a)  \d>  =  Hm^m  {[1  +  Sf=1  {(-  XVDvYa)n}nd\. 

[1  +  Sy=1  {(-  XYaDvVfU}d  |«>.  (5.18) 

By  application  of  (4.6)  we  may  drop  in  the  right  hand  side  all  factors  Ya 
and  notice  then  from  (3.15)  that  we  may  also  write 

B(a)  \a>  =  lim^(a)  [D,]"1  {i^},  [A-]"1  l«>-  (5-19) 

This  is  further  simplified  by  means  of  the  identity 

RVRV  =  dRv\dl', 

a  limiting  case  of  (3.17).  One  gets 

{RyRv}d  =  d{Rl)dldl'  =  dDvjdl'  =  [D,f.[\  +  fd^/dl'l 
The  expression  for  B(a)  reduces  then  finally  to 

B(a)  \a>  =  limr_>£(a)  [1  +  ^jdl']  |a>  =  [N(a)]-]  |a>, 
where  the  definition  (5.8)  of  N(a)  has  been  used.  Insertion  into  (5.17)  gives 
linV±00  «p(t0)  \<p(to)>  =f  \c(a)\2  da.  (5.20) 

It  is  obvious  that  the  same  limit  would  be  obtained  for  (y{t  +  t0)\(p(t-{-t0)>. 

The  left  hand  side  of  (5. 15)  must  now  be  calculated  and  its  value  must  be 
found  equal  to  (5.20).  We  determine  first  the  limit  of  the  expression 
<<p(t  +  *0)  \Ri  |  <p(t0)>  for  t0  ->  ±  oo.  Proceeding  in  the  same  manner  as  for 
(5.17)  and  (5.18)  we  find 
linv±-<y(*  +  W  1^1  <PVo)>  =  fN(a).exp[UE(a)].B'(a).  \c(a)\2.da  (5.21) 
with  B'(a)  defined  by 
B\a)  jcO-liin^tfl  +^ 

=  lim^E[a)  [DPTX  {Rv  Ri  Rvh  [AT1  !«>•  (5-22) 
Further  Rv  Rt  Rv  =  (/'  -        (Rv  -  Rt)Rr 

=  (i>  _        {dRl,l8l')  +  (/'  _  Z)-2  (R,  -  Rr) 

and  {Rr  Rt  RP}4  =  (V  -        ■  [A']2  •  [1  +  ^9,/^']  +  (*'  ~  ^)"2  (A  ~  A)- 
Consequently,  remembering  that 

mv^m  [A]-1  l«>  =  o, 

one  gets  for  B'(a)  the  simple  expression 

B'(a)  =  [E(a)  -I]-1      .  [A^)]"1.  (5-23) 
Insertion  into  (5.21)  and  application  of  (5.4)  give  the  desired  result 
linV±00  <<?(*  +  «  |exp[-  U(H  +  A7)]|         =  ./>(«)  I2  •  da- 
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This  completes  our  proof:  (5.14)  describes  correctly  the  asymptotic  motion 
of  wave  packets.  From  (5.12)  it  follows  that  (barring  exceptional  compli- 
cations) the  states  |a>as  are  linearly  independent  and  every  state  is  expressible 
as  linear  combination  of  them.  Consequently  we  can  conclude  that  the 
|a>as  form  a  complete  set  of  asymptotically  stationary  states,  with  the  E(a)  as 
corresponding  energy  values. 

Some  comments  are  in  order  on  the  significance  to  be  attached  to  the 
asymptotically  stationary  states  |a>as.  It  is  a  priori  obvious  that  the  concept 
of  asymptotically  stationary  state,  in  contrast  to  that  of  stationary  state  in 
the  ordinary  sense  of  the  word,  is  not  unambiguously  defined.  All  kinds  of 
terms  could  be  added  to  the  states  (5.12)  without  affecting  the  validity  of 
the  formula  (5.14)  for  the  asymptotic  motion  of  wave  packets;  one  could  for 
example  take  for  (5.12)  the  true  stationary  states  of  the  system.  The 
concept  of  asymptotically  stationary  state  must  rather  be  considered  with 
respect  to  the  a  priori  given  separation  of  the  hamiltonian  in  an  unperturbed 
term  H  and  a  perturbation  XV.  The  situation  is  quite  simple  in  the  case  of 
what  we  have  called  before  a  "normal"  perturbation:  the  eigenstates  of  H, 
although  no  longer  truly  stationary  in  presence  of  the  perturbation,  retain 
at  least  the  property  of  asymptotic  stationarity  and  are  thus  observable  as 
monochromatic  components  of  wave  packets  which  no  longer  (or  not  yet) 
undergo  scattering  and  reaction  processes. 

For  the  perturbations  here  studied,  as  a  consequence  of  the  diagonal 
effects  incorporated  in  the  operator  Q,,  the  unperturbed  eigenstates  |a> 
are  deprived  not  only  of  their  stationarity  but  even  of  their  asymptotic 
stationarity,  and  the  state  |a>flS  given  by  (5.12)  may  now  be  regarded  as 
obtained  from  |a>  by  a  minimal  amount  of  admixture  of  other  unperturbed 
states  sufficient  to  restore  the  property  of  asymptotic  stationarity.  Although 
we  have  not  proved  rigorously  that  the  admixing  contained  in  (5.12)  is 
strictly  minimal,  we  consider  this  statement  to  be  justified  by  the  following 
consideration.  The  expression  (5.12)  of  |a>as  differs  in  two  respects  from  the 
expression  obtained  for  a  perturbed  stationary  state  in  the  usual  pertur- 
bation calculus  of  discrete  spectra:  the  corrections  to  the  energy  levels  are 
incorporated  in  the  denominators  E(a)  +  X2KE{a)  —  H,  and  the  states 
admixed  to  |a>  are  restricted  by  the  presence  of  the  operators  Ya  to  the 
family  ya,  i.e.  to  the  smallest  family  of  states  giving  their  true  value  to  the 
diagonal  parts  of  operators  appearing  in  (5.22)  and  needed  for  establishing 
the  asymptotic  stationarity.  It  is  the  presence  of  Ya  which  makes  the 
admixing  minimal. 

This  question  of  giving  a  strictly  unambiguous  definition  for  the  asymp- 
totically stationary  states  is  clearly  a  very  delicate  one  and  will  not  be  studied 
further  in  the  present  paper.  We  shall  content  ourselves  with  having  in 
(5.12)  a  self  contained  and  tractable  expression  for  a  complete  set  of  asymp- 
totically stationary  states,  i.e.  essentially  a  formal  description  for  the 
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"cloud"  effects  so  often  talked  about  in  qualitative  terms  in  field  theory.  To 
appreciate  the  utility  of  (5.12)  one  must  realize  how  very  much  simpler  and 
more  tractable  this  expression  is  than  the  complete  expression  for  the  true 
stationary  states  of  the  system  (here  not  written  down).  This  relative 
simplicity  is  possible  because  the  states  |a>as  incorporate  only  the  per- 
sistent effects  caused  by  the  perturbation.  They  have  however  the  merit  of 
incorporating  all  the  persistent  effects  and  will  enable  us  to  write  down,  in 
the  following  section,  a  S-matrix  formula  for  the  other  effects  of  the  pertur- 
bation, which  are  of  transient  nature  and  consist  of  transitions  between 
asymptotically  stationary  states. 

One  should  remark  that  the  states  |a>as  do  not  form  an  orthonormal  set, 
because  the  scalar  product  as<a\a'yas  (where  flS<a|  is  the  conjugate  of  la)^) 
differs  from  d(a  —  a')  by  some  smooth  function  of  a  and  a  .  This  is  to  be 
expected  from  the  field-theoretical  examples:  if  one  considers  a  state  |a> 
composed  of  two  electrons  with  momenta  q  and  —  q,  and  a  state  |a'> 
composed  of  two  electrons  with  momenta  q'  =£  ±  q  and  —  q',  the  clouds 
around  |a>  and  |a'>  have  in  common,  among  others,  states  with  two  electrons 
and  one  photon,  and  are  therefore  non-orthogonal;  this  non-orthogonality  is 
essential  because  it  is  responsible  for  the  interaction  between  the  two 
electrons.  In  the  asymptotic  limit  of  large  times,  however,  the  states  la)^ 
may  be  treated  as  orthonormal.  Consider  indeed  the  waves  (5.14)  and 

9>'(*o)  =  f\a>as  •  exp[-  it0E(a)]  .  c'(a)da'. 
A  derivation  identical  to  that  of  (5.20)  gives 

l\mt0^±oo<<p(t0)  |  <p'(t0)>  =  fc*(a)c'(a)da. 

We  may  thus  say  that  the  states  |cc>as  are  asymptotically  orthonormal. 

6.  The  S-matrix.  The  problem  to  be  treated  now  concerns  the  connection 
between  the  asymptotic  motion  of  a  wave  packet  before  and  after  all 
transient  effects  take  place.  More  precisely,  let  us  consider  a  general  solution 
q)(t)  of  the  Schrodinger  equation 

-  idcp/dt  =  (H  +  XV)<p.  (6.1) 

From  the  results  of  the  foregoing  section  it  follows  that  y(t)  has  in  the 
limits  of  t  ->  ±  oo  the  two  asymptotic  forms 

<p(t)  ~ f\a}as  exp[—  itE(a)].c(a)da  for  t  ->  —  oo,  (6.2) 

(p{t)  ~ / |a>as  exp[—  itE(a)].c(a)da  for  t +  oo.  (6.3) 

The  problem  is  to  find  the  relation  between  the  coefficients  c(a)  and  c(a). 
As  will  be  established  hereunder  this  relation  is  given  by 


c(a)  =/<a  |S|  a'y  c(a')da' 


(6.4) 
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with  the  following  expression  for  the  S-matrix 

<a  |5|  a'y  =  6{a  -  a')  -  2mXd\E(a)  -  E(a')]. 
[N(a)N(a')]t  .  «z\  V  -  X{VRE{a)  +  l0V}nd  |a'>.  (6.5) 
The  symbol  RE+i0,  here  to  be  taken  for  E  =  E(a),  is  defined  by 

RE+t0  =  lim  Rt  for  /  =  E  +  irj,  vj  >  0,  rj  -+  0,  (6.6) 
and  the  notation  {VRtV}nd  means  {VD^  -  AFT), 7,0,7  +  .  .  .}^. 

To  prove  the  assertion  it  is  sufficient  to  show  that  for  all  smooth  functions 
c(a)  and  ci(a) 

linv>-oo,  ,%+oo  <<Pi(t)  I  exp[-  i(t  -  t)  (H  +  AF)]  MQ> 

=  /cf(a)  <a  |5|  a'>  c(a')dada',  (6.7) 

where  g?(£)  is  defined  by  (5.14)  in  terms  of  c(a)  and  similarly 
<P$)  =fW>as  •  exp[-  itE(a)~]cx(a)da. 

Firstly,  since  t  —  t  >  0,  we  may  write 

exp[-  t(?  -t)(H  +  XV)]  =  (2tz)-]     i  fy  exp[-  i(t  -  t)l]Rt6l 
=  (2m)-1  ^  exp[-  i(i-t)E]RE+i0dE. 

Consequently 

<fa(*)  |exp[-  f(*  +  AF)]|^(0>  =  (27ri).-1/cf(a)[iV(a)]*da 

/c(a')  [A^a')]^'/!0^  exp[tf(£(a')  -  E)  -  U(E{a)  -  E)]dE 

<4'+g-{Ka)+^-g)I]-  (6-8) 

We  need  the  asymptotic  value  of  this  expression  for  /  ->  —  oo,  ?  ->  +  oo. 
It  originates  from  the  terms  which  are  singular  for  E(a)  =  E  and  E(a)  =  E, 
all  other  terms  giving  zero  contribution  in  the  limit.  These  singular  terms  in 
the  matrix  element  in  (6.8)  are  obtained  in  two  ways: 

i)  by  considering  the  diagonal  part  of  the  whole  operator  in  the  matrix 
element ; 

ii)  by  putting  one  of  the  intermediate  states  intervening  in  RE+i0,  let 
us  call  it  \axy,  identical  to  |a>,  and  another  intermediate  state  |aj>  inter- 
vening in  RE+i0  (more  to  the  right  than  \a{>)  identical  to  |a'>.  The  operator 
products  comprised  between  |a>  and  \a{>  must  be  replaced  by  their 
diagonal  part,  as  well  as  those  between  |aj>  and  |a'>. 
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Case  i)  requires  the  calculation  of  the  eigenvalue  for  |a>  of  the  operator 

This  eigenvalue  can  be  immediately  gotten  from  the  quantity  5' (a)  intro- 
duced in  the  preceding  section,  Equation  (5.22),  and  there  calculated,  Equa- 
tion (5.23).  It  is 

[N(a)]~l  lim0<^0  [E(a)  -E-  irj]'1  =  [N(a)]~l  .  [E(a)  -E-  i0]~l. 
The  contribution  of  the  diagonal  part  (6.9)  to  (6.8)  is  thus  simply  found  to  be 

(2m)-1  fc*  (a)c(a)6a       exp[*(?  -  *)  (E(a)  -  E)]  dE/(E(a)  -E-  iO) 
and  reduces  to  the  integral 

fc*(a)c(a)da  (6.10) 

originating  when  the  S(a  —  a') -term  of  <a  |5|  a'>  is  considered  alone  in  the 
right  hand  side  of  (6.7). 

When  case  ii)  is  taken  for  all  possible  choices  of  the  intermediate  states 
\a{>  and  \a[y  among  the  intermediate  states  intervening  in  the  explicit 
expression  of  RE+i0  one  sees  easily  that  the  total  expression  obtained  for 
the  matrix  element  in  (6.8)  is  the  following 

*  h-D+  vAl&t&wWjy*  (6-10 

The  two  diagonal  parts  appearing  in  (6.1 1)  are  again  handled  by  the  method 
used  in  Section  5,  and  one  finds  for  their  eigenvalues 
[£(«)  —  E  —  i0]~l  and  [£(«')  —  E  —  i0]~l,  so  that  the  matrix  element 
(6.1 1)  reduces  to 

-  X[E(a)  -  E  -  i0]~l  .  [E(a')  -  E  -  i0]~l  .  <a\  V  -  l{VRE+l0V}nd  \a>. 
We  now  remark  that 

exp[—  it(E(a)  —  E)}  o 

and  similarly 


E{a)  -  £ 

t0 

exp[^~(£(a') 

E(a')  -E-tO 
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Consequently  the  contribution  of  case  ii)  to  the  right  hand  side  of  (6.8)  is, 
in  the  limit  t  ->  —  oo,  t  ->  -j-  oo,  equal  to 

-  2mX  fc*(a)  [iV(a)]*  da /  c{a')  [N(a')]*  da' 

f^dlEia)  -  E].d[E(a')  -  E]dE  .<a  |F  -  A{F#£+t0F}rt,  [a'>. 

Carrying  out  the  integration  over  E,  and  adding  the  contribution  (6.10) 
of  case  i),  one  finds  exactly  the  right  hand  side  of  (6.7).  This  completes  the 
proof  of  the  S-matrix  formulae  (6.4),  (6.5). 

One  notices  how  conservation  of  energy  in  transient  processes  is  ensured 
by  the  occurrence  of  the  d[E(a)  —  E(a')]-factor  in  the  S-matrix  (6.5).  As  is 
indeed  required  for  the  consistency  of  the  theory,  the  energies  conserved 
are  the  true  energies  E(a)  of  the  asymptotically  stationary  states,  and  not 
the  original  uncorrected  energies  8(a).  Another  point  which  deserves  verifi- 
cation is  the  unitarity  of  the  S-matrix.  In  view  of  the  asymptotic  ortho- 
normality  of  the  states  |a>as,  the  unitary  character  of  S  is  simply  expressed 
by  the  identity 

f<a  |S*|  a,>  da,  <a,  |S|  a'>  =  d(a  -  a)  (6.12) 

The  verification  of  (6.12),  although  rather  lengthy,  involves  no  essential 
difficulty.  We  restrict  ourselves  here  to  mentioning  three  formulae  which 
have  successively  to  be  relied  upon  in  the  course  of  the  derivation.  They 
are  (rj  >  0) 

RE+ro  -  Re-*  =  linVo  {RE-in  ~  Re-iv)  =  2i  lim^0  r)RE_trj  RE+ir], 

linVo  n  RB_in  RE+in  =  tiRe_i0  d(H  —  E  —  X2KE)RE+lQ,  (6.13) 
6{H  —  E  —  X2KE)  |a>  =  d[E(a)  -  E].N(a) .  |a>. 

Only  equation  (6.13)  is  not  immediate;  the  central  point  in  its  proof  is  the 
relation 

linVo  V  ^E-in  ADE+in  |a>  =  N(a)d(H  -E-  X2KE)A  |a> 

valid  for  A  diagonal,  whereas  the  limit  would  be  zero  if  the  operator  A 
has  no  diagonal  part,  i.e.  has  no  d(a  —  a') -singularity  in  its  matrix  element 
<a     1  a'>. 

7.  Remarks.  Many  questions  can  still  be  raised  in  connection  with  the 
above  contribution  to  the  perturbation  theory  of  continuous  spectra,  and 
the  present  paper  does  not  claim  to  have  touched  upon  all  points  deserving 
clarification.  Our  object  has  been  to  define  and  study,  within  the  frame- 
work of  standard  quantum  mechanics,  a  class  of  perturbations  characterized 
by  certain  formal  properties  which  are  exhibited  in  particular  by  the  con- 
ventional field-theoretical  interactions,  and  to  derive  in  detail  how  these 
formal  properties  imply  the  physical  effects  (self-energy  and  cloud  effects) 
which,  from  our  field-theoretical  experience,  we  intuitively  expect  them  to 
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produce.  Two  additional  remarks  will  still  be  made  in  order  to  delimit  more 
clearly  the  scope  of  our  results. 

Firstly,  our  whole  discussion  and  the  results  arrived  at  have  meaning 
only  with  respect  to  a  given  separation  of  the  hamiltonian  in  an  unperturbed 
part  H  and  a  perturbation  XV ,  and  with  respect  to  a  given  representation 
I  |a>.  Neither  the  separation  H  +  XV  of  the  hamiltonian  nor  the  special 
representation  of  basic  states  |a>  can  be  given  in  general  an  absolute  physical 
significance,  although  this  may  very  well  turn  out  to  be  possible  for  the 
special  systems  encountered  in  field  theory.  However  this  may  be,  the 
standpoint  adopted  here  was  to  consider  both  the  separation  H  +  XV  and 
the  basic  set  |a>  as  given  a  priori  without  enquiring  into  their  origin.  Still 
one  might  observe  that,  once  the  separation  H  +  XV  of  the  hamiltonian  is 
known,  the  states  |a>  may  be  uniquely  defined  as  the  simultaneous  eigen- 
vectors of  H  and  of  the  operators  Dt  for  all  I.  The  operator  Dl  itself  can  be 
defined  in  terms  of  H  alone  by  noticing  that  its  matrix  element  in  any 
representation  |/?>  diagonalizing  H  is  the  part  of  the  matrix  element 
0  \Rf\  p'y  of  the  resolvent  Rt  which  has  a  d[e'(fi)  —  e'ifi')] -singularity,  e'(P) 
being  the  eigenvalue  of  H  for  |/?>. 

Our  second  remark  concerns  the  relation  existing  between  the  separation 
of  diagonal  parts  of  operators  systematically  used  in  the  present  paper  and 
the  well  known  renormalization  technique  of  quantum  field  theory,  as 
developed  by  Feynman  and  Dyson5)  in  the  perturbation  expansion 
by  means  of  graphs.  The  separation  of  diagonal  parts  of  operators  would 
essentially  correspond  in  the  field-theoretical  cases  with  what  Dyson 
calls  the  elimination  of  the  self-energy  parts  of  graphs.  The  only  difference 
is  that  we  consider  here  states  of  the  system  as  a  whole  whereas  Dyson 
deals  with  particle  states.  Consequently  our  procedure  would  lead  in  field 
theory  to  the  determination  of  the  complete  propagation  functions.  It  does 
not  lead  to  the  complete  vertex  functions.  It  would  thus  permit,  in  electro- 
dynamics for  example,  to  renormalize  the  mass  of  the  electron  but  not  its 
charge. 
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Synopsis 

The  paper  continues  the  systematic  investigation  undertaken  earlier  x)  of  a  class  of 
perturbations  of  continuous  energy  spectra  producing,  in  addition  to  scattering  and 
reaction  processes,  self-energy  and  cloud  effects  which  affect  at  all  times  the  motion  of 
wave  packets  and  which  are  of  the  type  occurring  in  the  quantum  theory  of  interacting 
fields.  The  main  result  presented  here  is  the  explicit  determination  of  the  perturbed 
stationary  states.  The  formula  obtained  is  used  to  express  the  motion  of  wave  packets 
and  to  connect  it  with  its  asymptotic  properties  for  large  times  as  established  earlier. 
A  special  example  is  treated  as  illustration  of  the  general  method  and  a  crude  prelimina- 
ry discussion  is  given  of  the  aspect  under  which  the  renormalization  program  will 
present  itself  in  the  present  formalism 

1 .  Introduction.  In  a  previous  paper  1),  to  be  referred  to  hereafter  as  I,  we 
have  introduced  and  analyzed  a  class  of  quantum-mechanical  perturbations 
of  continuous  energy  spectra  characterized  by  the  most  important  formal 
properties  through  which  the  interaction  energies  encountered  in  the  quantum 
theory  of  fields  differ  from  the  interactions  studied  in  conventional  collision 
theory  (theory  of  scattering  and  reaction  processes,  S-matrix  theory).  We 
have  established  in  I  that  the  perturbations  there  considered  give  rise,  in  line 
with  the  physical  situation  expected  to  occur  for  interacting  fields  and  in 
contrast  with  the  case  of  ordinary  collisions,  not  only  to  scattering  and  re- 
action processes  but  also  to  permanent  effects  modifying  the  motion  of  arbi- 
trary wave  packets  at  all  times.  These  effects  consist  of  energy  corrections  in 
the  continuous  spectrum  (self-energy  effects  in  the  terminology  of  field 
theory)  and  of  what  may  be  called  cloud  effects,  i.e.  the  persistent  admixture 
to  each  unperturbed  stationary  state  of  a  "cloud"  of  other  unperturbed 
stationary  states,  even  in  the  asymptotic  motion  of  wave  packets  long  before 
or  after  all  scattering  and  reaction  processes  have  taken  place.  These  self- 
energy  and  cloud  effects  have  been  derived  to  general  order  in  the  pertur- 
bation by  a  method  more  suitable  for  this  purpose  than  the  usual  methods 
of  field  theory.  They  are  contained  in  the  perturbed  energy  E(at)  and  the 
"asymptotically  stationary"  state  |a>os  associated  in  I  to  each  unperturbed 
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stationary  state  |a>.  Their  defining  equations  are  (1.4.1.)*)  for£(a),— E=E(ol) 
is  the  root  of  this  equation  — ,  and  (1.5. 12)  for  the  state  |a>as.  A  further  result 
derived  in  I  is  the  S-matrix  formulae  (1.6.4),  (1.6.5.)  expressing  the  con- 
nection between  the  asymptotic  motions  of  wave  packets  before  and  after  all 
transient  (i.e.  scattering  and  reaction)  processes  have  taken  place. 

The  main  object  of  the  present  paper  is  to  derive  for  the  perturbations 
considered  in  I  an  explicit  expression  to  general  order  for  the  perturbed 
stationary  states.  This  is  achieved  in  the  next  section.  As  an  application  of 
this  result  we  then  consider  the  exact  expression  for  the  time  evolution  of  a 
wave  packet  under  the  perturbation  and  derive  from  it  the  asymptotic 
motion  for  large  times,  thus  obtaining  in  another  way  the  results  established 
in  I  without  knowledge  of  the  explicit  solution  of  the  Schrodinger  equation. 
Such  is  the  contents  of  Section  3.  Two  more  or  less  complementary  examples 
of  the  general  formalism  are  then  considered.  The  first  one  (Section  4),  only 
mentioned  very  briefly,  is  the  case  of  perturbations  producing  transient 
effects  only,  no  self-energy  or  cloud  effects;  the  general  equations  then 
reduce  to  the  well  known  results  of  collision  theory.  The  second  example 
(Section  5),  dealt  with  in  more  detail,  is  a  type  of  perturbation  producing  non- 
vanishing  self-energy  and  cloud  effects,  but  sufficiently  simple  to  be  calcul- 
ated in  closed  form,  and  thus  particularly  well  suited  as  illustration  of  the 
developments  forming  the  main  contribution  of  I  and  of  the  present  paper. 
Finally,  in  the  last  section,  some  indications  without  aim  at  completeness  are 
given  on  the  aspect  taken  in  the  present  formalism  by  the  well  known  re- 
normalization  program  of  quantum  field  theory,  and  a  few  comparative 
remarks  are  made  on  a  very  recent  paper  by  D  e  Witt2)  devoted  to  a 
subject  closely  related  to  ours. 

The  definitions,  notations  and  results  of  I  will  be  used  throughout.  In  this 
paper  as  in  I  we  adopt  a  notation  adapted  to  the  assumption  that  all 
quantum  numbers  defining  the  unperturbed  states  |a>  are  continuous.  This 
excludes  the  consideration  of  polarization  indices,  spin  indices,  etc.  The 
extension  of  the  formalism  to  include  such  discrete  quantum  numbers  would 
present  no  essential  difficulty.  The  main  difference  with  the  case  considered 
here  and  in  I  would  be  that  the  diagonal  part  of  a  product  VA XV  ...  AnV 
(V  is  the  perturbation  and  Av  . . ,  Am  are  operators  diagonal  in  the  |a>- 
representation)  should  be  defined  by  (1.2.4)  with  the  ^-function  referring  to 
the  continuous  quantum  numbers  alone,  Ft  being  consequently  a  finite 
matrix  in  the  polarization  indices.  Similarly  the  quantities  9i(a)  and  D^ol) 
are  finite  matrices  which  can  be  diagonalized  for  each  I,  a  step  necessary  for 
the  definition  of  the  perturbed  energies  E(ol)  and  of  the  asymptotically 
stationary  states  |a>as  as  well  as  for  the  definition  of  the  true  stationary 
states  by  the  method  of  the  next  section.  Except  for  this  short  remark  we 


*)  By  Equation  (1.4.1)  we  mean  Equation  (4.1)  of  paper  I. 
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leave  out  of  consideration  as  we  did  in  I  the  complications  connected  with 
polarization  indices.  Another  point  which  is  assumed  here  as  it  was  in  I  is 
the  convergence  of  all  expansions  in  powers  of  the  perturbation  which  are 
used  in  the  course  of  our  derivations.  This  assumption  excludes  for  example 
the  possibility  of  bound  states. 

2.  The  perturbed  stationary  states.  The  resolvent  operator  Rt  extensively 
used  in  I  is  also  a  convenient  tool  for  determining  the  stationary  states  of  the 
perturbed  hamiltonian  H  +  XV.  From  its  definition  (1.3.1)  one  obtains  for 
the  spectral  resolution  of  H  +  XV  the  equation 

H  +  XV  =  /_+~-  E  PE  &E, 

where 

PE  =  (2ni)-i  linvo  (RE+ir}  -  RE^)}  q  >  0.  (2.1) 
The  identity  (1.3.17)  gives  on  the  other  hand 

Here  and  in  subsequent  equations  upper  (lower)  signs  must  be  taken 
together.  The  limiting  value  of  the  right  hand  side  of  (2.2)  for  rj  ->  0  is  de- 
termined by  means  of  the  following  identities,  which  are  quite  easy  to 
establish.  If  the  matrix  element  <oc|£|a'>  considered  as  function  of  a  and 
has  no  <5(<x  —  a')  —  singularity,  one  has 

\imn^nDE±ir}BDE^  =  0.  (2.3) 

If  on  the  contrary  B  is  diagonal  in  the  |  ^-representation  this  equation  is 
replaced  by  *) 

1<0  rjDE±in  BDWn  =  7i  NB  d(H  —  E  —  PKE),  r)  >  0,  (2.4) 
where  N  is  the  diagonal  operator  defined  in  terms  of  (1.5.8)  by 

N  |a>  =  N(<x)  |a>. 

By  separating  in  (2.2)  the  diagonal  parts  occurring  in  the  product  of  two 
resolvents  and  by  taking  (2.3)  and  (2.4)  into  account  one  obtains 

lim  rj  RE±in  RETin  =  n  lim  RE±ir)  DE\in  d(H  —  E  —  X*KE)  DE%iri  RETir},  (2.5) 

or,  with  the  familiar  notation  AE±i0  =  lim,^  AE±irj  for  r\  >  0, 

Pe  =  [\  +SS-i{(— AD^m-J- 
5(H-E-  »Kn).[\  +         {(-  A7DE=F(0)»'}B(i].  (2.6) 

*)  The  last  equation  of  I  and  equation  (1.6.13)  contain  misprints  whose  correction  is  found 
hereunder  in  (2.4)  and  (2.5). 
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We  now  define 

f«>±  =  [AT(«)]».tl  +  Jfe.,  {(-  XDEia)±i0  V)%d]  |«>  (2.7) 

and  denote  by  ±<a|  the  hermitian  conjugate  state  vector  of  |oc>±. 
An  easy  transformation  of  (2.6)  gives 

Pe  =f  |<x>±  d[E  -  2(a)]      ±<«|  (2.8) 

and  consequently  for  the  spectral  resolution 

H  -f  XV  =  /  |a>±  £(a)  da  ±<a|  (2.9) 

As  will  now  be  established,  these  relations  readily  imply  that  the  states 
|a>+  (the  states  |a>_)  form  a  complete  orthonormal  set  of  eigenstates  of  the 
hamiltonian  H  +  XV  \  in  formulae 

(H  +  XV)  |a>±  =  £(a)  |a>±,  ±<a  |  a'>±  =  <5(a  -  a')  (2.10) 

where  as  always  upper  (lower)  signs  have  to  be  taken  together.  The  proof  runs 
as  follows.  A  well  known  property  of  spectral  resolutions  is  expressed  by  the 
identity 

Pe-Pe'  =  d(E  -  E')PE. 
Multiplying  this  equation  on  the  left  by  the  operator 

and  on  the  right  by 

[i  +  sr  «-  xyv,?^''}**}-1  ah 

one  obtains  by  means  of  (2.8) 

/  |a>  d[E  -  £(a)]  da  ±<a  |  a'>±  da'  d[E'  -  £(a')]  <a'|  = 

=  6{E  -  E')  J  |a>  d[E  -  £(a)]  da  <a|. 

This  is  further  reduced  through  multiplication  on  the  left  by  (a^  and  on 
the  right  by  |aj> : 

6[E  -  EM]  d[E'  -  JS{a#]  ±<ax  |o£±  -  S(E  -  E')  d[E  -  £(aj]  d(a2  - 

Integration  over  all  values  of  E  and  £'  for  fixed  ax  and  a{  and  application  of 
(2.9)  gives  then  (2.10). 

3.  The  asymptotic  motion  of  wave  packets.  The  two  complete  sets  of  eigen- 
states obtained  in  the  foregoing  section  provide  us  with  two  representations 

(p(t)  =  /|a>±  exp  [—  it  E(ol)]  c±(a)  da  (3.1) 

for  an  arbitrary  solution  of  the  time-dependent  Schrodinger  equation 

i  dfp/dt  mx  (H  +  W)(p. 
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We  have  put  %  =  1 .  The  present  section  gives  the  connection  between  these 
representations  and  the  results  of  I  (Sections  5  and  6)  on  the  asymptotic 
motion  of  wave  packets.  The  following  equations  will  be  established 


limt^Too  [<p(t)-f  |a>as  exp  [-  it  £(«)]  C±(a)  da]  =  0 

lim^+eo  [<p(t)-f  |a>as  exp  [-  it  £(a)]  da  <a|S|a'>  c+  (a')  da']  -  0 

lim^^  [<p(t)-f\*>as  exp  [-  UE(ol)]  da  <a|S*|a'>  c_(a')  da']  =  0 


(3.2) 


The  limits  are  taken  with  the  meaning  that  a  state  vector  approaches  zero 
when  its  norm  (length)  does.  We  note  from  (3.2)  that  |a>+  corresponds  to  the 
situation  where  all  scattering  and  reaction  events  produced  by  V  contribute 
only  to  the  outgoing  wave  components  of  the  stationary  state,  while  in  |a>_ 
they  contribute  to  the  incoming  waves  alone. 

If  two  vectors  q?(t),  ip(t)  have  norms  approaching  one  for  t  ->  ±  oo,  the 
equation 

lim^±00  [<p(t)  -  y>(t)]  =  0 

is  equivalent  to 

lim^±00  <y>(t)  |  <p(t)>  =  1. 

To  establish  (3.2)  we  are  thus  led  to  calculate  for  t  ±  oo  the  limiting 
value  of  a  scalar  product  <ip(t)  \  q>{t)>  with  tp(t)  of  the  form  (3. 1)  and  \p(t)  of  the 
form 

fit)  =  I  |a>as  exp  [-  it  E(ol)]  7(a)  da  (3.3) 

We  carry  out  this  calculation  considering  the  upper  sign  in  (3.1).  The  case 
of  the  lower  sign  is  completely  analogous.  According  to  the  respective 
definitions  (1.5.12)  and  (2.7)  of  |a>as  and  |a>+  we  have 

<y(t)  |  <p(t)>  =f[N(*)  iV(a')]*  exp  [it  (£(«)  -  £(a'))] 

<a|  [1  +  Sr=i{(-  WYaDE{a)±i0)%d]. 

.[1  +  £5-i'{(-  ^Eia'Hio  V)n'}nd]  |a  >  7*(a)  C+(a')  da  da'.  (3.4) 

In  the  product  Ya  DE{a)±i0  the  choice  of  sign  is  irrelevant  (I,  Section  4).  The 
limiting  value  of  (3.4)  for  t  ->  ±  oo  originates  from  the  terms  in  the  integrand 
which  are  singular  at  E(ol)  =  E(a').  They  are  of  two  types.  Firstly  the  di- 
agonal part  of  the  whole  operator  comprised  in  the  matrix  element  gives 

<a|{...}Ja'>  =  [iV(a)]-M(a-a')  (3.5) 

as  was  established  in  I,  Equations  (1.5.18)  and  following.  Its  contribution  to 
(3.4)  is  time-independent.  Secondly  there  are  the  further  diagonal  parts  to  be 
separated  in  the  matrix  element.  Since  Ya  DE{a)±iQ  is  non  singular,  the  only 
singularities  which  can  occur  originate  from  terms  where 

[1  +  WYaDE{a)±ir}nd] 
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appears  as  a  whole  within  the  diagonal  part.  One  obtains  by  summing  over 
all  separations  satisfying  this  condition  the  expression 

<a|  {[1  +  XVYaDma)±M)"}nd\. 

[1  +  S«U{(-  ID^M+^riJ}^,,,,.™ 

=  -  A  [N(a)]">  ZW<oH  <a|  F  -  A  {F  iiE(a,+j„F}„,  |a'>.  (3.6) 
The  singular  factor  is 

*W«M  =  [*(«)  -  £(*')-  »  -  a*  g^^«)h*  = 

=  [£(a)  —  £(a')  —  z'O]-1  AT(a)  +  regular  terms,  (3.7) 

where  iV(a)  occurs  through  (1.5.8.) .  Its  contribution  for  large  times  follows 
from 

v     exp  [it  (E(a)  -  £(«'))]       t2ni  d[E(a)  -  E(a')]  f or  t  ->  +  cx>, 

hm  —  =\    m  (3.8 

E[a)  -  E(x')  -  iO         10  for  t -+  —  oo.  v  7 

Gathering  the  results  (3.5)  to  (3.8)  one  finds 

ta^-*  <W)  I          =  /y*(«)  Ma)  da,  (3.9) 
and,  in  view  of  the  expression  (1.6.5)  of  the  S-matrix, 

iim^+eo  <V(0  |  <p(ty>  -./»)        da  -  2jtiXf[N(%)  N(**)f 
6  [£(«)  -  £  (a')]  <a|F  -  A  {VRE{a)„i0  V}nd  |a'>  y*(a)  C+(a')  da  da'  = 

=  fy*(a)  da  <a|S|a'>  da'  c+(a').  (3.10) 
One  would  find  similarly  by  taking  the  lower  sign  in  (3. 1) 

lim^_00  <y>(t)  |  <p(t)>  -  /y*(a)  da  <a|S*|a'>  da'  c_(a'),  (3.11) 

lim^+?>  <y(*)  |         =           M«)  da.  (3.12) 

We  may  incidentally  remark  that  comparison  of  (3.9)  and  (3.11)  for 
arbitrary  y(<x)  gives 

cjt)  =  /<a|  S*  |a'>  da'  c_(a')  (3.13) 

whereas  (3.10)  and  (3.12)  provide  the  inverse  relation 

c_(a)  =  /  <a|  5  |a'>  da'  c+(a') .  (3. 1 4) 

Since  the  function  c+(a)  or  the  function  c_(a)  may  be  arbitrarily  chosen  the 
two  last  equations  imply  the  unitarity  of  the  S-matrix,  a  property  which  was 
not  explicitly  established  in  I. 

It  is  now  an  easy  matter  to  complete  the  proof  of  Equations  (3.2).  One 
assumes  <p(t)  normalized  to  one  and  one  successively  selects  for  ip(t)  the  four 
vectors  of  form  (3.3)  appearing  in  (3.2).  One  then  verifies  that  the  norm  of 
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y)(t)  always  approaches  one  for  t  ±  co;  this  follows  readily  from  the 
asymptotic  orthonormality  of  the  states  |a>(IS  (last  equation  of  Section  5  in  I) 
and  from  the  unitary  character  of  the  S-matrix.  One  finally  establishes  by 
means  of  Equations  (3.9)  to  (3.12)  that  (ip(t)  \  <p(t)>  has  the  limit  one  for 
infinite  times. 

We  shall  end  this  section  with  a  remark  on  the  asymptotically  stationary 
states  |a>as.  The  definition  of  these  states  in  I,  Equation  (1.5.12),  may  have 
appeared  rather  arbitrary  and  found  only  a  justification  a  posteriori  in  the 
fact  that  they  provide  a  complete  and  consistent  description  for  the  asymp- 
totic motion  of  wave  packets.  Now  however  new  light  is  thrown  on  this 
definition  by  its  close  analogy  with  the  expression  (2.7)  of  the  true  stationary 
states  |a>±.  The  difference  lies  in  the  occurrence  of  the  projection  operator 
Ya  in  front  of  each  factor  V,  i.e.  in  a  restriction  of  the  set  of  states  |a'> 
coupled  to  the  unperturbed  state  |a>.  The  restriction  is  to  those  states  which 
play  an  effective  role  in  the  eigenvalue  of  diagonal  parts  for  |a>.  They  are 
also  the  states  which  contribute  to  the  properties  of  wave  packets 

9?  =  /  |a>±  da  c(a) 

even  for  the  most  incoherent  distribution  of  the  phases  of  the  amplitudes 
c(a),  and  they  may  therefore  intuitively  be  pictured  as  the  states  |a'>  be- 
longing to  the  "cloud"  persistently  attached  to  |oe>  by  virtue  of  the  pertur- 
bation. It  is  an  interesting  and  satisfactory  result  of  the  general  theory  that 
the  restriction  mentioned  above  results  in  the  same  asymptotically  stationary 
states  |a>as  and  thus  in  thesame  persistent  cloud  effects  whether  it  is  applied 
to  the  state  |a>+  with  its  outgoing  nature  of  all  scattered  waves,  or  to  the 
state  |a>_  with  incoming  scattered  waves.  We  have  here  to  do  with  a  very 
significant  fact  which  clarifies  the  physical  meaning  of  the  formal  properties 
described  in  Section  4  of  I. 

4.  Perturbations  without  persistent  effects.  It  is  obvious  that  the  foregoing 
results  apply  in  particular  to  the  familiar  case  of  perturbations  which  do  not 
produce  persistent  effects  because  mathematically  they  do  not  give  rise  to 
any  diagonal  parts  of  the  type  defined  in  I,  Section  2.  These  are  the  pertur- 
bations causing  scattering  and  reaction  processes  only.  For  them  one  simply 
has  to  put  in  the  results  of  I  and  of  the  foregoing  sections 

9?  =  0,  £(oc)  =  i(a),  N(ol)  =  1,  |a>as  =  |a>, 

and  to  drop  brackets  of  the  type  {.  .  .}Bd.  Although  this  case  has  been  re- 
peatedly studied  in  detail  3)  it  may  be  worth  noting  that  the  method  we  used 
in  the  foregoing  sections,  when  applied  to  it,  gives  an  especially  brief  deriva- 
tion of  the  perturbed  stationary  states  and  of  the  S-matrix.  Our  method  is 
therefore  of  some  interest  also  for  ordinary  collision  theory. 
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5.  A  simple  type  of  perturbation  with  persistent  effects.  The  type  of  pertur- 
bation considered  in  the  present  section  as  illustration  of  the  general  forma- 
lism is  amenable  to  an  exact  treatment  in  consequence  of  its  very  special 
mathematical  structure.  It  has  often  been  used  on  this  ground  as  simplified 
model  for  various  physical  problems,  in  particular  for  resonance  scattering 
and  metastable  states  (theory  of  the  line-width)  4),  and  more  recently  by 
Lee5)  for  mass  and  coupling  constant  renormalization  in  quantum  field 
theory  *).  We  present  this  type  of  perturbation  in  a  slightly  more  general 
form  than  usual.  The  generalization,  which  is  mathematically  trivial, 
amounts  physically  to  the  inclusion  of  recoil  effects. 

The  unperturbed  system  of  hamiltonian  H  is  defined  as  having  two  conti- 
nuous families  of  stationary  states.  The  states  of  the  first  one,  characterized 
by  the  presence  of  one  particle  (the  F-particle  of  Lee),  are  labelled  by  its 
momentum  q  and  are  denoted  by  |q>.  The  states  of  the  second  family, 
denoted  by  |q,  k>,  have  two  distinct  particles  present  (the  N-  and  0-particles 
of  Lee)  of  momenta  q  and  k.  The  unperturbed  energy  is  defined  by 

H  |q>  =  e(q)  |q>,  H  |q,  k>  =  e(q,  k)  |q,  k>.  (5.1) 

One  usually  supposes  e(q,  k)  to  be  the  sum  of  two  one-particle  energies,  but 
this  is  irrelevant  for  the  mathematical  handling  of  the  perturbation  problem. 
The  unperturbed  stationary  states  |q>,  |q,  k>,  which  correspond  to  the  states 
|a>  of  the  general  formalism,  form  two  continuous  families  of  dimensions  3 
and  6  respectively.  Orthonormality  is  expressed  by 

<q  |  q'>  =  <5(q  -  q'),  <q,  k  |  q'>  =  0,  1 

<q,  k  |  q',  k'>  -  m     q')  d(k  ->  k').  J  ['} 

The  perturbation  V  is  defined  by  its  matrix  elements  in  the  unperturbed 
representation : 

<q'  \V\  q,  k>  =  <q,  k  \V\  q'>*  =  v(q,  k)  <5(q  +  k  -  q'),      1  fg  3) 

<q|F|q'>  =  <q,k|F|q',k'>  =  0  J         K  ' 

It  allows  for  emission  of  a  0-particle  by  a  F-particle  which  at  the  same  time 
transforms  into  a  iV-particle  and  for  the  inverse  process,  with  conservation  of 
momentum. 

We  now  show  that  the  results  of  I  and  of  the  present  paper,  when  applied 
to  this  very  special  type  of  perturbation,  give  immediately  the  exact 
diagonalization  of  the  hamiltonian  H  +  XV  and  the  exact  expression  of  the 
S-matrix.  One  first  notices  that  irreducible  diagonal  parts  occur  only  for 
products  VA  V  containing  two  factors  V  and  that  they  have  the  value 
{VAV}id  |q'>  =  |q'>/^(q,  k)  |w(q,  k)|2  <3(q  +  k  -  q')  dq  dk, 
{VAV}ia\<itk>  =  Q. 
A  (q,  k)  is  the  eigenvalue  for  the  state  |q,  k>  of  the  operator  A  assumed  to  be 


*)  It  is  not  clear  whether  Lee  realized  the  very  close  resemblance  of  his  field-theoretical  model 
with  the  model  introduced  by  Dirac  for  resonance  scattering. 
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diagonal  in  the  |q>,  |q,  k>-representation.  Consequently  the  operator 
implicitly  given  by  (1.3.13)  can  be  calculated  exactly  and  is  found  to  have 
the  following  eigenvalues  for  |q'>  and  |q,  k>: 

9,(q')  =/[«(«.  k)  -J]"1.  \v(q,k)  |».  <5(q  +  k  -  q')  dq  dk,  1 
S,(q,  k)  =  0.  |        (5  4) 

The  expression  of  the  operators  Ke  and  Je  follows  immediately  by  applica- 
tion of  the  definition  (I.  3.20).  The  perturbed  energy  values  is  (a)  of  the  gene- 
ral theory  are  here  E(q,  k)  =  e(q,  k)  and  the  root  E  =  E(qL')  of  the  numerical 

e(luation  e(q')  —  E  —  A2  KWW)  =  0.  (5.5) 

This  root  is  supposed  to  be  unique.  The  physically  important  condition 
JE{a)  (a)  =  0,  introduced  in  I,  Section  4,  to  characterize  the  perturbations 
which  give  rise  to  self-energy  and  cloud  effects  as  opposed  to  those  producing 
dissipative  effects,  takes  here  the  form 

v(q,  k)  =  0  whenever  q  -f-  k  =  q',  e(q,  k)  =  is(q')-  (5.6) 

We  assume  it  to  be  satisfied.  It  is  instrumental  in  making  our  perturbation  a 
meaningful. model  of  field-theoretical  interaction.  When  it  is  not  satisfied  one 
obtains  a  model  for  resonance  scattering  and  metastable  states  4).  The  last 
important  point  to  notice  is  that  the  non-diagonal  part  of  any  product 
VAX  V  .  .  .  AnV  (Av  .  .  .  An  diagonal  in  the  |q>,  |q,  k>-representation)  with 
more  than  two  factors  V  (n  >  2)  vanishes.  It  is  for  this  reason  that  our 
general  formulae  give  in  the  case  at  hand  a  closed  expression  for  the 
perturbed  stationary  states  and  for  the  S-matrix.  The  stationary  states  are 
found  from  (2.7) 

|q,  k>±  =  |q,  k>  -  h{q,  k)  [e(q  +  k)  -  s(q,  k)  =F  *0  - 

-  *  W>±<o  (Q  +  k)]-1 

r,q  +  k>  -  Xfw,  k>  ^kW  +  k-q-k)  "I 
[_ih-t  j\h,  e(q',  k')  —  e(q,  k)  =F  iO      H  J 

with 

[iV(q')]^=l+AV[£(q,k)-£(q')]-2|!'(q,  k)|M(q  +  k  -  q')  dqdk.  (5.8) 
The  asymptotically  stationary  states  (1.5.12)  simply  reduce  to 

|q'>as  =  |q'>+  =  |q'>-,  |q,  k>as  =  |q,  k>.  (5.9) 
Finally,  for  the  S-matrix,  the  formula  (1.6.5)  gives 

<q  \S\  q'y  =  d(q  -  q'),  <q,  k  |S|  q'>  =  <q'  \S\  q,  k>  =  0, 
<q,  k  \S\  q',  k'>  =  d(q  -  q')  ^(k-k')+  2m  X2  d[e(q,  k)  -  e{q',  k')] 
d{q  +  k  -  q'  -  k')  v*(q,  k)  v(q',  k')  [e(q  +  k)  -  e(q,  k)  - 

-  &  Se(q>k)-Ho(q  +  k)]  -1. 


(5.7) 


(5.10) 
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The  perturbation  problem  is  thus  completely  solved  in  terms  of  the  root 
E(q')  of  the  numerical  equation  (5.5).  It  is  of  course  impossible  to  calculate 
this  root  explicitly  for  arbitrary  forms  of  the  functions  e(q') ,  e(q,  k)  and  v(q,  k) . 

6.  Preliminary  remarks  on  the  renormalization  problem.  Since  our  general 
formalism  will  find  its  most  important  applications  in  quantum  field  theory 
one  has  to  inquire  as  to  the  aspect  it  will  give  to  the  renormalization  program 
which  played  such  a  central  role  in  the  successes  of  quantum  electrodynamics6) . 
No  systematic  study  of  this  problem  will  be  attempted  here.  We  shall  content 
ourselves  with  a  few  remarks,  stressing  one  side  of  the  problem  on  which  our 
approach  may  eventually  turn  out  to  be  more  promising  than  the  con- 
ventional ones. 

The  physical  basis  of  the  renormalization  method  in  field  theory  lies  in  the 
fact  that  the  interaction  V  inescapably  affects  all  observations  one  can  make 
on  the  field  particles,  so  that  we  have  no  experimental  access  to  what  the 
theory  calls  the  unperturbed  system  (hamiltonian  H).  Still,  all  the  theory  has 
to  build  upon  is  an  hamiltonian  H  +  XV  composed  of  the  term  H  belonging 
to  this  unobservable  unperturbed  system  and  a  perturbation  term  V  acting 
upon  it.  This  remarkable  situation  *)  has  been  met  with  by  the  remark  that 
in  view  of  the  permanent  presence  of  the  interaction  the  constants,  mass  and 
charge,  occurring  in  the  two  terms  H  and  XV  of  the  total  hamiltonian  are 
not  necessarily  equal  to  the  corresponding  measured  quantities,  so  that  a 
redefinition  of  them  is  required  if  one  wants  to  use  their  measured  values  in 
comparing  any  theoretical  prediction  with  experiment.  Exploitation  of  this 
idea  of  mass  and  charge  renormalization  turned  out  to  be  possible  and, 
beyond  providing  a  method  to  circumvent  mathematical  divergence  diffi- 
culties, it  gave  in  quantum  electrodynamics  a  brilliant  explanation  of  new 
experimental  facts.  The  formalism,  either  in  the  presentation  of  Dyson7) 
or  in  that  of  K  a  1 1  e  n  8),  and  as  far  as  electrodynamics  is  concerned,  makes 
essential  use  of  three  so-called  renormalization  constants,  one  for  the  mass, 
one  for  the  charge  and  a  third  one  of  more  purely  formal  significance,  the 
wave  function  renormalization  constant.  They  are  respectively  called  dm, 
Z3  and  Z2  by  Dyson,  K,  L  and  N  by  Kallen.  Dyson  introduced  an  additional 
constant  Zv  but  conjectured  its  identity  with  Z2.  The  correctness  of  this 
conjecture  was  established  by  Ward9).  All  three  constants  dm,  Z3,  Z2 
closely  correspond  to  simple  elements  of  the  formalism  developped  in  I  and 
in  the  present  paper.  Z3  and  Z2  are  simply  special  cases  of  the  coefficient  N(a) 
introduced  by  (1.5.8) ;  they  are  obtained  by  taking  for  |a>  a  one-photon  state 
or  a  one-electron  state  respectively.  The  mass  renormalization  dm  appears 
in  our  non-covariant  formalism  as  an  energy  renormalization  when  the  un- 
perturbed energy  e(a)  is  eliminated  in  terms  of  the  perturbed  energy  E(<x). 

*)  It  is  an  interesting  and  unsolved  problem  to  understand  for  which  physical  reasons  the  historical 
development  has  been  such  as  to  confront  us  with  this  situation. 
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One  thus  concludes  (in  contradiction  with  the  too  pessimistic  statement  at 
the  end  of  I)  that  the  renormalization  program  in  its  conventional  form  could 
be  carried  out  on  the  basis  of  our  equations  as  well  as  in  the  more  convention- 
al presentations. 

There  is  however  one  aspect  of  the  conventional  renormalization  scheme 
which  is  unsatisfactory  on  physical  grounds  and  for  the  improvement  of 
which  our  approach  may  offer  new  possibilities.  While  the  conventional 
method  duly  avoids  use  of  the  unrenormalized  values  of  mass  and  charge, 
it  is  not  able  to  avoid  completely  the  use  of  the  unperturbed  states  |a>, 
although  they  are  just  as  inaccessible  to  observation  as  the  unrenormalized 
mass  and  charge  values.  It  is  true  that  in  view  of  the  so-called  wave  function 
renormalization  |a>  enters  the  conventional  formalism  only  through  the  com- 
bination [iV(a)]*  |a>,  but  despite  its  mathematical  usefulness  this  combina- 
tion has  the  drawback  of  corresponding  to  the  same  unobservable  physical 
state  as  |a>  itself.  Physically  such  states  are  "bare"  particle  states,  whereas  a 
consistent  application  of  the  renormalization  idea  would  exclusively  allow 
consideration  of  "dressed"  particles,  i.e.  of  particles  surrounded  by  the 
clouds  which  the  interaction  permanently  maintains  around  each  of  them. 
We  now  remark  that  it  has  been  one  of  the  main  aims  of  I  to  give  an  explicit 
description  of  such  cloud  effects ;  this  description  is  contained  in  the  equation 
for  the  asymptotic  stationary  states  |a>as,  Equation  (1.5.12).  The  states  |a>as 
occur  as  monochromatic  components  in  the  asymptotic  motion  of  wave 
packets  and  they  are  thus  observable,  just  as  the  plane  wave  states  of  a 
Schrodinger  particle  are  observable  even  when  an  external  potential  is 
present  in  a  limited  region  of  space  and  produces  ordinary  scattering. 

The  asymptotically  stationary  states  |a>as  are  the  states  which  must  be 
chosen  instead  of  |oc>  or  [iV(a)]*  |a>  as  basic  representation  for  a  more 
consistent  development  of  the  renormalization  program,  and  the  results  of  I 
and  of  the  present  paper,  by  the  explicit  attention  they  pay  to  the  asymp- 
totically stationary  states,  are  likely  to  provide  a  more  convenient  starting 
point  for  this  development  than  the  conventional  formulations  of  field 
theory.  Here  we  can  only  mention  this  new  standpoint  of  which  we  hope  to 
work  out  the  consequences  elsewhere.  We  may  however  already  remark  that 
under  this  point  of  view  the  divergence  difficulties  will  appear  at  least  partly 
in  a  rather  different  form  than  in  the  formalisms  of  Dyson  and  Kallen.  The 
choice  of  |a>as  as  basic  representation  is  very  likely  to  remove  some  of  the 
divergencies  occurring  in  the  conventional  formulation,  because  it  avoids 
consideration  of  Z2.  The  divergencies  here  concerned  are  those  originating 
from  the  fact  that  in  a  theory  without  cut-off  the  expansion  of  |a>a8  in  the 
unperturbed  states  |a'>  cannot  be  expected  to  exist.  The  general  situation  in 
this  respect  will  probably  turn  out  to  be  analogous  to  what  was  established 
previously  10)  for  a  neutral  scalar  field  interacting  with  a  static  point  source. 
The  states  |a>as  will  probably  span  a  separable  Hilbert  space  S  different  from 
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the  separable  Hilbert  space  S0  spanned  by  the  unperturbed  states  |a>,  and 
one  must  expect  the  true  stationary  states  |a>±  to  be  contained  in  S  rather 
than  in  S0.  For  the  understanding  of  these  various  remarks  it  may  be  good 
to  have  in  mind  that  in  field  theory,  for  one-particle  states,  the  |a>as  must  be 
identical  with  the  true  stationary  states  |a>±  (themselves  independent  of  the 
double  sign).  For  many-particle  states  on  the  contrary  |a>as  should  be 
essentially  a  product  wave  function  of  one-particle  state  vectors  while  the 
true  stationary  states  |a>±  will  be  much  more  involved  since  they  contain 
all  scattering  and  reaction  effects. 

Before  closing  these  general  and  quite  tentative  considerations  we  have 
to  mention  a  very  recent  paper  by  D  e  Witt2)  with  an  aim  similar  to 
ours,  namely  to  extend  conventional  scattering  theory  to  perturbations  pro- 
ducing self-energy  effects.  Whereas  the  previous  work  in  this  direction,  due 
to  P  i  r  e  n  n  e  and  taken  over  by  G  e  1 1-M  a  n  n  and  Goldberger11), 
payed  attention  to  the  energy  shifts  only,  the  paper  of  De  Witt  goes  much 
further  and  introduces  in  addition  a  coefficient  of  "state  vector  renormaliza- 
tion",  which  is  essentially  our  coefficient  N(a).  There  is  however  no  explicit 
discussion  of  the  cloud  effects  modifying  the  motion  of  wave  packets  even  for 
asymptotic  times  and  manifesting  themselves  in  our  formalism  through  the 
fact  that  |<x>0,  is  not  identical  with  [2V(«)]*  |a>,  nor  is  mention  made  of  the 
fact  that  the  perturbation  must  satisfy  special  conditions  (see  I,  in  particular 
Section  4)  in  order  for  the  conclusions  of  the  paper  to  be  valid.  Still  these 
conditions  are  very  important,  because  for  example  they  make  all  the 
difference  between  the  behaviour  of  electrons  in  interaction  with  the  photon 
field  and  the  completely  different  (dissipative)  behaviour  of  conduction 
electrons  of  a  metal  in  interaction  with  the  phonon  field  (field  of  elastic 
vibrations) . 

Received  6-2-56. 
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Synopsis 

The  time-independent  perturbation  theory  of  quantum  mechanics  is  studied  for  the 
case  of  very  large  systems,  i.e.  systems  with  large  spatial  dimensions  (large  volume 
Q),  and  a  large  number  of  degrees  of  freedom.  Examples  of  such  systems  are  met  with 
in  the  quantum  theory  of  fields,  solid  state  physics,  the  theory  of  imperfect  gases  and 
in  the  theory  of  nuclear  matter.  Only  systems  at  or  near  the  ground  state  (i.e.,  systems 
at  zero  temperature)  are  treated  in  this  paper.  In  the  application  of  the  conventional 
perturbation  theory  to  such  large  quantum  systems  one  encounters  difficulties  which 
are  connected  with  the  fact  that  even  small  perturbations  produce  large  changes  of 
the  energy  and  wave  function  of  the  whole  system.  These  difficulties  manifest  them- 
selves through  the  occurrence  of  terms  containing  arbitrarily  high  powers  of  the  volume 
Q  in  the  perturbation  expansion  of  physical  quantities.  An  extremely  bad  convergence 
of  the  perturbation  expansion  is  the  result. 

For  the  analysis  of  the  ^-dependence  of  the  terms  in  the  expansion  a  new  formulation 
of  the  time-independent  perturbation  theory  is  used,  which  was  introduced  by  Van 
Hove.  Making  extensive  use  of  diagrams  to  represent  the  different  contributions  to 
matrix  elements  it  is  possible  to  locate  and  separate  the  ^-dependent  terms,  and  to 
carry  out  partial  summations  in  the  original  expansion.  These  separations  and  sum- 
mations solve  the  above  difficulties  completely.  Improved  perturbation  theoretical 
expressions  are  obtained  for  energies  and  wave  functions  of  stationary  states,  as  well 
as  for  the  life-times  of  metastable  states.  All  terms  in  these  expressions  are,  in  the 
limit  of  large  Q,  either  independent  of  Q  or  proportional  to  Q,  corresponding  to  in- 
tensive or  extensive  physical  quantities.  The  convergence  of  the  improved  perturbation 
expansions  is  no  longer  affected  by  the  large  magnitude  of  Q. 

Chapter  I.  Introduction 

1.  The  problem.  This  paper  is  devoted  to  the  perturbation  theory  of 
large  quantum  systems  i.e.,  quantum  systems  which  have  large  spatial 
dimensions  and  a  large  number  of  degrees  of  freedom.  The  systems  met  with 
in  the  quantum  theory  of  fields  are,  as  is  well  known,  of  this  type.  Also  in 
other  branches  of  physics,  such  as  quantum  statistics  and  the  Fermi  gas 
model  of  heavy  nuclei,  one  has  to  deal  with  such  large  systems.  We  shall  in  this 
paper  only  be  interested  in  systems  at  or  near  the  ground  state.  Our  results 
are,  therefore,  only  applicable  to  quantum  systems  at  zero  temperature. 
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The  separation  of  the  hamiltonian  into  an  unperturbed  part  and  a  pertur- 
bation is  not  unique,  but  in  most  problems  of  interest  there  is  a  separation 
which  presents  itself  in  a  most  natural  way.  In  quantum  electrodynamics 
for  example,  the  unperturbed  system  consists  of  the  electron-positron  field 
and  the  photon  field  without  interaction.  In  the  theory  of  an  imperfect  gas 
the  unperturbed  system  will  be  taken  as  the  ideal' gas  obtained  by  neglecting 
interparticle  interactions. 

In  the  application  of  perturbation  theory  to  large  quantum  systems  one 
encounters  problems  not  met  with  in  the  usual  perturbation  theory  of 
systems  with  a  finite  number  of  degrees  of  freedom.  These  problems  are 
related  to  the  following  phenomena : 

1 .  Self-energy  and  cloud  effects  of  individual  particles  in  excited  states. 

2.  The  perturbation  of  the  system  as  a  whole. 

We  shall  discuss  briefly  the  first  point.  The  effects  mentioned  are  well 
known  in  field  theory.  A  state  of  one  single  electron  is  changed  by  the 
perturbation  into  a  superposition  of  many  different  unperturbed  states, 
where  the  one-electron-state  is  admixed  with  states  containing  one  or 
more  photons  and  electron-positron  pairs.  One  usually  says  that  the  electron 
is  surrounded  by  a  cloud  of  photons  and  pairs.  The  self-energy  of  the  electron 
manifests  itself  by  a  change  of  its  mass.  Also  for  a  scattering  state  of  two 
or  more  particles  the  interaction  gives  rise  to  the  self-energy  and  cloud 
effects  just  mentioned,  in  addition  to  the  directly  observable  scattering 
effects.  While  the  latter  are  transient,  i.e.  take  place  (for  general  wave 
packets)  within  a  finite  time  interval,  the  former  are  persistent  effects 
which  cause  a  permanent  change  of  wave  function  and  energy.  Effects  of  this 
type  are  not  limited  to  field  theory,  but  occur  also  in  many  other  systems. 

Recently  Van  Hove1)  made  an  extensive  study  of  these  phenomena. 
He  developed  a  time-independent  perturbation  formalism  which  is  adapted 
to  the  treatment  of  perturbations  causing  persistent  effects.  The  develop- 
ments in  this  paper  are  largely  based  on  his  work. 

The  effects  just  discussed  concern  the  motion  of  one  or  more  particles  of 
the  system,  which  is  itself  in  a  quantum  state  distinct  from  the  ground 
state  (the  vacuum  state  of  field  theory).  The  self-energy  is  a  shift  caused  by 
the  perturbation  in  the  distance  between  the  energy  level  of  the  system  in 
the  state  at  hand  and  the  ground  state  level.  It  is  to  be  expected  that  such 
effects  are  independent  of  the  volume  Q  of  the  system,  in  the  limit  of  Q^oo. 
For  instance  the  self-energy  of  an  electron  is  not  appreciably  changed  if  the 
fields  are  enclosed  in  a  box  of  variable  volume,  at  least  for  sufficiently  large 
values  of  the  volume. 

The  problems  of  the  second  type  mentioned  above,  which  form  the  subject 
of  the  present  investigation,  are  connected  with  the  overall  shift  of  the 
energy  levels,  both  of  the  ground  state  and  of  excited  states.  For  large 
systems,  as  considered  in  this  paper,  one  must  expect  that  even  weak 
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perturbations  give  rise  to  large  changes  of  the  wave  function  and  energy 
of  the  system.  Such  effects  occur  in  field  theory  whenever  virtual  pair 
production  from  the  ground  state  is  possible.  Disregarding  surface  effects 
one  must  expect  on  physical  grounds  that  the  energy  of  the  ground  state,  both 
in  the  unperturbed  and  in  the  perturbed  system,  is  proportional  to  the 
volume  Q  of  the  system.  This  implies  that  the  energy  shift  AEo  caused  by 
the  perturbation  is  also  proportional  to  Q.  One  often  uses  the  words  ex- 
tensive and  intensive  for  quantities  which  are  respectively  proportional  to 
and  independent  of  the  volume  of  the  system.  Using  this  terminology  one 
can  say  that  the  energy  shift  AEo  of  the  ground  state  is  an  extensive  effect. 

In  studying  states  distinct  from  the  ground  state  we  have  to  deal  with 
both  types  of  phenomena  mentioned  above.  For  example,  the  total  energy 
shift  of  a  one-electron-state  is  the  sum  of  the  vacuum  energy  shift  and  the 
self-energy.  Generally,  the  energy  of  an  excited  state  can  be  written  as  the 
sum  of  two  terms,  one  being  the  energy  of  the  ground  state,  the  other  the 
excitation  energy.  In  the  limit  Q  —. >  oo  the  excitation  energy  is  independent 
of  Q.  Both  terms  are  affected  by  the  perturbation ;  hence  the  energy  shift  of 
an  excited  state  must  be  the  sum  of  an  extensive  and  an  intensive  term. 
This  expectation  will  be  confirmed  by  our  results.  A  separation  of  the  same 
kind  will  be  shown  to  exist  for  the  change  of  the  wave  function  of  an  excited 
state.  This  change  is  partly  a  consequence  of  the  change  of  the  ground  state 
wave  function,  and  involves  in  addition  effects  due  to  the  excitation.  The 
latter  have  an  intensive  character,  while  the  change  in  the  ground  state 
wave  function  will  be  found  extensive.  It  is  a  shortcoming  of  the  conventional 
perturbation  theory  that  these  effects  are  not  separated.  It  will  be  seen 
that  this  leads  to  serious  difficulties.  The  expansion  of  matrix  elements  in 
powers  of  the  perturbation  contains  terms  with  arbitrarily  high  powers 
of  the  volume  Q  of  the  system,  and  this  gives  rise  to  an  extremely  bad 
convergence  in  the  case  of  large  systems. 

It  is  the  object  of  the  present  investigation  to  make  a  clear  and  complete 
separation  between  extensive  and  intensive  effects.  The  hamiltonian  of  the 
system  is  written  in  the  occupation  number  representation  for  the  one- 
particle  plane  wave  states,  and  we  use  diagrams  to  represent  the  different 
contributions  to  matrix  elements,  as  is  conventionally  done  in  field  theory. 
This  appears  to  be  a  valuable  tool  for  the  analysis.  Although  the  method 
and  the  developments  of  the  following  chapters  are  of  a  rather  general 
nature  and  can  be  applied  generally  to  field  theoretical  problems  and  to 
problems  in  quantum  statistics,  especially  in  solid  state  physics,  the  method 
will  be  illustrated  mainly  by  considering  the  example  of  a  Fermi  gas  with 
two-body  interaction  between  the  particles.  This  example  is  described  in 
the  next  section.  In  a  forthcoming  paper  our  methods  will  be  used  for  a 
discussion  of  the  Fermi  gas  model  of  nuclear  matter.  The  example  adopted 
here  will  become  there  the  main  object  of  study.  Chapter  II  contains  an 
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exposition  of  the  perturbation  formalism  of  Van  Hove,  which  is  based  on 
a  systematic  use  of  the  resolvent  operator.  Our  exposition  differs  from  the 
original  presentation  only  in  that  extensive  use  is  made  of  diagrams.  In 
chapter  III  we  investigate  how  the  contributions  to  the  resolvent,  repre- 
sented by  different  kinds  of  diagrams,  depend  on  the  volume  Q.  This  ana- 
lysis shows  that  a  separation  is  possible  between  independent  and  ^-inde- 
pendent quantities.  The  separation  is  carried  through  in  chapters  IV  and  V, 
for  the  energies  and  the  wave  functions  of  stationary  states  respectively. 
Explicit  expressions  in  the  form  of  improved  perturbation  expansions  are 
derived.  In  the  series  expansions  for  intensive  quantities  all  terms  are  in- 
dependent of  Q,  whereas  all  terms  are  proportional  to  Q  for  extensive 
quantities. 

In  the  last  section  of  chapter  V  another  phenomenon  occurring  in  large 
systems  is  investigated.  There  are  systems  where  no  perturbed  stationary 
states  correspond  in  any  simple  way  to  the  unperturbed  excited  states.  Such 
systems  are  well  known  from  statistical  mechanics.  Their  most  striking  pro- 
perty is  the  occurrence  of  dissipative  processes.  In  the  case  of  small  dissipa- 
tion one  can  show  the  existence  of  metastable  states.  We  shall  derive  explicit 
expressions  for  the  life-time,  energy  and  wave  function  of  such  states.  The 
life-time  will  be  found  independent  of  Q,  in  accordance  with  physical  ex- 
pectations. A  very  interesting  example  of  such  metastable  states  is  en- 
countered in  the  optical  model  description  for  the  scattering  of  nucleons 
on  heavy  nuclei  2)  where  a  complex  potential  is  introduced  to  account  for 
the  finite  mean  free  path  of  nucleons  in  nuclear  matter.  This  will  be  further 
analysed  in  the  forthcoming  paper  already  announced,  where  the  present 
formalism  will  be  applied  to  a  system  of  interacting  nucleons.  It  will  be  seen 
that  the  theory  of  Brueckner  3)  for  the  structure  of  nuclear  matter  can  be 
considered  as  a  special  approximation  to  our  general  formalism.  The  latter 
will  be  helpful  for  getting  new  insight  into  the  significance  and  limits  of  validi- 
ty of  Brueckner's  method. 

2.  The  Fermi  gas.  In  this  section  we  shall  give  a  formulation  of  the 
iV-particle  problem,  which  is  adapted  to  the  treatment  of  a  Fermi  gas  where 
both  the  number  N  and  the  volume  Q  are  large.  This  system  will  be  used  as  a 
working  example  in  the  rest  of  the  paper.  For  the  interaction  between  the 
particles  we  take  central  two-body  forces,  and  we  shall  neglect  the  spin  of 
the  particles.  We  enclose  the  whole  system  in  a  large  cubic  box  with  side  L 
and  volume  Q  =  L3,  and  we  impose  periodic  boundary  conditions.  We  have 
chosen  these  boundary  conditions  for  mathematical  convenience.  Because 
we  are  particularly  interested  in  large  systems,  the  influence  of  surface 
effects  is  comparatively  small. 

The  wave  functions 

Wk(x)  =  £-*exp  (ikx)  (2.1) 
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where  the  three  components  of  k  can  have  the  values  2nnjL{n=0,  ±  1,  ±  2,...), 
describing  the  motion  of  a  single  particle  with  momentum  k  *),  form  a 
complete  orthonormal  set  of  single  particle  states.  A  state  of  N  identical 
particles  moving  independently  of  each  other  is  determined  by  a  series  of 
occupation  numbers  Nje,  each  giving  the  number  of  particles  in  the  one- 
particle  state  (2.1)  with  momentum  k.  These  states  form  the  basic  set  of  the 
unperturbed  system.  In  order  to  obtain  a  simple  expression  of  the  hamiltonian 
in  this  representation,  we  introduce  the  annihilation  and  creation  operators 
rtfc  and  iy*  which  obey  in  the  case  of  Fermi  particles  the  anti-commutation 
laws 

{vk,  m}  =  {yt>  v?}  =  0  and  {n>c>  n*)  =  (2-2) 

Using  these  operators  the  hamiltonian  can  be  written 

H  =  Ho  +  V, 

where 

HQ  =  ^{\k\2IM)ntnic  (2.3) 

and 

V  =  \  Q-1  Tikimn  dKr  {k  +  I  —  m,  —  n)  v(k  —  n)r)%r}fr]mr)n. 

Here  v(k)  is  the  Fourier-transform  of  the  central  two-body  potential  v(r) : 

v(k)  =  f  dsx  v(r)  exp  (—  ikx),  (2.4) 

and  depends  only  on  the  modulus  |&|  of  k.  The  Kronecker  symbol  dxr  is 
equal  to  one  if  the  argument  is  zero  and  vanishes  otherwise.  It  expresses 
the  fact  that  momentum  is  conserved  in  the  interaction. 

The  creation  operators  r}*  can  be  used  to  obtain  simple  expressions  for 
the  states  of  our  basic  set  of  unperturbed  states.  By  |0>  we  denote  the 
normalized  state  without  any  particles.  It  is  determined  by  the  condition 
that  rjjc  |0>  =  0  for  all  k.  A  state  of  N  particles  with  momenta  k\,  k<i,  ku 
can  be  written 

<<-^LlO>.  (2.5) 

The  commutation  rules  (2.2)  imply  that  this  state  vector  is  normalized  to 
one  and  is  antisymmetric  in  the  iV  particles. 

The  formulation  given  thus  far  is  not  very  suitable  for  our  case.  Of 
physical  interest  is  the  case  where  Q  and  N  are  very  large  for  a  given  value 
of  the  density  q  =  NjQ.  In  the  limit  Q  ->  oo  one  has  a  continuous  spectrum 
and  summations  are  replaced  by  integrations.  The  normalization  of  states 
must  be  changed  as  can  be  seen  from  (2.1)  where  yk{x)  vanishes  in  the  limit 


*)  We  use  no  special  notation  to  indicate  vectors.  The  letters  k,  I,  m,  n  are  used  for  momenta, 
whereas  in  (2.1)  and  (2.4)  x  is  a  vector  in  configuration  space.  We  put  h  =  1  throughout  this  paper. 
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Q  oo.  It  seems  therefore  appropriate  for  a  finite  but  large  Q  to  adopt 
another  normalization  of  the  wave  vectors.  We  introduce  the  following 
new  notations  (L  is  the  side  of  the  cubic  volume  Q) 

h  =  {L\2n)^rik  and  6{k  -  I)  =  (L/2tt)3  dKr(k  -  I).  (2.6) 

The  function  d(k)  of  the  discrete  variable  k  goes  over  into  the  3-dimensional 
delta-function  of  Dirac  in  the  limit  of  Q  ->  oo. 
The  commutation  relations  of      and  i*  read 

{h.  Si)  =  {it  if}  =  0  and       If}  =  8(k  -  I). 

Introducing  the  notation 

fk  =  (2^L)3 

the  hamiltonian  (2.3)  reads 

H=fk  (\k\*l2M)  i(2n)-Z/kimnd(k+l  -m-n)v(k-  n)  £&m£n.  (2.7) 

With  this  notation  it  is  extremely  simple  to  pass  over  to  the  limit  of  Q  ->  oo, 
the  only  change  being  that  the  summation  symbol  /*.  is  replaced  by  the 
integration  sign  /  d3&.  The  states  of  the  unperturbed  system  will  now  also 
be  expressed  by  means  of  the  operators  £*.  For  a  iV-particle  state  one  gets 

«t«t-«tlO>.  (2-8) 

which  only  differs  from  (2.5)  by  the  normalization. 

Obviously  (2.8)  is  not  very  suitable  for  the  case  of  a  very  large  number  of 
particles.  Therefore  we  shall  proceed  in  a  different  way.  We  draw  in  mo- 
mentum space  a  sphere  with  centre  in  the  origin  and  radius  kp  and  consider 
a  normalized  unperturbed  iV-particle  state  \<p®y,  such  that  all  one-particle 
states  with  momenta  within  the  sphere  are  occupied,  whereas  there  are  no 
particles  with  momenta  outside  the  sphere.  This  state  |<p0>  is  obviously  the 
ground  state  of  the  unperturbed  system  of  N  particles.  The  sphere  is  often 
called  the  Fermi  sphere  and  the  set  of  particles  occupying  the  states  within 
this  sphere  we  shall  call  the  Fermi  sea,  in  analogy  with  the  Dirac  sea  of 
Dirac' s  hole  theory  for  electrons  and  positrons. 

The  number  iV  is  a  discontinuous  function  of  the  Fermi  momentum  kF 
which  we  keep  fixed  and  consider  as  a  substitute  for  the  density  parameter. 
In  the  limit  of  Q  ->  oo  we  have  however  asymptotically 

N  =  k\QI(m*t  (2.9) 

as  follows  from  the  fact  that  each  one-particle  state  in  momentum  space 
occupies  a  volume  (2tt)3/^,  2n\L  being  the  distance  of  the  lattice  points. 
The  number  of  states  within  a  sphere  with  the  volume  \nk\  is  then  given  by 
(2.9).  Also  the  total  kinetic  energy  e0  of  |<po>  is  strictly  speaking  a  discontinu- 
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ous  function  of  kF.  Again  neglecting  terms  that  vanish  in  the  limit  of  Q  oo 
one  has  however 

£0  =  kFQ/20ji2M.  (2.10) 

We  shall  now  characterize  the  states  of  the  unperturbed  system  by  com- 
paring them  with  |<po>-  An  arbitrary  state  of  the  basic  system  can  be  ob- 
tained from  |  (po  >  by  removing  a  number  of  particles  from  the  Fermi  sea  and 
adding  some  others  with  momenta  outside  the  Fermi  sphere.  In  other  words 
one  can  get  any  state  of  the  basic  system  by  the  application  to  the  state 
|<po>  of  a  number  of  annihilation  operators  £m,  with  \m\  <  kp,  and  of  a 
number  of  creation  operators  |*  with  \k\  >  kp.  We  introduce  the  notation 

...  kv  ;  wiw2  ...  mq  >  =  £l£t2  ...  itjm^m2  •••  £mj  9>o>,   (2.1 1) 

where 

\k{\  >  kp  and  |%|  <  kF. 

The  conjugate  wave  function  shall  be  denoted  by 

<mq  ...  W2W1  ;  kp  ...  &2&i|- 

The  state  (2. 1 1)  differs  from  |9?o>  by  the  absence  of  q  particles,  with  momenta 
mi,  W2,  mq,  from  the  Fermi  sea  while  there  are  p  additional  particles, 
with  momenta  ki,  k2)       kv,  outside  the  Fermi  sphere. 

An  unoccupied  one-particle  state  will  often  be  called  a  hole.  By  the  energy 
and  momentum  of  a  hole  we  shall  mean  the  energy  and  momentum  of  the 
missing  particle,  taken  both  with  the  opposite  sign.  Hence  the  energy 
carried  by  a  hole  is  negative.  In  this  terminology,  which  is  selected  in 
analogy  to  the  hole  theory  of  Dirac,  the  additional  particles  with  momenta 
outside  the  Fermi  sphere  are  briefly  called  particles.  Thus  the  state  (2.11) 
contains  q  holes  and  p  particles.  In  this  way  we  are  led  to  a  reinterpret ation 
of  the  operators  |  and  !*. 

For  \k\  >  kp,  %ic  annihilates  a  particle  and  |*  creates  a  particle. 

For  \m\  <  kp,  tjm  creates  a  hole  and  £*  annihilates  a  hole. 

Finally  we  shall  study  some  different  types  of  transitions  which  can  be 
brought  about  by  the  interaction  V.  It  is  often  convenient  to  have  a  more 
symmetrical  expression  for  V  than  in  (2.7). 

One  can  write 

V  =  UhWi  v(hhhh)  SfJ&A,,  (2.12) 

where 

vihhhh)  =  (2rc)-3(v(Zi  -  h)  -  v{h  -  l3))  d(h  +  h-h-  h). 

The  function  vtfifahU)  has  the  following  symmetry  properties 

v(hhhli)  =  —  vfahhh)  =  v{hhhh)  • 

In  (2.12)  the  summation  is  extended  over  all  momenta  hfahU,  both 
inside  and  outside  the  Fermi  sphere. 
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We  make  the  following  convention.  The  letters  m  and  k  will  be  used  for 
momenta  inside  and  outside  the  Fermi  sphere  respectively. 
Hence  the  expression 

differs  from  (2.12)  by  restricting  the  summation  to  momenta  k  such  that 
\k\  >  kF.  This  term  describes  the  absorption  of  two  particles  and  the 
emission  of  two  other  particles,  a  process  which  can  be  interpreted  as  the 
scattering  of  two  particles.  In  exactly  the  same  way  the  term 

gives  rise  to  the  scattering  of  two  holes.  Let  us  finally  consider 

where  one  particle  is  absorbed  and  two  particles  and  a  hole  are  emitted. 
This  process  can  also  be  described  in  another  way.  A  particle  interacts 
with  a  particle  in  the  Fermi  sea,  thereby  removing  it  to  a  state  outside  the 
Fermi  sphere.  This  leads  to  a  state  of  two  particles  and  one  hole. 

Chapter  II.  Formulation  of  the  time-independent  perturbation 

METHOD  BY  MEANS  OF  DIAGRAMS 

3.  Diagrams.  We  consider  a  large  but  finite  quantum  system  with  a 
hamiltonian  H  =  Ho  +  V.  The  basic  set  of  unperturbed  states  |a>  are 
eigenstates  of  H0  with  the  eigenvalue  ea.  If  the  system  is  a  gas  of  Fermi 
particles  as  was  studied  in  section  2,  the  states  |a>  are  to  be  identified  with 
the  states  \kik2  ...  kv  ;  wiw2  ...  niq>  defined  in  (2.11),  with  arbitrary  p 
and  q.  The  unperturbed  energy  ea  is  then  given  by 

Sac  =  *o  +  S  m2I^M  -  S  |m<|2/2M.  (3.1) 
If  |y>  is  some  time-independent  wave  function  then  the  wave  function 
\y,(t)y  =  U(t)  \  ip>  with  U(t)  =  exp  (—iHt)  solves  the  Schrodinger  equation. 
Instead  of  the  operator  U(t),  we  investigate,  following  VanHove,  a  related 
time-independent  operator,  the  resolvent  R(z),  which  depends  on  the  complex 
number  z.  R(z)  is  defined  by 

R(z)  =  (H-        =  (Ho  +  V  -  z)~\  (3.2) 

and,  because  H  is  hermitian,  R(z)  is  a  bounded  operator  for  non-real  z.  The 
connection  between  R(z)  and  U(t)  is  given  by  the  formula 

U(t)  =  -  (27I*)-1  §  dz  R(z)  exp  (-  izt).  (3.3) 

The  path  of  integration  is  a  contour  around  a  sufficiently  large  portion  of 
the  real  axis  of  the  z-plane.  It  is  to  be  described  counterclockwise.  Therefore 
we  are  only  interested  in  the  behaviour  of  R(z)  in  the  neighbourhood  of  the 
real  axis. 
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From  (3.2)  follows 

R(z)  =  (H0  -       -  (#0  -  z)"1  TOW  =  (Ho  -  F(#0  -  f)-1.  (3.4) 

Iterating  this  formula  one  finds  the  series  expansion : 

R(z)  =  (Ho  -  z)~i  -  (Ho  -  z)-i  V(H0  -  + 

H-  (#o  -  ^J"1  7(^o  -  z)"1  ^(#o  -  ^)-x  -  ...  (3.5) 

In  this  paper  the  convergence  of  this  series  for  z  away  from  the  real  axis 
will  be  assumed.  Whether  this  assumption  is  legitimate  has  to  be  investi- 
gated in  each  case. 

For  the  calculation  of  matrix  elements  of  R(z)  we  represent  the  contri- 
butions to  the  various  terms  in  (3.5)  by  diagrams.  To  be  more  specific,  we 
shall  turn  to  the  case  of  the  Fermi  gas.  Let  us,  as  a  simple  example,  consider 
the  matrix  element  </S  \R(z)\  a>  between  the  initial  state  |a>  =  \k±  ;  >  and 
the  final  state  |/?>  =  \k2k3  ;  my,  and  see  how  one  calculates  the  second 
order  term  in  the  expansion  (3.5).  Using  (2.11),  and  (2.12)  we  get  the  ex- 
pression 

4-2 /ziZ2y4/w1w2w3w4  V(hl2hh)  U(«1«2W3W4). 

.<f*\£jE^(H*-M)-^^  (3.6) 

with  the  summation  symbols  ./i1«2y4  introduced  in  section  2.  The  summation 
is  extended  over  all  momenta  both  inside  and  outside  the  Fermi  sphere. 
The  ground  state  to  ground  state  matrix  element  in  the  integrand  will  only 
have  a  value  ditferent  from  zero  provided  (when  reading  from  right  to  left) 
each  particle  or  hole  created  in  a  virtual  transition  is  reabsorbed  in  a  later 
transition.  In  each  non-vanishing  contribution  there  must  exist  a  one-to-one 
correspondence  between  creation  and  annihilation  operators.  Each  associated 
pair  consists  of  a  creation  operator  and  an  annihilation  operator  belonging 
to  the  same  particle  or  hole.  Reading  always  from  right  to  left  the  creation 
operator  comes  first. 

We  shall  now  see  how  one  can  represent  such  a  contribution  by  a  diagram  f ) . 
Each  interaction  operator  V  is  represented  by  a  point  (also  called  vertex). 
The  operators  £  and  |*  are  represented  by  directed  lines  joining  at  this  point. 
The  direction  is  indicated  by  an  arrow.  If  the  direction  of  a  line  is  pointing 
to  the  vertex,  the  line  represents  a  |  operator  in  this  point,  in  the  other  case 
a  I*  operator.  The  distinction  between  holes  and  particles  is  made  in  the 
following  way.  Lines  directed  to  the  left  correspond  to  particles,  lines 
directed  to  the  right  to  holes.  This  results  in  the  four  possibilities  shown 


t)  The  use  of  diagrams  is  well  known  in  field  theory,  where  they  were  first  introduced  by  Feyn- 
man4).  Goldstone  5)  introduced  them  for  the  many  particle  problem.  His  diagrams  are  slightly 
different  from  the  diagrams  used  here. 
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in  the  following  table  (the  convention  \k\  >  kF>  \m\  <  kF  should  be  kept 
in  mind) 


Operator 

Represented  by 

h 

•  — <— 

^  m 

•  — > — 

it 

— <—  • 

km 

— r> — • 

One  sees  that  creation  operators  !*,  |m  (annihilation  operators  I*)  are 
represented  by  lines  reaching  the  vertex  from  the  left  (right).  Of  the  four 
lines  joining  at  one  point  two  and  only  two  are  directed  towards  that  point. 

Some  diagrams  representing  different  contributions  to  (3.6)  are  drawn  in 
figure  1.  Each  diagram  contains  two  points,  the  order  from  right  to  left 


Fig.  1.  Some  second  order  diagrams  contributing  to  the  matrix  element 
<m;  k3k2  \R{z)  \  *i;>. 

corresponding  to  the  order  of  the  V's  in  (3.6).  A  line  joining  two  points 
corresponds  to  an  associated  pair  of  a  creation  and  an  annihilation  operator. 
We  call  this  an  internal  line.  Lines  running  from  a  point  towards  the  right 
or  left  edge  of  the  diagram  or  from  one  edge  of  the  diagram  to  the  other 
correspond  to  associated  pairs  of  which  one  or  both  belong  to  the  initial  or 
final  state.  Such  lines  are  called  external  lines.  All  diagrams  of  figure  1  have 
two  internal  lines  and  four  external  lines. 

Diagrams  give  a  schematic  picture  of  the  transition  process  that  takes 
place.  In  the  diagram  of  fig.  \a  the  particle  of  the  initial  state  interacts  with 
the  Fermi  sea  giving  a  hole  and  two  particles.  In  the  second  transition  these 
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two  particles  are  scattered  on  each  other.  The  process  represented  by  fig.  \b 
is  different.  The  first  interaction  gives  rise  to  the  formation  of  two  particles 
and  two  holes.  In  the  second  transition  one  particle  and  one  hole  are  anni- 
hilated together  with  the  particle  of  the  initial  state.  Another  particle  is 
created. 

Some  remarks  must  be  made  regarding  the  diagrams  of  fig.  1,  c  and  d. 
These  give  contributions  to  equation  (3.6)  with  associated  pairs  of  creation 
and  annihilation  operators  belonging  to  the  same  interaction  V.  In  V, 
reading  from  right  to  left,  the  £'s  precede  the  |*'s.  Therefore  such  associated 
pairs  are  possible  for  holes.  In  the  diagrams  they  are  represented  by  closed 
loops  through  a-  vertex  point,  the  lines  that  represent  the  £^  and  the  £m 
at  the  same  point  being  the  continuation  of  each  other. 

Before  proceeding  we  introduce  some  definitions  to  be  used  frequently 
in  the  following.  Diagrams  that  can  be  divided  into  two  or  more  partial 
diagrams  without  cutting  any  lines  are  called  disconnected.  All  other  dia- 
grams are  connected.  The  diagrams  shown  in  fig.  \a,  b  and  c  are  obviously 
connected,  whereas  the  diagram  in  d  is  disconnected.  The  connected  parts, 
a  disconnected  diagram  is  composed  of,  will  be  called  the  components  of  the 
diagram.  Diagrams  without  external  lines  will  often  be  referred  to  as 
ground  state  diagrams  and  diagram  components  without  external  lines 
as  ground  state  components.  The  diagram  of  fig.  \d  has  two  components  of 
which  one  is  a  ground  state  component. 

We  shall  now  show  how  one  calculates  the  contribution  of  a  given  diagram. 
Let  us  take  the  diagram  of  fig.  \a.  Putting  in  (3.6)  l\  —  kz,  1%  =  ks,  h  = 
=  n2  =  &4,  U  =  n\  =  &5,  nz  =  m  and  n$  ==  k\  we  find  the  expression 

1lwfkik5  vikzkskzks)  v(k$kAmki)  . 

The  unperturbed  energies  of  the  initial,  final  and  intermediate  state  can  be 
obtained  from  (3.1).  The  last  factor  in  (3.7)  (without  the  energy  denomi- 
nators) is  ±  1 ,  the  sign  depending  on  the  order  of  the  operators  £  and  £*. 
Here  the  number  of  permutations  necessary  to  bring  the  operators  of 
associated  pairs  next  to  each  other  is  even,  hence  we  get  a  plus  sign.  One 
obtains  identical  contributions  if  one  interchanges  the  role  of  the  two  £'s 
or  of  the  two  £*'s  belonging  to  the  same  V.  Hence  a  factor  4  must  be  added 
for  each  point,  which  gives  a  factor  16  in  this  example,  exactly  canceling 
the  factor  However  each  pair  of  equivalent  lines,  i.e.  lines  between  the 
same  two  points  and  with  the  same  direction,  is  counted  twice,  so  that  a 
factor  J  must  be  added  for  each  such  pair.  In  our  example  the  lines  &4  and 
&5  are  equivalent  and  the  total  factor  is  \.  For  the  total  contribution  of  the 
diagram  of  fig.  \a  to 

<m  ;  ksk2  \R{z)  \  ki  ;  > 
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one  finds 

vCkzkzkiks)  v{k$ktfnk\)  

ifk*k*  (so  +  k\\2M  +  k\l2M  -  m2/2M  -  z)  (so  +  k2J2M  + 

+  k\\2M  -  m*\2M  -  z)  (e0  +  k\j2M  -  z) 

This  example  suffices  to  indicate  how  one  calculates  matrix  elements  of 
the  resolvent  (3.5)  to  any  order  in  the  perturbation.  One  draws  all  possible 
diagrams  of  the  given  order  and  one  adds  their  contributions,  each  of  which 
is  calculated  in  the  way  shown. 

A  remark  must  still  be  made  concerning  the  Pauli  principle  for  inter- 
mediate states.  The  various  particles  must  have  different  momenta  and  the 
same  must  hold  for  holes.  Thus,  for  the  example  treated  above,  the  term 
with  &4  =  k5  should  be  excluded  in  the  summation.  However  v(k2kzkAh) 
and  vihk^kim)  are  antisymmetric  in  &4  and  k5  so  that  the  term  with  &4  =  ^5 
would  automatically  give  no  contribution  and  we  are  justified  in  dropping 
the  restriction  on  the  summation.  It  has  been  remarked  by  Wick  6)  that 
this  holds  quite  generally  for  Fermi  particles  and  that  for  Bose  particles 
one  is  similarly  allowed  to  forget  the  modifications  in  the  production  and 
absorption  matrix  elements  which  occur  when  more  than  one  boson  is  in  a 
given  state.  Quite  generally,  the  errors  made  if  one  does  not  take  into 
account  the  influence  of  the  Fermi  or  Bose  statistics  on  intermediate  states 
with  particles  of  equal  momenta,  cancel  each  other  exactly. 

We  shall  now  introduce  the  important  concept  of  diagonal  diagrams.  In 
fig.  2  different  diagrams  are  drawn  describing  the  interaction  of  two  particles. 
Momentum  is  conserved  in  each  elementary  interaction.  One  will  therefore 
have  the  relation  +  =  kz  +  kA  in  all  diagrams.  In  the  diagrams  c  and 
d  however  one  has  kx  =  kz  and  k2  =  kA.  These  diagrams  are  called  diagonal 
because  their  contributions  contain  the  factors  <53(&i  —  kz)  <53(&2  —  k±).  We 
shall  in  general  call  a  diagram  of  the  matrix  element  0  \R{z)  \  a>  diagonal  if 
the  states  |a>  and  |/5>  contain  the  same  numbers  of  particles  and  holes,  and 
if  the  contribution  of  the  diagram  to  0  \R(z)  \  a>  contains  the  factor  (5(a— 
where  6(ol  —  ft)  is  the  product  of  the  3-dimensional  d-f unctions  for  the 
momenta  of  all  particles  and  holes,  as  defined  by  (2.6). 

Diagonal  diagrams  play  a  very  important  part  in  the  theory  of  large 
systems.  This  is  shown  by  the  following  consideration.  Diagonal  diagrams 
give  contributions  only  to  diagonal  matrix  elements  of  the  resolvent  R{z), 
whereas  non-diagonal  diagrams  contribute  both  to  its  diagonal  and  non- 
diagonal  matrix  elements.  Comparing  now  the  contributions  of  a  diagonal 
and  a  non-diagonal  diagram  to  some  diagonal  element  <a  \R(z)\  a>,  one 
finds  that  the  contribution  of  the  first  diagram  is  larger  than  that  of  the 
second  by  at  least  one  factor  Q.  This  is  an  immediate  consequence  of  the 
fact  that  the  contribution  of  a  diagonal  diagram  contains  more  ^-factors 
than  the  contribution  of  a  non-diagonal  one.  According  to  (2.6)  each  <5-factor 
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gives  rise  to  a  factor  Qj&7iz.  The  origin  of  this  extra  factor  Q  must  be  sought 
in  the  much  larger  number  of  intermediate  states  occurring  in  the  contri- 
butions of  diagonal  diagrams. 

There  exist  essentially  three  types  of  diagonal  diagrams.  In  the  first  place 
diagrams  without  external  lines,  the  so-called  ground  state  diagrams,  are 
diagonal.  They  contribute  to  the  diagonal  element  <9?o  \R(z)\  9?o>-  Secondly 
all  diagrams  contributing  to  matrix  elements  <  ;  kz\R(z)\k\  ;  >  between 
one-particle  states  are  diagonal.  Each  contribution  contains  the  factor 
dz(k±  —  £2)  which  results  from  conservation  of  momentum.  The  diagrams 
of  this  type  have  one  external  particle  line  at  each  end.  Also  the  diagrams 
with  one  external  hole  line  at  each  end  are  diagonal.  These  three  types  of 
diagrams  correspond  in  field  theory  with  vacuum  diagrams  and  self-energy 
diagrams.  We  have  learned  from  the  examples  of  fig.  2  that  disconnected 
diagrams,  the  components  of  which  belong  to  the  categories  just  mentioned, 
are  also  diagonal.  It  is  easily  established  that  no  other  diagonal  diagrams  exist. 


c  d 

Fig.  2.  Some  diagonal  and  non-diagonal  diagrams  of  the  matrix  element 

Each  matrix  element  <0  \R(z)\  a>  can  unambiguously  be  written  as 

0  \R(z)\  a>  =  DJ®  dtf  -  a)  +  Fpa(z),  (3.8) 

where  the  first  term  is  the  sum  of  the  contributions  of  all  diagonal  diagrams. 
It  is  of  course  only  present  when  the  states  |a>,  \p>  involve  the  same  numbers 
of  particles  and  holes.  The  operator  D(z),  with  matrix  elements  0  \D(z)  |a>  = 
Da(z)  .  d(P  —  a),  is  called  the  diagonal  part  of  R(z). 


184 

494  N.  M.  HUGENHOLTZ  


4.  The  reduction  of  diagrams.  Let  us  consider  as  an  example  the  non- 
diagonal  diagram  shown  in  fig.  3.  It  is  of  the  6th  order,  so  that  there  are 
five  intermediate  states,  indicated  in  the  figure.  These  intermediate  states 
cannot  all  be  varied  independently.  According  to  the  arguments  which  were 
used  in  section  3  in  connection  with  the  diagonal  diagrams,  it  is  seen  that 
the  intermediate  state  |y4>  is  related  to  |0>  by  the  factor  6(0  -  y4).  Also 
the  states  |n>  and  |y3>  are  connected  by  a  factor  6(yt  -  y3).  When  cut  at 
the  intermediate  states  |yi>,  |ya>,  and  |y4>,  the  diagram  falls  apart  into  four 
parts,  two  of  which  are  diagonal.  Removing  the  diagonal  parts,  to  be  called 
diagonal  subdiagrams,  and  joining  the  remaining  pieces,  one  gets  exactly  the 
diagram  a  of  fig.  1 .  The  process  of  elimination  of  diagonal  subdiagrams  is 
called  the  reduction  of  a  diagram.  If  a  diagram  cannot  be  reduced,  as  for 
example  diagram  a  of  fig.  1 ,  we  call  it  irreducible. 


\     \      t    t     t     t  t 

Fig.  3.   A  non-diagonal  diagram  which  can  be  reduced  to  the  diagram  a  of  fig.  1.. 

Conversely,  one  can  obtain  any  non-diagonal  diagram  in  a  unique  way 
by  inserting  suitable  diagonal  subdiagrams  in  an  irreducible  non-diagonal 
diagram.  In  other  words,  in  order  to  calculate  the  contribution  of  a  reducible 
diagram,  one  should  take  the  expression  for  the  corresponding  reduced 
diagram,  and  substitute  for  the  factors  (ea  -  £f\  (ey  -  x)-\  (ty  -  z)'1 
belonging  to  initial,  intermediate  and  final  states  the  contributions  of  the 
appropriate  diagonal  diagrams,  without  the  Mactor.  The  sum  of  the 
contributions  of  all  non-diagonal  diagrams  of  \R(z)\  a>  is  obtained  by 
taking  the  sum  of  the  contributions  of  all  irreducible  non-diagonal  diagrams 
and  substituting  for  the  factors  (ea  -  z)~\  (ey  -  *)-*  and  (£j8  -  z)~i  the 
functions  DJz),  Dy(z),  and  Dp(z)  defined  by  (3.8).  We  can  express  this 
simply  by  the  formula 

{R(z)}nd  =  [~D(z)  VD(z)  +  D(z)VD(z)  V  D(z)  -   ]M. 

The  subscript  nd  indicates  the  non-diagonal  part  of  R(z),  whereas  ind  means 
restriction  to  the  contributions  of  all  irreducible  non-diagonal  diagrams. 
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For  R(z)  itself  we  find 

R(z)  =  D(z)  +  [-  D(z)  VD(z)  +  D(z)  V  D(z)  V  D(z)  -   ]ind.  (4.1) 

Having  discussed  the  reduction  of  non-diagonal  diagrams,  we  now  go 
over  to  an  analysis  of  the  diagonal  ones.  We  want  to  derive  a  formula  which 
expresses  D(z)  in  terms  of  irreducible  diagrams.  To  that  end  we  give  a 
unique  prescription  how  to  reduce  a  diagonal  diagram.  We  make  the  follow- 
ing convention.  The  reduced  diagonal  diagram  is  obtained  by  removing  all 
diagonal  subdiagrams  not  containing  the  first  vertex  (from  the  right)  of  the 
original  diagram.  The  contribution  of  any  diagonal  diagram  of  0  \R(z)\  a> 
can  now  again  be  derived  unambiguously  from  the  reduced  diagram  by 
replacing  the  factors  (ep  —  z)-\  (ey  —  z)-1  by  the  contributions  of  the 
appropriate  diagonal  diagrams,  the  factor  (ea  —  z)'1  being  left  unaltered. 
This  leads  to  the  following  formula  for  D(z) : 

D(z)  =  (Ho  -  z)~i  +  D(z)  [-V  +V  D(z)  V  - 

-  V  D(z)  V  D(z)  V  +  . . .]„  (H0  -  z)~K  (4.2) 

The  subscript  id  means  that  only  contributions  of  irreducible  diagonal 
diagrams  should  be  taken. 

The  second  term  in  the  right-hand  side  of  (4.2)  contains  only  diagonal 
factors.  The  order  of  factors  is  therefore  immaterial  and  the  result  is  in- 
dependent of  the  way  we  defined  the  reduction  of  diagonal  diagrams. 

Let  us  define  a  diagonal  operator  G(z)  by 

G(z)  =  [-  V  +  V  D{z)  V  -  V  D{z)  V  D(z)  V  +  ...]*<*.  (4.3) 
Substituting  (4.3)  in  (4.2)  one  gets 

D(z)  =  (Ho  -  z)~i  +  D(z)  G(z)  (Ho  -  z)"1 

or 

D(z)  =  (H0-z-  G(z))-K  (4.4) 

This  is  one  of  the  basic  equations  of  Van  Hove  (compare  formulae  (3.12), 
(3.15)  of  H  I).  It  was  derived  here  by  an  alternative  method.  For  the  sake 
of  comparison  a  remark  must  be  made  on  the  fact  that  in  H  I  (section  2) 
an  assumption  had  to  be  made  on  the  occurrence  of  6(yi  —  yk)  factors  for 
the  intermediate  states.  It  was  assumed  that,  whenever  one  has  two  pairs  of 
intermediate  states  \yf>,  \yky  and  \yi>,  \ymy  related  by  the  factors  d(yj  —  yk) 
and<5(yz  —  ym),  the  order,  in  which  these  four  intermediate  states  occur  in 
the  matrix  element,  is  never  such  that  the  states  of  one  pair  are  separated 
by  only  one  state  of  the  other  pair.  In  the  present  work,  where  diagonal 
parts  of  operators  are  described  by  means  of  diagrams,  the  assumption  is 
automatically  satisfied.  It  is  an  immediate  consequence  of  the  structure  of 
the  diagrams. 
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5.  Energies  and  wave  functions  of  stationary  states.  From  (4.4),  the  oper- 
ators G(z)  and  D(z)  being  diagonal  in  the  |a>  representation,  their  eigen- 
values GJz)  and  Da(z)  for  some  state  |a>  are  related  by  the  equation 

DJz)  =  (ea-z-GJz))-i.  (5.1) 

It  has  been  shown  in  H  I  that  the  numerical  functions  GJz),  DJz)  are  both 
holomorphic  for  non-real  z  and  satisfy  the  inequalities 

Im  Da(z)  >  0  and  Im  Ga(z)  >  0  f or  Im  z  >  0.  (5.2) 

The  fact  that  the  hamiltonian  H  is  a  hermitian  operator  implies  the  relations 

R(z*)  =  R*(z),  DJz*)  =  D*a(z),  GJz*)  =  G*(z).  (5.3) 

GJz)  and  DJz)  have  singularities  only  on  the  real  axis,  where  for  a  finite 
system  they  have  a  large  number  of  poles.  The  analytical  behaviour  in  the 
neighbourhood  of  the  real  axis  becomes  however  very  simple  in  the  asymp- 
totic limit  of  large  Q,  i.e.  if  one  neglects  all  effects  which  tend  to  zero  for 
Q  ->  CO. 

We  shall  study  the  functions  GJz)  and  DJz)  in  this  approximation. 
From  the  definition  (4.3)  of  G(z),  where  in  our  approximation  all  sums  over 
intermediate  states  are  replaced  by  integrals,  one  can  conclude  that  GJz) 
has  no  poles  but  has  finite  discontinuities  for  z  crossing  the  real  axis  in  all 
points  of  certain  intervals  which  usually  depend  on  a.  In  most  cases  these 
points  of  discontinuity  cover  a  portion  of  the  real  axis  from  a  finite  number 
on  up  to  +  °°- 

Let  x  be  a  point  on  the  real  axis,  and  rj  >  0,  then  the  real  functions  KJx) 
and  JJx)  are  defined  by 

linvo  +  "A  =  K«W  +  »/«(*)•  (5'4) 
According  to  (5.3)  a  similar  equation  holds  with  i  replaced  by  —  i.  Equation 
(5.2)  implies 

/«(*)  >  0-  <5'5> 
It  is  clear  that  JJx)  =  0  in  those  points  of  the  real  axis  where  GJz)  is  regular. 
The  points  x  where  JJx)  >  0  are  the  points  where  GJz)  has  a  finite  discon- 
tinuity for  z  crossing  the  real  axis.  In  these  points  DJz)  has  also  a  finite 
discontinuity  for  z  crossing  the  real  axis. 

In  contrast  to  GJz),  the  function  DJz)  may  have  poles  even  in  the  limit 
of  Q  ->  oo.  This  will  be  the  case  if  the  equation  ea  —  z  —  GJz)  =  0  has  a 
solution.  This  solution  must  necessarily  be  real  and  hence  we  consider  the 
equation 

sa  -  x  -  KJx)  =  0.  (5.6) 

Equation  (5.6)  has  at  least  one  root,  and  in  most  applications  only  one.  We 
suppose  such  to  be  the  case  and  call  this  root  Ea.  A  necessary  and  sufficient 
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condition  for  Ea  to  be  a  pole  of  Da(z)  is  that  Ja(x)  =  0  for  x  in  the  neigh- 
bourhood of  Ea.  In  section  14  we  shall  investigate  the  case  /a(2sa)  0,  but 
for  the  time  being  we  shall  suppose  that  Ja(x)  =  0  for  x  near  ita. 

An  important  difference  between  Da(z)  and  the  corresponding  function 
in  the  unperturbed  system,  (ea  —  z)-1,  is  the  shift  of  the  pole  from  ea  to  Ea, 
i.e.  by  an  amount  Ga(£a)  =  Ka(Ea).  It  was  shown  in  H  I  and  we  shall 
derive  again  that  Ea  is  the  energy  of  a  stationary  state  which  arises  from 
|a>  through  the  influence  of  the  perturbation.  As  we  have  seen  the  pole  Ea 
is  not  the  only  singularity  of  Da(z)  ;  Da(z)  has  the  same  interval  (or  intervals) 
of  discontinuity  as  Ga(z),  formed  of  all  points  x  where  JJx)  >  0.  It  is  evident 
that  Ea  is  not  such  a  point. 

It  might  be  of  interest  to  compare  the  situation  just  described  with  what 
would  be  found  if  one  took  into  account  all  corrections  which  vanish  for 
D  ->  oo.  In  an  exact  treatment  of  a  large  but  finite  system  one  would  find 
a  very  dense  but  discrete  energy  spectrum.  Da(z)  would  have  a  large  number 
of  poles  and  no  other  singularities.  All  these  poles  except  one,  which  becomes 
Ea  in  the  limiting  case  of  large  Q,  would  be  very  densely  distributed  on  the 
real  axis,  with  a  separation  less  than  kpM-^-Q-*.  The  behaviour  of  Da(z)  at 
a  distance  from  the  real  axis  large  compared  to  the  separation  of  the  poles 
would  be  approximately  the  same  as  in  the  limit  of  Q  ->  oo,  when  the  poles 
merge  together  into  a  line  of  discontinuity.  One  can  say  that  the  function 
Da(z)  in  the  limit  of  Q  ^  oo  gives  a  good  description  of  the  corresponding 
quantity  in  the  finite  case  if  one  is  interested  in  a  kind  of  average  behaviour 
over  energy  intervals  large  compared  to  kpM^Q-^,  or  in  the  motion  of  the 
system  over  time  intervals  short  compared  to  MQ^jkp. 

Returning  to  the  limiting  case  Q  -»  oo  we  shall  now  derive  a  formula  for 
the  wave  function  of  a  stationary  state,  on  the  basis  of  our  assumption  that 
Da(z)  has  a  pole  at  z  =  £a.  Calculating  the  matrix  element  \R{z)  \  <x>  by 
means  of  (4.1)  one  finds 

<p  \R(z)\ a>  =         +  D(z)  {-  V  +  V  D(z)V  -  ...}*„*]  |a>  Da(z).  (5.7) 

Of  the  two  factors  on  the  right-hand  side  the  second  one  has  a  pole  in  Ea, 
while  in  general  the  first  factor  has  a  finite  discontinuity  if  z  crosses  the  real 
axis  at  Ea.  Hence  one  can  define  two  residues  of  0  \R{z)\  a>  in  Ea,  one  for 
the  upper  half  plane  and  one  for  the  lower  half  plane,  by 

9tia  [<P  \R(z)\  a>]  =  lim^a  (z  -  Ea)  <p  \R(z)\  a>, 

where  the  plus  sign  must  be  chosen  if  z  approaches  Ea  from  above,  and  the 
minus  sign  if  z  approaches  Ea  from  below.  Taking  the  residue  of  both  sides 
of  equation  (5.7)  one  finds 

«&[<|8|*MI«>]  = 

=  -  JVa  <fi  |[1  +  D(EX  ±  *0){-  V  +  V  D(Ea  ±  »0)  V  -  .. .}«»«,]!  «>, 

where  Na  =  ( 1  +  G'jyE^)-1.  The  quantity  —  Na  is  the  residue  of  DJz)  in  Ea. 

32 
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We  shall  now  prove  that  the  states  defined  by 

fdfi  \fi>  .  ma  [<fi  \R(*)\  «>]  =  *jfc[*W  M 

are  stationary  states  with  the  energy  Ea.From  the  definition  (3.2)  of  R(z) 
one  derives  easily 

R(z)  -  R(z')  =  (z-  z')  R(z)  .  R(zf).  (5.8) 

By  application  of  this  operator  relation  to  the  state  |a>,  an  equation  is 
obtained  where  both  sides,  as  functions  of  z' ,  have  a  pole  of  the  type  just 
considered.  Equating  the  residues  9tJa  or  «R~a  of  both  sides  and  dividing  by 
z  —  Ea  one  finds 

R(z)  ®k      i«>]  =~r — [rw  i«>] . 

Substituting  in  (3.3)  one  concludes  immediately 

U(t)  fftia[R(z)  |a>]  =  exp  (-  iEj)  .  Vt%a[R(z)  la>l- 

The  states  $Rfa  [R(z)  |a>]  are  not  yet  properly  normalized.  In  H  II  the  nor- 
malization constant  is  shown  to  be  N~*.  The  stationary  states  are  therefore 
given  by 

l¥«>*  =  ~       *  ma  [«W  |a>]  = 

=  at|  [i  +  D(£a  ±  i0){-  F  +  F  D(£a  ±  *0)  7  -  ...}*„«]  |a>.  (5.9) 

In  the  case  that  the  states  |ya>+  and  |ya>-  are  different,  they  describe 
scattering  with  outgoing  and  ingoing  waves  respectively.  More  details  are 
given  in  H  II,  where  it  is  moreover  proved  that,  provided  JJEJ  =  0 
for  all  states  |a>,  the  set  of  states  |ya>+  form  a  complete  orthonormal  set, 
and  the  states  |ya>-  as  well.  This  is  not  necessarily  the  case  if  there  exist 
states  |a>  for  which  Ja(Ea)  ^  0,  i.e.  for  which  the  only  singularities  of  DJz) 
are  finite  discontinuities. 

Chapter  III.   Separation  method  for  the  ^-dependent  parts  of 

THE  DIAGRAMS 

6.  Q-dependence  of  the  diagram  contributions.  As  explained  in  the  intro- 
duction, one  is  often  interested  in  the  way  the  different  physical  quantities 
vary  with  the  volume  Q  of  the  system,  at  least  asymptotically  for  large  Q. 
In  the  last  chapter  a  method  was  studied  to  calculate  energies  and  wave 
functions  for  the  case  of  large  Q.  However  the  formulae  derived  there  are 
not  very  suitable  for  analysing  the  dependence  on  Q  of  observable  quantities. 
Although  for  example  we  expect  on  physical  grounds  that  the  energy  differ- 
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ence  Ea  —  Ea,  between  two  low-lying  states  must  become  independent  of 
Q  for  large  Q  (intensive  quantity),  it  will  not  be  easy  to  derive  such  a  con- 
clusion from  the  fact  that  the  perturbed  energy  is  the  root  of  (5.6).  The 
origin  of  this  difficulty  must  be  found  in  the  rather  complicated  ^-depend- 
ence of  Da(z)  and  Ga(z),  which  we  shall  investigate  presently.  We  restrict 
ourselves  throughout  to  states  |a>  differing  from  the  unperturbed  ground 
state  by  the  presence  of  a  finite  number  of  excited  particles  and  holes. 

We  go  back  to  the  series  expansion  (3.5)  for  R(z)  and  see  how  the  contri- 
butions of  the  different  diagrams  of  </?  \R{z)\  <x>  depend  on  Q.  All  energy 
denominators  contain  a  term  proportional  to  Q,  for  the  unperturbed  energy 
£a  can  be  written  as  the  sum  of  two  terms  ea  =  so  +  e'a,  where  the  ground 
state  energy  eo  is  proportional  to  Q  according  to  (2. 10)  and  e'a,  the  sum  of  the 
unperturbed  energies  of  the  additional  particles  and  holes,  is  independent  of 
Q.  Henceforth  we  shall  consider  </?  \R{eo  -{-  z)\  <x>  instead  of  </?  \R(z)\  a>; 
the  denominators  of  this  new  expression  do  not  depend  on  Q. 

WTe  consider  now  the  contributions  to  </?  \R(sq  +  ^)|  <*>  of  different  types 
of  diagrams  and  study  their  ^-dependence.  Let  us  take  first  a  connected 
diagram  with  external  lines.  As  remarked  before,  the  conservation  of 
momentum  is  expressed  by  a  factor  d(Ka  —  Kg)  in  the  contribution  of  the 
diagram,  where  Ka  and  Kp  are  the  total  momenta  of  the  states  |a>  and  |/?>. 
If  we  now  replace  the  summation  by  an  integration  we  get  an  expression 
independent  of  Q  (see  section  3).  The  terms  one  should  add  to  correct  for 
the  replacement  of  the  summation  by  an  integration  tend  to  zero  for  Q  ->  oo. 
Such  terms  will  be  neglected  as  before. 

Next  we  take  a  connected  ground  state  diagram,  i.e.  a  connected  diagram 
without  external  lines.  As  always  there  is  a  (5-function  for  each  point, 
expressing  the  conservation  of  momentum  in  each  elementary  transition. 
In  the  present  case,  however,  through  the  absence  of  external  lines,  one  of 
these  ^-functions  is  dependent  on  the  others.  This  gives  rise  to  a  factor  6(0), 
which  by  (2.6)  leads  to  a  factor  QjQ7iz.  If,  in  the  remaining  expression,  we 
replace  the  sums  by  integrals  we  get  again  an  expression  independent  of  Q, 
except  for  correction  terms  which  vanish  for  Q  ->  co.  However  we  have  the 
factor  Q  multiplying  not  only  the  integral  but  also  the  correction  terms, 
which  cannot  be  all  neglected  in  this  case.  Hence  we  conclude  that  a  con- 
nected ground  state  diagram  gives  a  contribution  containing  a  main  term 
proportional  to  Q  and  possibly  other  terms  which,  although  not  all  negligible, 
are  small  compared  to  the  main  term  for  large  Q. 

These  considerations  are  easily  extended  to  more  complex  diagrams 
containing  one  or  more  ground  state  components :  they  exhibit  a  independ- 
ence such  that  the  highest  power  of  Q  is  equal  to  the  number  of  ground  state 
components.  Consequently  it  is  clear  that  all  matrix  elements  ot  R(sq  +  z) 
contain  terms  with  arbitrarily  high  powers  of  Q. 
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7.  Decomposition  of  diagrams.  After  having  located  the  .Q-dependence  in  the 
contributions  of  the  diagrams  our  next  task  is  to  make  a  separation  between 
the  ^-dependent  and  the  ^-independent  parts  of  a  diagram.  We  must 
clearly  base  such  a  separation  on  the  distinction  between  the  different 
components  of  the  diagram.  We  shall  derive  a  formula  which  makes  it  possible 
to  express  the  contribution  of  each  disconnected  diagram  in  terms  of  the 
contributions  of  its  components. 

Consider  two  diagrams  A  and  B  with  or  without  external  lines  and  denote 
their  contributions  to  R{z)  by  <a  \A(z)  \  a>  and  0'  \B(z)  \  0>.  The  states 
|a>,  |a'>,  |0>,  and  |0'>  contain  certain  numbers  (possibly  zero)  of  particles 
and  holes.  They  can  be  obtained  from  the  state  \<p0>,  which  describes  the 


C 

Fig.  4.  This  figure  shows  the  three  ways  in  which  two  diagrams  of  the  first  and  second 
order  in  V  can  be  combined  to  form  a  diagram  of  order  three. 

unperturbed  Fermi  sea,  by  applying  to  |<p0>  products  of  creation  operators  £* 
and  im  for  particles  and  holes  respectively.  We  suppose  that  |a>  and  |/5> 
do  not  contain  particles  or  holes  with  identical  momenta.  It  is  then  possible 
to  define  a  state  |a^>  containing  all  the  particles  and  holes  of  |a>  and  \p> 
together.  We  define  |a^>  as  the  state  obtained,  when  one  applies  to  |/J>  all 
the  creation  operators  which  must  be  applied  to  l^o)  in  order  to  give  |a>, 
and  in  the  same  order.  The  notation  <£<x|  is  used  for  the  conjugate  of  |<x0>. 
For  the  states  |a'>  and  |0'>  we  make  the  same  assumption  as  for  |a>,  |/5>, 
and  we  define  |a'0'>  in  exactly  the  same  way. 

The  two  given  diagrams  can  be  combined  in  various  ways  to  form  a 
composite  diagram.  If  n  and  m  are  the  numbers  of  vertices  of  A  and  B,  the 
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composite  diagrams  have  m  -f  n  vertices.  The  various  composite  diagrams 
differ  by  the  order  in  which  the  points  of  the  two  original  diagrams  A  and  B 
occur  from  right  to  left,  the  number  of  possibilities  being  (n  +  m)\\n\m\. 
Figure  4  shows  the  three  possible  ways  in  which  two  diagrams  A  and  B 
of  order  one  and  two  in  V  respectively  can  be  taken  together  to  form  a 
composite  diagram.  The  sum  of  the  contributions  to  </?V  \R(z)  \  <x/?>  of  all 
composite  diagrams  found  in  this  way  we  shall  denote  by  </?V  \C(z)\  a/?>. 

The  important  point  is  now  that  a  simple  relation  exists  between 
<0'a'  \C(z)  \  a£>  and  the  contributions  <<x'|  ^ (jar) |  a>  and  <0'  \B(z)  \  of  the 
original  diagrams  A  and  B  to  the  resolvent.  It  is  expressed  by  the  equation 

<0V  \C(z)\  a£>  -  -  (2wt)-*  §  dC  <«'  \A[z  -  0|  a>  0'  \B(e0  +  01  0>.  (7.1) 

The  path  of  integration  is  a  contour  encircling  all  singular  points  of  the 
integrand  on  the  real  axis,  but  not  encircling  the  singular  points  situated 
on  the  straight  line  through  z  parallel  to  the  real  axis.  It  is  to  be  described 
counterclockwise . 

Before  deriving  (7.1),  we  note  that  the  integral  in  the  right-hand  side  is 
a  type  of  convolution  integral,  taken  in  the  complex  plane.  We  shall  en- 
counter such  convolutions  very  often  and  it  is  therefore  convenient  to 
introduce  a  special  notation  for  them.  Let  f(z)  and  g(z)  be  two  functions, 
holomorphic  for  non-real  z,  for  which  zf(z)  and  zg(z)  are  bounded  for  \z\  ->  oo. 
The  symbol  f(z)  *  g(z)  indicates  another  function  of  z,  defined  by 

f(z)  *  g(z)  =  -  j  df  f(z  -  0  g(C),  (7.2) 

with  a  path  of  integration  as  defined  above.  Using  the  property  that  zf(z) 
and  zg(z)  are  bounded  for  large  \z\,  one  can  deform  the  path  of  integration 
into  a  contour  encircling  the  straight  line  through  z  parallel  to  the  real  axis. 
This  leads  to  the  equation 

rt*)*«M-«M*A«)-  <7-3) 

With  our  new  notation  (7.1)  reads 

<0V  |C  (e0  +  z)\  a/?>  =  <a'  \A(e0  +  z)\  a>  *  <^  |£(e0  +  ^)|  /?>•  (7.4) 

We  start  now  the  proof  of  the  relation  (7.1)  which  constitutes  the  basic  tool 
for  all  the  derivations  in  the  following  sections. 

We  first  establish  the  validity  of  (7.1)  for  the  simple  diagrams  of  fig.  4. 
The  states  |a>,  |a'>,  |/?>,  and  \f}'>  are  denoted  by  \k1k2  ',  >,  ;  >,  1^5  ;  >, 

and  \k%  ;  >  respectively. 

According  to  the  rules  of  section  3  one  finds 

<  ;  kfa  \A(z  +  £0)|  hk2  ;  >  =  -  »(*4*ifti*8)(4  ~  Z)~H^  ~  (7.5) 
<  ;  k%  \B(z  +  eo)  I  h  ;  >  =  i/kyk8mv(kemk7k8)  v(k7k8k5m) . 
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The  energies  in  the  denominators  are  the  excitation  energies  of  the  states 
as  compared  with  the  energy  e0  of  \cpo>.  Diagram  a  of  fig.  4  gives  the  con- 
tribution 

(V  +  4  -  ^  «'  +  %  ~  «  +  %  ~  «  +  4  ~  M)'K 
In  writing  down  this  equation  we  made  essential  use  of  the  remark  in 
section  3  concerning  intermediate  states  with  two  or  more  particles  in  the 
same  plane  wave  state.  The  diagrams  b  and  c  give  the  same  expression 
except  for  the  energy  denominators.  The  sum  of  the  products  of  energy 
factors  in  the  expressions  for  a,  b  and  c  is  easily  calculated.  After  some 
simple  algebraic  manipulations  one  gets 

(4  -      (4-  +  4  -     (4  +  4  -  2>~l    +  ee  -  2>_1  + 
+  (4-  -  4)-1  (4  +  4  -  2>_1  ^  +  ek  -  2>_1  <e«  +  e't  ~ 

which  again  is  equal  to 

as  follows  immediately  from  our  definition  (7.2)  of  convolution. 

For  the  sum  of  the  contributions  of  the  diagrams  a,  b,  and  c  of  fig.  4  we  find 

using  (7.5)  and  (7.6) 

<  ;  k6k4k3  \C{e0  +  z)\  ;  >  =  -  ifk^mvikemhks)  . 

.v^hkikz)  o{k7k8k5m)  [(e'j-z)-*  (e'a-z)-i  *  (e'^-z)-1  (e'p-z)-1  {e^-z)-^]  = 

=  < ;  +  co) |  ^2 ;  >  *  < ;  fa  \B{z  +  e0)|  &5 ;  >, 

which  proves  equation  (7.1)  for  the  special  case  considered. 

This  simple  example  shows  that  to  prove  equation  (7.1)  it  is  sufficient  to 
establish  the  corresponding  equation  for  the  products  of  energy  factors  only. 
In  the  case  of  our  example  this  equation  could  be  proved  by  a  direct  cal- 
culation, which  however  cannot  easily  be  extended  to  the  general  case. 
It  is  more  convenient  to  proceed  by  induction.  The  products  of  energy 
factors  corresponding  to  the  two  diagrams  A  and  B  can  be  written  in  the 
form 

niu  («*  -  z)-1  and  nr=o  (h  -  z)-1 

where 

0o  =  C  an  =  €a'>  &o  =  £j8»  b™  =  eF> 
while  ak(k  =  1,  2,      n  -  1)  and  h(l  =  1,  2,      m  -  1)  are  the  excitation 
energies  of  the  intermediate  states  of  A,  and  £  relative  to  the  ground  state 
energy  e0.  We  introduce  ordered  products  of  n  +  m  +  1  factors 

{ak  +  h-  z)~i  (k  =  0,      n;l  =  0,  w) 


193 

LARGE  QUANTUM  SYSTEMS  503 

with  the  following  property:  if  (ak  +  bt  —  z)"1  and  (ak,  +  bv  —  z)-1  are 
consecutive  factors,  the  first  being  to  the  left,  one  has  either  k  =  k' ,  I  =  I'  +  1 
or  k  =  k'  +  1 ,  I  =  V.  The  number  of  products  which  can  be  constructed 
according  to  this  rule  is  (n  +  m)\\n\m\  and  we  shall  denote  their  sum  by 
0{an  ...  aia0;  bm  ...  bib0).  The  first  factor  from  the  left  of  each  ordered 
product  will  always  be  (an  +  bm  —  z)-1,  the  last  one  to  the  right 
(ao  +  b0  —  z)~\  The  second  factor  will  be  either  (an  -f  brn-i  —  z)-1  or 
(an-i  +  bm  —  z)-1.  In  the  first  case  the  product  can  be  written  as 
{<in+ bm— z)-1  multiplied  by  an  ordered  product  of  factors  {ak+bi— z)-1 
(k  =  0,  n  ;  /  =  0,  m  —  1).  For  the  sum  of  all  products  of  this  kind, 
we  find  therefore  [an  +  bm  -  z)"1  .  0{an  ...  amo  ;  bm-\  ...  brfo).  In  exactly 
the  same  way  we  get  for  the  sum  of  all  products  with  (an-i  +  bm  —  z)-1 
as  the  second  factor  the  expression  (an  +  bm  —  z)-1  .  0(an-i  ...  aia0  ; 
bm  ...  bib0).  These  results  taken  together  give  the  reduction  formula 

0{an  ...  a0  ;  bm  ...  b0)  =  (an  -f  bm  —  z)~*  [0(an-i  ...  a0  ;  bm  ...  b0)  + 

+  0(an  ...  a0  ;         ...  60)].  (7.7) 

Let  us  define  the  quantity  W(an  ...  a0  ;  bm  ...  b0)  by  the  formula 

¥(an  ...  aQ  ;  6m  ...  b0)  =  nj=0  (**  ~        *  nHo(*i  ~ 

The  equation  we  want  to  prove  is  then  simply 

0  =  W.  (7.8) 

We  show  first  that  (7.7)  is  satisfied  by  W  as  well  as  by  0.  Indeed 

(an  +  bm  -  z)~i  [W{an-i  ...  a0  ;  bm  ...  b0)  +  Y{an  ...  a0  ;  bm-i  ...  b0)]  = 

=  -  (2ni)-i  §  dC  1  (—^—  +  !  )  l-  ... 

an  +  bm  —  z  \bm  —  C     an  —  z  +  £/         —  z  +  £ 

1  1  1 

ao  —  z  +  C  —  C  o0  —  4 

On  the  other  hand  the  definitions  of  0  and  W  imply  immediately 
0{ao  ;  &1...60)  =  V{ao  ;  61  ...  60), 
0(ak  ...  ao  ;  60)  =  ¥(ak  ...  «o  ;  b0). 

By  induction  we  can  now  conclude  to  the  validity  of  (7.8),  thus  completing 
the  proof  of  equation  (7.1). 

In  the  appendix  Al  another  derivation  of  (7.1)  will  be  discussed.  It  is 
based  on  a  comparison  with  a  system  consisting  of  two  completely  uncoupled 
subsystems,  a  situation  for  which  equation  (7.1)  is  a  direct  consequence  of 
the  additivity  of  the  energies. 
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Chapter  IV.  The  separation  of  ground  state  diagrams. 
Calculation  of  energies 

8.  The  integral  equation  for  D0(z) .  We  consider  a  matrix  element  <<x.'\R(z)  |a> 
of  R(z)  and  suppose  that  |a>  and  |a'>  are  not  both  identical  with  \(p0>. 
This  means  that  the  contributing  diagrams  contain  external  lines.  Each 
diagram  consists  of  one  or  more  components  (i.e.  connected  parts)  with 
external  lines  and  possibly  some  components  without  external  lines.  The 
sum  of  the  contributions  to  <oc'  \R(z)  \  oc>  of  all  diagrams  A  which  do  not 
contain  ground  state  components,  will  be  denoted  by  <oc'  \R(z)  \  a>.  Each 
diagram  of  <a'  \R(z)  \  a>  can  be  obtained  in  an  unambiguous  way  from  a 
diagram  A  of  <a'  \R(z)\  a>  by  the  addition  of  a  ground  state  diagram 
The  contribution  to  <a'  \R(e0  +  z)\  a>  of  all  diagrams  one  can  form  from  A 
and  A0  is,  according  to  (7.4),  expressed  by 

<a'  \A(e0  +  z)  \  *>  *  ^o(eo  +  *)■ 
where  <*'  a>  is  the  contribution  of  >4  to  <a'  1 5(2)1  a>  and  A0(z)  is  the 

contribution  of  Aq  to  <9?0  |#(*)l  <?o>  =  D0(z). 

One  clearly  gets  the  total  value  of  <<x'  |#(e0  +  <?)|  a>  by  summing  over  all 
possible  diagrams  A  and  A0.  This  gives  the  formula 

<oc'  \R(e0  +  2)|  a>  =  <a  |5(e0  +  *)|  a>  *  D0(«0  +  *)■  (8-1) 

We  have  seen  in  section  6  that  diagrams  not  containing  ground  state 
components  give  contributions  which,  for  large  volume  Q,  are  independent 
of  Q,  whereas  ground  state  diagrams  are  ^-dependent.  The  importance  of 
(8.1)  is  due  to  the  fact  that  it  gives  in  the  resolvent  a  complete  separation 
between  ^-dependent  and  ^-independent  quantities. 

We  shall  study  now  the  dependence  on  Q  of  the  ground  state  expectation 
value  D0(z)  of  the  resolvent.  D0(z)  is,  by  definition,  the  sum  of  the  contri- 
butions of  all  ground  state  diagrams.  As  discussed  in  section  6  these  contri- 
butions contain  arbitrarily  high  powers  of  Q.  In  order  to  investigate  the  ex- 
plicit independence  of  D0(z),  we  derive  for  this  function  a  simple  integral 
equation  which  will  enable  us  to  calculate  it  using  only  connected  ground 
state  diagrams. 

In  the  second  of  the  operator  equations  (3.4)  we  take  on  both  sides  the 
diagonal  element  for  the  state  |g?0>  and  replace  z  by  £0  +     We  find 

D0(£o  +  x)  =  -  II*  +  <<Po\  R(£o  +  z)  v\  <Po>-ll*> 
or,  summing  over  intermediate  states, 

D0(e0  +  x)  =  -  1/2  +  D0(e0  +  z)  <<p0  \V\  tpo>l*  + 

+  1/2 /'  <<p0  \R(so  +  .*)!*>  <<*  \V\  ?o>. 
The  summation  is  extended  over  all  states  |a>  #  |^o>-  This  equation  can  be 
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transformed  by  applying  (8.1)  to  the  matrix  element  <<po  \R(eo  +  z)\  a>. 
One  finds  after  elementary  manipulations 

£>o(eo  +  z)  =  -  z~\\  +  D0(e0  +  z)  *  {z~i  <<p0  \V\  <po>  ~ 

-f  <<p0  \B(e0  +  z)  |a>  <a  |7|po»]  = 

=  -  Z'1  [1  -  £>o(eo  +  *)  *  *-*  #o(eo  +  *)].  (8.2) 
The  function  Go(z)  is  defined  by 

Go(z)  =  <n\  [~  V  +  F(#o  -  z)"1  7  -  ]c|?o>,  (8.3) 

where  the  subscript  C  means  that  only  connected  ground  state  diagrams 
contribute  to  Go(z).  Equation  (8.2)  is  an  integral  equation  for  Do(z)  which, 
by  (7.2),  can  be  written  in  the  more  explicit  form 

zD0(e0  +  z)  =  -l-  (2t«)-i  §  d£  C'^eo  +  {)  D0(e0  +  z  -  C).  (8.4) 

The  path  of  integration  is,  according  to  (7.2),  a  contour  around  that  portion 
of  the  real  axis,  which  contains  all  the  singularities  of  the  first  factor  in  the 
integrand.  It  is  described  counterclockwise  and  it  is  chosen  in  such  a  way 
that  it  does  not  cross  the  line  through  the  point  z  parallel  to  the  real  axis. 

As  we  shall  see  below,  (8.4)  can  be  solved  explicitly.  It  expresses  Do(eo  +  z) 
in  terms  of  the  function  6?o(£o  +  z),  which  is  much  simpler  since  it  involves 
connected  diagrams  only.  In  particular  the  definition  (8.3)  implies  that 
Go(eo  +  z)  contains  a  main  term  proportional  to  the  volume  Q  of  the  system, 
and  other  terms  which,  for  large  Q,  are  small  compared  to  the  first. 

The  connected  ground  state  diagrams  contributing  to  (8.3)  contain  in 
general  diagonal  subdiagrams.  With  the  methods  of  section  4  we  derive  an 
expression  for  Oq(z)  in  terms  of  irreducible  diagrams  only.  Starting  from 
irreducible  ground  state  diagrams  one  can  construct  all  diagrams  occurring 
in  (8.3)  in  an  unambiguous  way  by  inserting  suitable  diagonal  subdiagrams 
between  any  pair  of  successive  points.  These  diagonal  subdiagrams  should 
not  contain  any  ground  state  components.  This  suggests  considering  for 
each  state  |a>  ^  |<^o>  the  sum  DJz)  of  the  contributions  to  Da(z) .  of  all 
diagonal  diagrams  which  do  not  contain  ground  state  components.  Using 
this  definition  we  obtain  the  following  expression  for  Go(z) : 

Go(z)  =  <n\  [-V  +  VD(z)V  -  VD(z)VD(z)V  +  ...]idC  \<p0>.  (8.5) 

The  subscript  idC  means  that,  in  calculating  the  right-hand  side,  one  should 
limit  oneself  to  irreducible  connected  ground  state  diagrams. 

9.  Solution  of  the  integral  equation.  It  is  our  aim  to  solve  explicitly  the 
integral  equation  (8.4)  for  Do(e0  -f  z)  in  the  limiting  case  of  large  systems. 
To  that  end  we  shall  first  discuss  briefly  some  properties  of  the  function 
^o(eo  +  z)  for  this  limiting  case. 

All  terms  in  6?o(eo  +  z)  except  the  term  proportional  to  Q  will  be  neglected. 
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This  means  in  particular  that  we  replace  in  (8.5)  all  sums  over  intermediate 
states  by  integrals.  In  this  approximation,  from  (8.5),  the  function  £0(£o+2) 
has  no  poles.  Its  only  singularities  are  the  points  ot  a  cut  along  the  real  axis 
from  a  point  B  up  to  +  oo.  In  each  point  of  this  cut  the  function  has  a  finite 
discontinuity  for  z  crossing  the  real  axis.  The  function  can,  in  most  practical 
cases,  be  continued  analytically  across  the  cut,  from  above  and  from  below. 
B  plays  then  the  role  of  a  branch  point. 

We  shall  assume,  as  is  consistent  with  the  fact  that  |<p0>  is  the  ground 
state  and  has  an  energy  e0,  that  B  lies  on  the  positive  real  axis  or  at  the 
origin.  In  the  latter  case  a  further  assumption  will  be  made,  concerning  the 
real  function 

J0(X)  =  -  \i  lim^0  [O0(x  +  irj)  -  G0{x  -  it))],  n>  0,  (9-0 

namely 

|Jo(eo  +  x)\<  A  .  x«+\  for  x  >  0,  (9.2) 

where  A  and  a  are  positive  constants. 
If  we  write 

Go(eo  +  z)  =  -  <<p0  \V\  <p0>  +  g(z), 

the  function  g(z)  has,  according  to  (8.5),  the  property  that  zg(z)  is  bounded 
for  large  \z\.  This  implies  that  the  path  of  integration  C  in  Cauchy's 
formula 

g(z)  =  (2m)-1  fc  dC  g(C)(C  -  z)-1  for  non-real  z, 

can  be  deformed  into  a  contour  around  the  singular  points  of  g{z)  on  the 
positive  real  axis.  One  finds  in  this  way  using  (9.1) 

G*0(£o  +  z)  =  rc-i /0°°  d|  J0(eo  +  !)(!  -  z)-1  -  «po\V\  <Po>>  (9-3) 
and,  taking  the  derivative  at  both  sides, 

Q'o(eo  +  *)  =  ^'Vo00  dl  Jo(eo  +  «(f  -  ^)"2-  (9-4) 
As  an  immediate  consequence  of  our  assumptions  we  see  that  both  £0(eo  +  z) 
and  its  first  derivative  exist  at  the  origin. 

The  validity  of  the  assumptions  we  made  to  reach  these  conclusions  must 
of  course  be  established  in  each  special  case.  One  can  however  easily  see  that 
the  assumption  that  the  branch  point  B  is  situated  on  the  negative  real  axis 
would  lead  to  unphysical  results.  In  the  case  that  G0{e0  +  z)  has  negative 
singularities,  equation  (8.4)  can  only  be  solved  by  a  function  D0(e0  +  z) 
having  singularities  extending  to  —  oo.  This  would  correspond  to  a  perturbed 
energy  spectrum  without  lower  bound,  a  situation  not  realized  in  actual 
physical  systems.  In  quantum  electrodynamics  the  branch  point  B  is  at  the 
point  z  =  2m  (m  is  the  observable  mass  of  the  electron),  corresponding  to 
the  lowest  energy  necessary  for  the  creation  of  an  electron-positron  pair  and 
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a  photon.  For  a  Fermi  gas  with  interaction,  the  case  considered  as  main 
example  in  the  present  paper,  B  is  at  the  origin  with  a  >  0,  as  will  be  shown 
in  the  forthcoming  paper  already  announced. 

To  reduce  (8.4)  to  a  simpler  form  we  introduce  the  function 

h(z)  =  (G0(eo  +  z)-  G0(eo))z-i  (9.5) 

which,  under  our  assumptions,  has  no  singularities  except  for  a  cut  on  the 
positive  real  axis,  from  B  to  +  oo.  At  the  origin  it  has  the  well-defined 
value  h(0)  =  O'0(e0).  Substituting  (9.5)  in  (8.4)  we  find 

z  .  D0{e0  +  z)  =  -  1  -  G0{e0)  A>(eo  ±  z)  -  (2m)~l  f  d£  *(fl  D0{e0  +  z  -  £) 

which,  by  the  substitution  z  ->  z  —  Go{eo)  can  be  written 

zD0(e0  -  G0(eo)  +  z)  =  -  1  -  (2^)~1  f  d£  h(Q  D0(e0  -  G0(e0)  +  z  -  £). 

If  we  introduce  the  notation 

/(*)  =  D0(eo  -  ^o(£o)  +  ^)  (9.6) 

our  integral  equation  is  reduced  to  the  simple  form 

zf(z)  =  -  1  -  (2w)-i  |  dC  A(0  /(*  -  0-  (9.7) 

Both  and  the  desired  solution  f(z)  have  the  property  that  zh(z)  and  zf(z) 
remain  bounded  for  \z\  ->  oo,  which  means  that  according  to  (7.3)  the  equation 
can  be  written  in  the  equivalent  form 

zf(z)  =  -  \-  (2»)-i  |  dC      -  0  /(C).  (9.8) 

The  second  term  on  the  right-hand  side  tends  to  zero  for  \z\  -»  oo.  This 
gives  the  relation 

-  (2^)_1  §  dzf(z)  =  I,  (9.9) 

which  also  follows  from  (3.3)  by  taking  the  expectation  value  for  |9?0>  and 
putting  t  =  0. 

To  solve  equation  (9.7)  we  proceed  in  the  following  way.  It  can  be  shown 
that  (9.7)  has  at  most  one  solution  f(z)  belonging  to  the  class  of  functions 
which  are  holomorphic  outside  the  real  axis  and  bounded  for  large  A 
proof  will  be  given  in  appendix  A2.  If  we  now  can  find  a  function  f(z)  of  the 
class  mentioned  which  solves  (9.7)  we  are  certain  that  it  is  the  only  one. 
From  a  physical  point  of  view  we  are  not  interested  in  other  solutions  if  they 
exist. 

Equation  (9.7)  suggests  a  solution  of  the  form 

f(z)  =  -  Nojz  +  y>(z),  (9.10) 
where  the  function  \p(z),  just  as  h (z),  has  no  other  singularities  than  a  cut 
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on  the  positive  real  axis  running  from  B  to  +00  f).  We  shall  show  that  a 
solution  of  the  form  (9.10)  exists  and  we  shall  determine  No  and  y)(z).  The 
relations  (5.3)  imply  h(z*)  =  h{z)*  and  y>(z*)  =  tp(z)*.  Consequently  the 
functions  p(x)  and  <p(x),  defined  by 

2ni  p{x)  =  lim^0  [h(x  +  irj)  -  h(x  -  irj)],  V  >  0  (9.1 1) 

2ni  <p{x)  =  lim^o  [tp(x  +  irj)  -  tp{x  -  irj)},  rj  >  0  (9.12) 

are  real.  They  vanish  for  x  <  B.  Furthermore,  from  (5.2),  w(x)  >  0,  while 
(9.1)  and  (9.5),  imply 

p(x)  =Jo(eo  +  x)lx.  (9.13) 

It  will  be  sufficient  for  us  to  determine  <p(x).  The  function  y(z)  will  then 
follow  by  application  of  Cauchy's  theorem.  Substituting  (9.10)  in  (9.8)  one 
finds,  using  (9.12), 

-  No  +  zy>(z)  =  - 1  +  No  h(z)  +  /0°°  d|  h(z  -  I)  99(1) 

which  by  (9.1 1)  and  (9.12)  can  be  reduced  to  the  following  integral  equation 
for  w(x) : 

x<p(x)  =  No  p(x)  +  IS  d£  P(x  -  I)  <p($).  (9.14) 

This  equation  is  solved  by  means  of  a  Laplace  transformation.  If  one 
defines 

=  /o°°  <P(x)  e~8Xdx>  P(s)  =/o°°  P(*)  e~sx  **> 
(9.14)  can  be  transformed  into 

-  4-  wi = n°   + ?w  •  •  (9- 1 5) 

ds 

The  general  solution  of  this  linear  first  order  differential  equation  is 

q>(s)  =  -N0  +  CexV(-/p(s)  ds), 

where  C  is  an  arbitrary  constant.  The  indefinite  integral  in  the  exponent  can 
be  taken  equal  to  —  /0°°  p(x)  x'1  exp  (—sx)  dx.  For  q>(s)  to  be  the  Laplace- 
transform  of  a  function  <p(x)  the  following  condition  must  be  satisfied: 
lim^^s)  =  0.  It  implies  C  =  N0  and  gives  us  the  following  expression 
for  (p(s) : 

5Ks)  =  No  [exp  (  J"        ^  dx^j  -  1  ]  .  (9.16) 
Whether  this  function  <p{s)  is  the  Laplace-transform  of  a  solution  <p(x)  of 

t)  In  the  case  B  =  0,  the  origin  is  not  a  proper  pole  of  /(*).  We  shall  however  continue  to  call  such 
a  point  a  pole,  provided  the  function  <p{x),  defined  in  (9.12)  has  near  the  origin  the  behaviour 
cp(x)  =  0(*a—1)  with  a  >  0.  As  seen  from  (9.19)  this  condition  is  fulfilled. 
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(9.14)  depends  on  the  behaviour  of  p(x)  near  the  origin.  It  will  be  shown  in 
appendix  A3  that  a  sufficient  condition  for  this  to  hold  is 

\p(x)\  =  0(*a),a>  0.  (9.17) 

Equation  (9.17)  however  follows  immediately  from  (9.13)  and  (9.2)  and  is 
thus  always  satisfied  under  our  assumptions.  For  q?(x)  one  has  the  expression 

tp(x)  =  (2m)~i  x-ifig+i  q>'(s)  e'*  ds,  6  >  0  (9. 18) 

which  is  independent  of  d.  It  is  also  shown  in  A3  that  the  behaviour  of  <p(x) 
near  the  origin  is  given  by 

<p(x)  =  O(^-i),  a  >  0  (9.19) 

(see  footnote  on  page  508) . 

The  constant  N0  must  still  be  determined.  Substituting  (9.10)  in  (9.9) 
and  using  (9.12)  one  finds 

/0°°  <p(x)  dx  =  1  -  N0.  (9.20) 
Remembering  that  J™<p(x)  dx  =  £(0)  one  obtains  from  (9.16)  and  (9.20) 

N0  =  exp  (-  /0°°  p(x)  x-i  dx) 
or,  from  (9.13)  and  (9.4), 

No  =  exp  (~  G'Q(s0)).  (9.21) 

Finally,  Cauchy's  theorem  gives  rise  to  the  following  expression  of  xp(z) 
in  terms  of  <p(x) 

f  (z)  -/0~<1|  (9.22) 

By  direct  substitution  it  is  now  easily  shown  that  (9.10)  actually  represents 
a  solution  of  (9.7)  if  for  A7"0  and  ip(z)  we  adopt  the  expressions  just  found. 
The  solution  of  the  integral  equation  (8.4)  is  now  completed.  The  result 
reads,  by  (9.6), 

*>o(z)  =       P  1        1        +      d£-  -gg*  -  (9.23) 

£0  —  O0(eo)  —  z      Jo       I  —  ^  +  £0  —  Go{e0) 

where  q>(x),  by  (9.18)  and  (9.16),  is  explicitly  expressed  in  terms  of  p(x)  = 
=  Jo(eo  +  x)/x.  It  also  contains  the  factor  Af0  =  exp  (—  O'0(eQ)). 
_  Equation  (9.23)  gives  an  explicit  expression  for  D0(z)  in  terms  of  ^o(fio), 
G'0(s0)  and  J0(e0  +  x),  quantities  which,  for  large  Q,  are  all  proportional 
to  Q.  Let  us  analyse  our  results  in  more  detail,  in  particular  for  the  pole 
of  D0(z). 

As  shown  in  section  5  the  pole  of  D0(z)  is  the  energy  E0  of  the  perturbed 
ground  state  \ip0>.  From  (9.23)  we  obtain  its  expression  in  very  simple  terms 

E0  =  £0  -  <2o  (e0).  (9.24) 
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As  was  to  be  expected  the  energy  shift  AE0  =  —  G0{eo)  and  consequently 
the  perturbed  energy  E0  are  proportional  to  Q  for  large  Q.  This  important 
result  is  established  to  general  order  in  the  perturbation.  It  will  be  comment- 
ed upon  later.  On  the  basis  of  (8.3)  the  energy  shift  can  be  written 

AEQ  = 

=  - V+  V(Ho-eo)-1V-V(H0-eo)-1V(Ho-eo)-1V+ . . .]cl?o>.  (9.25) 

This  formula  was  recently  derived  byGoldstone5),  who  used  an  adiabatic 
switching-on  of  the  interaction  and  a  time-dependent  perturbation  method. 
A  slightly  different  formula  is  obtained  by  summing  the  contributions  of 
all  diagrams  that  can  be  reduced  to  the  same  irreducible  form,  thus  replacing 
(8.3)  by  (8.5).  It  reads 

AE0  =  -  <n\[-V+VD(eo)V-VD{eo)VD(eo)V+...]Mc\<Po>-  (9-26) 

One  should  note  that  the  ground  state  energy  shift  is  the  only  quantity  for 
which  the  ^-dependence  was  studied  before  to  general  order  in  the  pertur- 
bation. The  argument  used  to  this  end  by  Goldstone  does  not  extend  to  the 
investigation  of  other  quantities.  As  we  shall  see  in  the  following,  our 
method  is  of  much  greater  generality. 

The  residue  of  the  function  D0(z)  at  its  pole  is  —  iV0.  The  ^-dependence 
of  this  quantity  is  not  linear  but,  as  follows  from  (9.21),  exponential.  This  is 
in  accordance  with  the  remark  in  section  8  that  terms  of  arbitrarily  high 
powers  in  Q  occur  in  the  expansion  of  D0(z).  As  seen  from  equation  (5.9) 
the  factor  N$  is  a  normalization  constant  for  the  wave  function  \y>0>- 
In  fact,  N0  is  the  probability  that  one  finds  the  actual  ground  state  |^0>  in 
the  state  |<p0>.  That  this  factor  should  decrease  exponentially  with  the  size 
of  the  system  can  be  understood  on  the  basis  of  the  same  general  arguments 
sometimes  used  to  explain  why  the  total  energy  of  a  large  system  is  pro- 
portional to  its  volume.  One  subdivides  the  system  in  a  large  number  of 
identical  cells,  themselves  large  enough  for  the  interactions  across  cell 
boundaries  to  be  negligible.  Just  as  the  total  energy  is  then  approximately 
the  sum  of  the  energies  of  the  individual  cells  and  consequently  proportional 
to  the  size  of  the  system,  the  total  wave  function  takes  the  form  of  a  product 
and  must  therefore  depend  exponentially  on  the  size. 

10.  Energies  of  excited  states.  We  shall  now  turn  to  the  determination  of 
Da(z)  for  a  state  different  from  the  ground  state.  Taking  in  (8.1)  the  diagonal 
element  for  a  state  |a>  ^  l^o>  one  finds 

Da(e0  +  z)  =  Da(e0  +  z)  *  D0(eQ  +  z),  (10.1) 

where,  as  defined  in  section  8,  Da(z)  is  the  sum  of  the  contributions  to  DJz) 
of  all  diagrams  which  do  not  contain  ground  state  components.  This 
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equation  determines  Da{e0  +  z)  in  terms  of  D0(e0  +  z)  and  D^eo  +  z), 
thus  leading  us  to  a  study  of  the  function  Da(eo  -f-  z). 

Applying  the  methods  of  section  4  and  taking  into  account  that  only 
diagrams  without  ground  state  components  are  involved,  we  derive,  in 
exactly  the  same  way  as  (4.2),  the  formula 

Da(e0  +  z)  =  (e'a-z)-i+  [_  F  +  VD(e0  +  z)V- ...]idL(«)Da(e0+  z), 

where  ea  =  ea  —  eo- 

The  subscript  idL  means  that  only  irreducible  diagonal  diagrams  without 
ground  state  components  contribute.  The  L  stands  for  "linked  clusters", 
an  expression  used  by  Brueckner,  .e.a.,  to  indicate  contributions  from 
diagrams  without  ground  state  components.  Defining 

Ga{eo  +  z)  =  [-  V  +  V  D(e0  +  z)  V  -  ...]^l(«)  (10.2) 
one  obtains  for  D^eo  +  z)  the  expression 

V«(eo  +  z)==  (e'a  -  z  -  Ga  (e0  +  J))"1,  (10.3) 

which  has  just  the  same  form  as  (5.1). 

The  considerations  of  section  6  tell  us  that  <2a(£0  -f  z)  and  D^eo  +  z), 
being  defined  by  means  of  diagrams  without  ground  state  components, 
have  a  finite  limit  for  Q  ->  oo.  We  see  here  clearly  the  important  advance 
made  with  respect  to  chapter  II.  While  in  the  developments  of  chapter  II 
we  were  forced  to  keep  Q  finite  in  order  to  avoid  the  occurrence  of  infinite 
quantities,  we  can  here  in  the  expressions  of  Da(e0  +  z)  and  Ga(e0  +  z) 
carry  out  completely  the  limit  Q  ->  oo.  In  this  limit  Ga{e0  +  z)  has  no 
poles  as  can  be  concluded  from  (10.2).  There  will  be  one  or  more  cuts  in  the 
complex  plane  along  the  real  axis.  Exactly  as  for  Da(z)  and  GJz)  we  have 

=  S«M*  and  Da(z*)  =  Ba(z)*. 

If  we  define  the  real  functions  Ka{x)  and  JJx)  of  the  real  variable  x  by  the 
equation 

lmV*o  Ga(x  +  it))  =  Ku{x)  +  iJa(x)  ;  v  >  0,  (10.4) 
the  above  relations  imply 

linVo         -  in)  =  -  iJJix)  ;rj>0,  (10.5) 

The  singular  points  of  G^eo  +  z)  on  the  real  axis  are  the  points  where 
J*(eo  +  x)  #  0.  Equation  (10.3)  shows  that  these  points  will  also  be  singu- 
larities of  D^eo  +  z).  In  addition  Da(e0  +  ^)  can  have  a  pole,  when  the 
equation 

e'u  —  x-  K^eo  +  x)  =  0  (10.6) 

has  a  root  in  the  neighbourhood  of  which  Ja(eo  +  #)  =  0.  Equation  (10.6) 
has  at  least  one  and  in  most  cases  it  has  only  one  root  2£a;  for  simplicity  we 
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assume  the  latter  to  be  the  case.  The  present  section,  as  well  as  sections  12 
and  13  hereafter,  deal  with  the  case  that  this  point  $ais  apole  of  Da(e0  +  z). 
For  Ea  to  be  a  true  pole  of  Da(e  +  z)  one  must  have  Ja(e0  +  %)  =  0  in  a 
neighbourhood  of  J a.  This  condition  is,  however,  too  strong  for  our  purpose. 
It  will  be  enough  to  assume  that  Ja  satisfies  for  small  x  the  relation 

Jjeo  +  E*  +  x)  =  0(|*|i+a)  with  a  >  0.  (10.7) 

Under  this  circumstance  we  still  call  Ea  a  pole  of  the  function  Da(eo  +  z). 
The  condition  (10.7)  is  sufficient  for  the  finiteness  of  Ga(so  +  z)  and  its 
derivative  G'a{e0  +  *)  at  *a-  From  (10-6)  and  (107)  we  also  notice 

K^e^GM  +  K).  (10.8) 

The  residue  of  Da(e0  +  z)  at  Ea  we  denote  by  -  Na.  It  follows  easily  from 
(10.3)  that 

N'1  =  1  +  G*(£o  +  ^«).  (10.9) 

Equation  (10.1)  enables  us  to  express  the  pole  —  £o  and  the  residue 
—  Na  of  Da{e0+z)  in  the  corresponding  quantities  of  D^eo+z)  and  Do{e0+z). 
We  must  simply  add  up  the  poles  of  Da(e0  +  A  and  D0(s0  +  z)  to  find  the 
pole  of  Da(e0  +  2),  whereas  the  residue  of  Da{e0  +  z)  is  minus  the  product 
of  the  residues  of  Da{e0  +  z),  and  D0(e0  +  2). 'This  leads  to  the  equations 

Na  =  N0  •  (10-10) 

and 

EoL  =  E0  +  Ea.  (10.11) 

It  can  furthermore  be  shown  that  the  relation  (10.7)  implies  that  the  dis- 
continuity of  Da(e0  +  z)  at  a  point  #  of  the  real  axis  in  the  neighbourhood 
of  Ea  behaves  like  0(\x  -  Ea\^)  and  that  by  (10.1)  the  same  holds  for  the 
discontinuity  of  Da(z)  in  the  neighbourhood  of  Ea.  We  shall  forgo  the  proof. 
These  facts  imply  that  we  are  justified  in  calling  Ea  and  Ea  poles  (see  the 
footnote  on  page  508). 

The  inequality  (5.2)  for  Da(z)  and  D0(z)  implies  that  both  iVaand  N0  are. 
positive  quantities.  Hence  (10.10)  shows  that  also  Na  >  0. 

We  shall  now  discuss  the  physical  significance  of  the  result  (10.1 1).  In 
section  5  we  saw  that  the  pole  Ea  of  DJx)  represents  the  energy  of  the 
perturbed  states  |ya>±  which,  through  the  influence  of  the  perturbation, 
originate  from  the  unperturbed  state  |a>  with  energy  ca.  Equation  (10.11) 
shows  that  Ea  represents  the  energy  of  the  system  in  the  state  |y>?>±  as 
compared  with  the  energy  E0  of  the  perturbed  ground  state  |y_o>,  i.e.  Ea 
is  the  excitation  energy  of  |^a>±  From  the  ^-independence  of  Da{e0  +  2), 
the  energy  Ea  is  independent  of  the  size  of  the  system,  in  agreement  with 
physical  expectation.  We  thus  see  that  Ea  is  not  only  a  convenient  auxiliary 
quantity,  but  that  it  also  has  a  simple  and  direct  physical  meaning.  In  field 
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theory  in  particular,  where  the  true  (perturbed)  energy  E0  of  the  vacuum 
is  not  measurable,  Ea  is  the  only  energy  of  physical  interest. 

An  important  remark  must  be  added  concerning  the  case  where  the  state 
|a>  involves  several  particles  or  holes.  The  diagonal  diagrams  contributing 
to  DJeq  +  z)  for  such  states  are  not  connected.  An  example  is  shown  in  figure 
2.  The  diagram  c  represents  a  contribution  to  Da(eo  +  z)  where  |a>  is  a  state 
of  two  particles.  As  seen  in  section  3  the  diagonal  diagrams  of  states  con- 
taining several  particles  and  holes  are  always  composed  of  diagonal  diagrams 
of  one-particle-states  and  one-hole-states.  Let  us,  to  be  more  explicit,  take 
the  state  |a>  ==  \k1k2  ',  >,  and  consider  Da(so  +  z).  Each  diagram  is  composed 
of  a  diagonal  diagram  of  the  state  \k\  ;  >,  and  a  diagonal  diagram  of  \k2  ;  >. 
Applying  (7.4),  and  summing  over  all  possible  diagrams  one  gets 

Da{e0  +  *)  =  Dki(e0  +  z)  *  Dk%  (e0  +  z)t  (10.12) 

where  Dk(eo  +  z)  denotes  the  function  D  (eo  +  z)  for  |y>  =  \k  ;  >.  Repeating 
the  arguments  which  led  to  (10.10)  and  (10.1 1)  one  finds  from  (10.12) 

^a  =  Nkj  Nk2,  Ea  =  Eh  +  Ek%.  ( 1 0. 1 3) 

The  last  equation  expresses  the  additivity  of  the  perturbed  excitation 
energies  of  the  two  particles.  It  is  clear  that  our  argument  extends  to  states 
with  an  arbitrary  number  of  particles  and  holes. 

Chapter  V.  The  perturbed  wave  functions 

1 1 .  The  wave  function  of  the  ground  state.  In  this  and  the  following 
sections  we  are  concerned  with  the  application  of  the  considerations  of 
chapter  III  to  the  calculation  of  wave  functions.  We  have  learned  in  section 
5  that  to  each  unperturbed  state  |a>,  such  that  Da(z)  has  a  pole  Ea,  can  be 
associated  two  perturbed  stationary  states  |^a>±  respectively  characterized 
by  the  outgoing  and  incoming  nature  of  the  scattered  waves.  For  such  a 
state  |a>,  according  to  (5.7),  the  matrix  element  </?  \R(z)  \  a>  can  be  written 
as  a  product  of  two  factors.  The  second  factor  is  Da(z)  and  has  a  pole  Ea, 
whereas  the  first  factor  has  a  cut  on  the  real  axis  running  from  a  point  B 
to  +  00.  For  most  states  |a>,  B  <  Ea  and  Ea  is  not  a  proper  pole  of  the 
function  (ft  \R(z)  \  «>.  Instead  of  one,  there  are  two  residues  in  such  a  point 
Ea  defined  by 

ma  [<p  \R(z)\  «>]  =  lim^  (z  -  EJ  0  \R(z)\  a>, 

where  the  plus  (minus)  sign  must  be  chosen  if  z  approaches  Ea  from  the 
upper  (lower)  half  of  the  complex  plane.  It  is  clear  that  both  residues  coin- 
cide if  Ea  <  B.  Using  this,  slightly  more  general,  definition  of  the  residue 
we  found  in  section  5  that  the  wave  functions 

IVp^-  |a>]  (11.1) 

are  normalized  eigenfunctions  of  H  =  H0  +  V. 
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We  now  write  this  equation  in  an  alternative  form.  We  define  the 
operator 

Aa(z)  =  Jp  <P  \R(z)\ a>  .  Ap,  (11.2) 

where  Ap  is  for  each  |/3>  the  ordered  product  of  creation  operators  such  that 
^  |<p0>  =  |0>.  Applying  (11.2)  to  |<p0>  we  get  the  equality 

Aa(z)  \<po>  =  R(z)  l«>.  (H.3) 

y4a(^)  contains  the  factor  Da(z)  which  has  a  pole  at  z  =  £a.  We  define  the 
residues  ^a[^4a(^)]  of  Aa(z)  (in  the  extended  sense  defined  above)  by  taking 
the  residues  of  each  matrix  element  in  the  expansion  (1 1.2).  We  then  define 
the  operators  0+  and  0~ 

Ot  =  -  N-^ia[Aa(z)l  (11.4) 

where  —Na  is  as  usual  the  residue  of  Da(z)  in  £a. 

From  (11.4)  and  (11.3)  the  formula  (11.1)  can  be  written 

=  0±  \n>.  (11.5) 

The  purpose  of  this  section  is  to  achieve  a  far-reaching  simplification  of 
(11.4)  by  means  of  the  results  of  chapter  HI. 
We  study  first  the  ground  state  wave  function  \ip0y.  Equation  (5.7)  for 

|oc>  =  \(po>  reads 

0  \R(z)\<p0>  =  </S|[l  +  {-D(z)  V  +  D(z)  V  D(z)  V  -  ...},„*]  \<p0>  D0(z).  (1 1.6) 

The  intermediate  states  |y>  occurring  in  (11.6)  are  also  intermediate  states 
in  the  expression  for  G0(z) ,  which  one  obtains  from  (4.3)  by  taking  the  diagon- 
al matrix  element  for  |<p0>-  Furthermore,  according  to  section  5,  the  fact  that 
E0  is  a  pole  of  D0(z)  implies  that  G0(z)  is  single-valued  at  the  point  E0.  This 
requires,  as  was  shown  in  H  I,  that  for  none  of  the  intermediate  states  |y> 
under  consideration  the  cut  of  Dy(z)  would  extend  through  E0.  Conse- 
quently the  cut  of  the  first  factor  on  the  right-hand  side  of  (1 1.6)  does  not 
extend  through  E0.  In  other  words  £0  <  B.  Accordingly  the  matrix  element- 
</?  \R(z)  \  (po>  and  the  operator 

M*)  =fp<P  \R(*)\n>Ap 

have  only  one  residue,  whether  calculated  from  the  upper  half  or  the  lower 
half  of  the  z-plane.  Hence 

\yo>  =  00  \<Po>,  O1-7) 

where 


A0(z)  can  be  written 

A0(z)  =D0(z)  +  /'  <p  \R(z)\<p0>Ap, 


(11.9) 
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where  the  sum  extends  over  all  states  |/?>  except  \q?o>-  Replacing  z  by 
eo  +  ^  and  applying  (8.1)  to  the  matrix  element  </?  \R(eo  -f  z)\  9?o>  we 
obtain  the  formula 

A0(eo  +  z)  =  A0(e0  +  z)  *  D0(e0  +  z),  (1 1.10) 

where  ^4o(eo  +  <?)  is  defined  by 

Meo  +  z)  =  ~  1/z+f  <P\R(eo  +  z)\(po>Ap.  (11.11) 

The  matrix  element  </?  |.R(eo  +  s)|  yo>  for  |/?>  ^  |<p0>  was  defined  in  section 
8  as  the  sum  of  the  contributions  to  </?  \R(eo  +  z)\  cpo>  of  all  diagrams, 
which  do  not  contain  ground  state  components. 

Applying  the  methods  of  section  4  "it  is  easy  to  express  </?  \B(eo  +  z)\  <po> 
in  terms  of  irreducible  diagrams  only.  One  finds,  remembering  that 
\P>  #  l?o>, 

\R{e0  +  z)\  <p0>  = 

=  <fi\  [-  £(£o  +  *)  F  +  D(e0  +  *)  F^(£o  +  z)  V  -  . .  .]iL \<p0>  (-  *)-*  ( 1 1 . 1 2) 

where  the  subscript  iL  means  that  one  should  take  only  irreducible  diagrams 
without  ground  state  components.  Instead  of  the  factor  Do  at  the  extreme 
right  of  (11.6),  one  finds  in  (11.12)  the  factor  (—  z)~l.  This  shows  that 
<0  \R(eo  +  z)  \(po)  has  a  pole  in  the  origin,  and  the  same  holds  true  for 
Ao(eo  +  z),  as  seen  from  (11.11).  From  (11.10)  A0(so  +  z)  is  obtained  by 
convolution  of  Z0(eo  +  z)  and  D0(eo  +  z).  The  latter  functions  have  poles 
at  z  =  0  and  z  =  Eo  —  eo,  and  these  poles  determine  the  pole  of  Ao(eo  +  z) 
at  Eo  —  eo.  Consequently  the  residue  of  Ao(eo  -f  z)  at  its  pole  Eo  —  eo  is 
simply  minus  the  product  of  the  residues  of  Ao{eo  +  z),  and  Do(eo  +  z). 
This  gives  the  formula 

%  [Ao(z)]  =  No  fRo  [^o(£o  +  *)].  (1 1.13) 

Defining  the  operator  Do  by 

O0=  -ffto[Ao(e0  +  z)l  (11.14) 

we  get  from  (11.8)  and  (11.13) 

Oo  =  Nl.d0.  (11.15) 

This  formula  already  presents  an  important  simplification  with  respect  to 
(11.8),  inasmuch  as  the  definition  of  Do  only  involves  diagrams  without 
ground  state  components. 

Equation  (11.15)  is  equivalent  to  a  result  derived  recently  by  Gold- 
stone  5).  To  show  the  equivalence  we  write  (11.11)  in  a  more  explicit  form 
using  (3.5). 

A0(eo  +  z)  \(po>  = 

=  [\-(H0-eo-z)-i  V+(H0-eo-z)-i  V(H0-e0~z)-i  V-...]L  |<p0>  (-*)-1 


206 

516  N.  M.  HUGENHOLTZ 


which,  together  with  (11.14)  and  (11.15),  gives 

\y>0>  =  N*[\  -  (Ho-eo)-W+(Ho-eo)-1V(Ho-eo)-W-...]L\(po>.  (11.16) 

The  subscript  L  excludes  diagrams  with  ground  state  components.  This 
equation  is,  except  for  the  normalization  factor  N§,  identical  with  eq.  (3.2) 
of  Goldstone's  paper. 

We  now  proceed  to  derive  a  still  simpler  expression  for  Oo.  We  notice  that 
the  diagrams  occurring  in  the  definition  of  ^4o(eo  +  z)  are,  in  general,  not 
connected.  They  can  be  composed  of  an  arbitrary  number  of  components, 
each  of  which  has  external  lines  at  the  left  end.  We  define  the  operator 

A0(e0  +  z)  =fp  <p\R(e0  +  z)\<p0>Ap,  (U.17) 

where  0  \R{eo  +  z)\  <po>  is  the  sum  of  all  connected  diagrams  contributing 
to  the  matrix  element  |i?(e0  +  z)\  <po>,  for  |0>  \<po>-  In  exactly  the 
same  way  as  (11.12)  we  derive  for  |/?>  #  |990>  the  formula 

0  \R(e0  +  z)\  (po>  = 

=  Dp(eo  +  *)  <P \[~V  +  VD(e0  +  z)V  -  ...]<c!  n>  (~  U*-18) 

where  the  subscript  iC  means  that  one  sums  over  the  contributions  of 
irreducible  connected  diagrams  only.  As  we  see  0  \R(eo  +  z)\  <po>  has  a 
pole  in  the  origin,  and  by  (11.17)  the  same  holds  for  ^0(^0  +  z).  We  now 
define  the  operator  Oo  by 

60=  -9to[A0(e0  +  z)l  (11.19) 

Just  as  before  for  00  and  Oo,  the  residue  is  unique.  Using  (11.17)  and  (11.18) 
we  can  write  (11.19)  in  a  more  explicit  form 

6o  =  fp  0  \[-D(e0)  V  +  D(e0)  V  D(e0)  V  -  ..JiC  |?o>  ■  Ap,  (11.20) 

where  the  sum  is  extended  over  all  states  |/?>  ^  |gpo>- 

Only  connected  diagrams  contribute  to  Oo-  This  class  of  diagrams  is 
much  smaller  than  the  class  of  all  diagrams  without  ground  state  components, 
which  we  had  to  use  in  the  expression  of  O0.  Still,  as  we  shall  see  now,  Oo 
can  be  expressed  very  simply  in  terms  of  Oo.  We  write 

Meo  +  z)  =  IZL0AV,  (H.21) 

where  Av  is  the  sum  of  the  contributions  of  all  diagrams  of  Jo(eo  +  z)  con- 
taining exactly  v  components.  From  (11.11)  and  (11.17)  follows  immediately 
that  A0  =  —  z-1  and  Ai  =  A0  (s0  +  z).  Let  us  calculate  A2.  Consider  all 
diagrams  which  are  composed  of  a  diagram  of  </?'  \R(e0  +  z)\  yo>  and  a 
diagram  of  </T  \R(e0  +  z)  \  cpo>-  These  diagrams  have  two  components  and 
their  contribution  to  A2  is  given  by 

</?'  \R(e0  +  z)\  cpo>  *  <P"  \R(eo  +  *)l  n>  A  p.  A  p.., 
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as  follows  immediately  from  the  fundamental  formula  (7.4).  Summing  this 
expression  over  all  states  \f}'>  and  |/T>  distinct  from  |9?o>  we  get 

A  2  =  i^o(eo  +  z)  *  A0(s0  +  *). 

The  factor  J  arises  from  the  fact  that  in  the  summation  over  |/?'>  and  |/T> 
each  diagram  of  ^2  is  counted  twice.  The  diagrams  of  A%  can  be  obtained  by 
the  combination  of  a  diagram  of  A2  with  a  diagram  of  A\.  Another  factor  J 
must  be  added  to  compensate  for  redundant  counting  and  one  gets 

As  =  iA0(e0  +  z)  *  Aq(s0  +  2)  *  ^0(eo  +  *). 

Continuing  in  the  same  way  we  get  generally 

Av  =  A0(e0  +  z)  *  A0(e0  -f  2)  *   *  iofco  +  *), 

with  v  factors  ^4o(£o  +  z)  in  the  convolution.  If  we  now  take  the  residue  in 
z  =  0  of  each  term  in  the  expansion  (1 1.21)  we  find 

O0=  1  +Oo  +  0?/2!  +  6^/3!  +   , 

a  result  which  reduces  to  the  compact  form 

Do  =  exp  (60).  (11.22) 

Inserting  this  in  (11.15)  we  obtain  the  important  result 

Oo  =  N*  exp  (Oo)  =  exp  (-^(e©)  +  O0),  (1 1-23) 

where  Oo  is  given  by  (1 1 .20)  and  where  the  value  (9.21)  of  iVo  has  been  used. 

The  derivations  of  (11.15)  and  (11.23)  are  actually  valid  for  a  finite  but 
very  large  volume  Q.  The  operators  Oo  and  Oo  are  defined  by  means  of 
diagrams  which  do  not  contain  ground  state  components. 

In  section  6  we  have  shown  that  the  contributions  of  such  diagrams  have 
a  finite  limit  for  Q  ->  00.  This  means  that  in  the  expansion  of  Oo  |<po>  or 
of  OJ  |9?o>,  v  =  1,  2,  in  unperturbed  states  all  coefficients  have  a  finite 
limit.  Owing  however  to  the  large  number  of  terms  in  the  expansion  the 
norm  of  Ov0  |<po>  is  large  as  Qvl2,  while  the  norm  of  Oo  |<po>  is  exponentially 
large  for  Q  ->  00.  As  seen  from  (11.15)  this  behaviour  is  compensated  in  ( 1 1 .23) 
by  the  normalization  factor  2V|,  which  approaches  zero  exponentially  in  the 
limit  Q  ->  00.  In  fact  we  saw  before  that  G'0(eo)  is  proportional  to  Q  for  large  Q. 

12.  Wave  functions  of  excited  states.  Having  determined  Oo  in  terms  of 
contributions  of  connected  diagrams  we  turn  to  an  analysis  of  0^  where 
|*>  ¥=  l9?o>  is  a  state  such  that  Da(z)  has  a  pole  Ea.  0^  is  defined  by  (1 1.4). 
Let  us  consider  an  arbitrary  diagram  of  <^  \R(eo  +  z)  \  <x>.  It  contains  one 
or  more  components  with  external  lines  at  the  right  end,  and  other  compo- 
nents without  such  lines.  Diagrams  composed  only  of  components  of  the 
latter  type  give  contributions  to  </T  \R(eo  +  z)  \  (po>.  On  the  other  hand  we 
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can  take  together  all  diagrams  of  ^(eo  +  z)\  «>,  all  components  of  which 
have  one  or  more  external  lines  at  their  right  end.  The  sum  of  the  contri- 
butions of  these  diagrams  we  denote  by  <£"  \R(s0  +  z)\  a>. 

Consider  all  diagrams  which  are  composed  of  a  diagram  of  <P'\R(e0+z)  \(p0> 
and  a  diagram  of  <£"  \R(e0  +  z)  |  a>.  These  diagrams  contribute  to  the  matrix 
element  \R(e0  +  z)\  a>  where  |^">  =  Ap.  .  Ap..\  (po>. 

Their  contribution  is,  as  follows  immediately  from  (7.4), 

<P'  \R(eQ  +  z)\ cpo>  *  0"  \R(£o  +  z)\ a>.  (12.1) 
The  operator  Aa(e0  +  z),  defined  by  (11.2),  can  now  be  written 
Aa(e  +  z)  =fp,p..         \R(eo  +  *)|«>  ApAp.  = 

=  /pp.  <P'  \R(e0  +  *)|  n>  *  0"  \R(*o  +  *)|  *>  ApAy.  (12.2) 
Defining  the  operator 

Aa(eo  +  z)  =fpmR(eo  +  z)\  <*.>  Ap  (12.3) 
we  obtain  for  equation  (12.2)  the  simple  form 

^«(eo  +  z)  =  A^eo  +  z)  *  A0(e0  +  z).  (12.4) 

We  must  now  study  the  matrix  element  0  \&(e0  +  z)  \  a>  in  somewhat 
more  detail.  All  diagrams  with  ground  state  components  are  excluded 
from  its  definition.  By  the  methods  of  section  4  we  can  easily  express 
0  \R(eq  +  z)  |oc>  in  terms  of  contributions  of  irreducible  diagrams.  The 
formula  we  obtain  reads 

<0  \R(e0  +  z)\  a>-= 

<P\[\  +  {-£(so+*)  V+B(e0  +  s)  F£(£o+*)  F-  ...}indRi  |a>  5a(£o+^),  (12.5) 

where  |a>  #  |<p0>.  The  subscript  indR  indicates  restriction  to  irreducible 
non-diagonal  diagrams,  all  components  of  which  have  at  least  one  external 
line  at  the  right-hand  side.  We  see,  from  (12.5),  that  </8  \R(s0  +  z)\ a> 
contains  the  factor  Da(e0  +  z),  which  has  a  pole  Ea.  The  other  factor  on  the 
right-hand  side  of  (12.5)  has  a  cut  along  the  real  axis;  in  most  cases  this 
factor  is  double- valued  at  the  point  Ea,  giving  exactly  the  same  situation 
as  met  before  with  0  \R(e0  +  z)\  <x>.  In  (12.2)  we  have  the  convolution 

<p'  \R(e0  +  *)|  <P0>  *  0"  |£(£o  +  z)\  a>. 
The  residue  of  this  expression  at  its  pole  £a  —  eo  is 
Uti^W  \R(e0  +  z)\  <p0>  *  <n  R(eo  +  z)  |a>]  = 

=  -  SRg.  |£(«q  +  *)l  «>]  ®Eo-4-<F  \R(£o  +  *)| <P0>1 
where  we  have  used  Ea  =  Ea  —  E0.  Inserting  this  in  (12.2)  we  find  with  the 
definitions  (11.2)  and  (12.3) 
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If  we  now  define  the  operators  0^  by 

dt  =  -N-i^a[Aa(e0,+  z)l  (12.7) 

where  —  Na  is  the  residue  of  Da(eQ  +  z)  in  Ea,  we  obtain,  using  (10.10), 
the  important  result 

0?  =  Of  .  O0.  (12.8) 

and  Oo  were  defined  by  (11.4)  and  (11.8).  Applying  the  operator 
equation  (12.8)  to  |9?o>  we  get 

IV«>±  =  9±  |v.0>.  (12.9) 

This  equation  shows  clearly  the  physical  meaning  of  0*.  It  "creates"  the 
state  from  the  actual  (perturbed)  ground  state  \ipo>.  It  is  the  analogue, 
for  the  perturbed  system,  of  the  operator  which  creates  |a>  from  |9?o> 
in  absence  of  the  interaction.  The  importance  of  the  operator  8*  is  further 
stressed  by  considering  the  case  of  large  systems.  From  the  definition  (12.7) 
and  from  the  fact  that  in  the  calculation  of  Da(eo  +  z)  and  Aa(eo  +  z)  only 
diagrams  without  ground  state  components  are  involved,  we  conclude  that 
0^  has  a  finite  limit  for  Q  ->  oo.  Although  for  an  infinitely  large  system  a 
proper  expansion  of  |y>o>  in  unperturbed  states  strictly  speaking  no  longer 
exists  (remember  the  vanishing  of  A^o  for  Q  ->  oo  in  (11.15)),  the  operator 
0^,  which  describes  the  change  of  |^o>  introduced  by  the  presence  of  particles 
outside  the  Fermi  sphere  and  holes  inside  it,  keeps  a  simple  and  meaningful 
form. 

Throughout  this  paper  we  have  often  used  a  terminology  inspired  by  the 
special  problem  of  a  gas  of  Fermi  particles  with  interaction.  As  mentioned 
before,  however,  all  results  are  of  a  quite  general  nature  and  are  applicable 
to  a  broad  range  of  problems.  Up  till  now  we  investigated  states  |a>  for 
which  the  function  Da(z)  has  a  pole.  As  will  be  shown  elsewhere,  in  the  theory 
of  the  Fermi  gas  with  interaction  strictly  speaking  no  such  state  except  \(po> 
exists.  Low-lying  states  satisfy  however  this  requirement  with  a  very  good 
approximation  and  the  results  of  the  present  section  will  provide  us  with  an 
excellent  starting  point  for  their  study.  In  the  quantum  theory  of  fields,  on 
the  other  hand,  all  states  |a>  satisfy  the  requirement  that  Da(z)  has  a  pole 
and  the  whole  discussion  of  this  section  is  immediately  applicable. 

We  end  this  section  with  a  remark  concerning  one-particle-states.  Let 
|a>  be  a  state  differing  from  the  unperturbed  ground  state  |9?o>  by  the  pres- 
ence of  one  single  particle.  Taking  e.g.  the  case  of  interacting  meson  and 
nucleon  fields,  (990)  is  the  free  vacuum  and  |a>  would  be  for  example 
a  one-nucleon-state.  We  denote  this  state  by  \ky,  k  referring  to  the  mo- 
mentum of  the  particle.  From  (12.5)  we  see  that  the  diagrams  contributing  to 
</?  \R(eo+  z)\  ky  are  connected  and  have  one  external  line  at  the  right  end. 
As  is  easily  seen  the  intermediate  states  in  ( 1 2.5)  are  the  same  as  those  oc- 
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curring  in  the  expression  (10.2)  for  Ga(eo  +  z)  if  we  take  |a>  =  \k>.  By  our 
assumption  Dk(eo  +  z)  has  a  pole  Ek,  a  fact  which  requires  that  Gk(eo  +  z) 
be  single- valued  at  the  point  Ek,i.e.,  that  the  cut  of  Gk  does  not  go  through 
Ek.  As  shown  in  H  I,  this  has  the  consequence  that  the  same  property  holds 
for  all  functions  Dy(eo  +  z)  belonging  to  states  |y>  which  occur  as  inter- 
mediate states  in  (10.2).  We  conclude  that  also  <fi  \R(eo  +  z)  \  ky,  and  by 
(12.3)  Ak(eo  +  z)  are  single-valued  in  Ek.  Thus  we  have  shown  that  to  each 
single  particle  state  \k>,  such  that  Dk(z)  has  a  pole,  the  operators  0£  and 
0%  are  identical.  The  expression  (12.9)  reduces  to  a  single  stationary  state 

\Wk>  =  Ok  |v>o>.  (12.10) 

If  |a>  is  a  state  of  more  than  one  free  particle  or  hole  the  states  \ipa}+ 
and  |v>a>~  will  in  general  be  different.  They  correspond  to  scattering  states 
with  outgoing  and  incoming  scattered  waves  respectively.  This  was  shown 
in  H  II  by  an  investigation  of  the  asymptotic  behaviour  of  wave  packets  for 
large  times. 

13.  Asymptotically  stationary  states.  In  this  section  we  shall  briefly  consider 
in  the  light  of  the  diagram  analysis,  the  theory  of  asymptotically  stationary 
states  as  developed  by  Van  Hove  in  HI  and  H  II.  It  will  appear  that 
these  states  can  be  expressed  very  simply  by  means  of  the  operators  Ok 
introduced  in  the  last  section. 

Let  |oc>  =  1^1*2  £jp  \<po>  be  an  unperturbed  ^-particle  state  and 

assume  that  the  function  Da(z)  has  a  pole  Ea.  Consider  the  state  |ya>a* 
defined  by 

\V>a>as=  OkOk2...  dkp\y>Q>.  (13.1) 

As  will  be  shown  hereafter,  this  state  is  identical  with  the  asymptotically 
stationary  state  |a>as  defined  by  Van  Hove  in  H  I  (equation  5.12).  The 
physical  meaning  of  \tpa>as  is  particularly  clear  in  field  theory.  It  is  a  state 
of  p  "dressed"  particles  without  mutual  interaction.  In  meson-theory  for 
example  it  would  represent  a  physical  situation  where  one  has  e.g.,  p  nucleons 
with  their  surrounding  cloud  of  mesons  and  nucleon-antinucleon  pairs, 
moving  independently  of  each  other  in  plane  wave  states.  Such  a  state  is 
clearly  not  stationary,  and  a  wave  function  \y(t)>as,  defined  as  a  linear 
combination 

\tp(t)>«»  =  fa  ca  exp  (-iEj)  |Va>a»,  (13.2) 

is  not  a  solution  of  the  Schrodinger  equation.  It  does  however  approach 
such  a  solution  for  large  |*|.  Indeed,  considering  the  two  wave  functions 

I^W>±  =fa  c«  exp  (-iEj)  |^a>±  (13.3) 
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which  obviously  verify  the  Schrodinger  equation,  one  has  the  following 
relations 

HnWool  M*)>as-  \w(t)>+\  =  0, 
ImWcJ  W(t)>as-  \y>(t)>~\=0. 

The  bars  refer  to  the  norm  of  the  wave  functions  enclosed.  These  formulae 
are  identical  with  (3.2)  in  H  II. 

All  we  want  to  do  here  is  to  establish  the  identity  of  the  states  (13.1)  with 
the  states  |a>as  in  H  I.  From  the  definition  (13.1)  of  |^a>as  we  derive,  using 
(12.7),  (12.3)  and  (11.8), 

Wa>as  =  _  N-i  ^a_eo  [fm...h  \hh  -  P9>  • 
<po  \R(e0  +  z)\  <p0>  *  <h  \R(bq  +  *)|  k!>  *          *  <fo  \R{e0  +  z)\  kv>]. 

This  again  can  be  written 

\y>a>M  =  -       9?E„         l«>],  (13.4) 

where  </?  \R'{z)  \  a>  for  arbitrary  |/?>  is  the  sum  of  the  contributions  to 
<^  \R(z)  \  a>  of  all  diagrams,  each  component  of  which  has  at  most  one  ex- 
ternal line  at  its  right  end.  We  shall  call  such  diagrams  completely  disconnected. 
Substituting  (4.1)  in  (13.4)  and  taking  the  residue  in  £a  one  finds 

|Va>«  =  N\  [1  -  D(EJ  V  +  D(EJ  V  D(EJ  V  -  ...]«,  |a>.  (13.5) 

The  subscript  iD  indicates  that  in  calculating  \rpa}as  one  should  limit  oneself 
to  irreducible  non-diagonal  diagrams  which  are  completely  disconnected. 
Comparing  equation  (13.5)  with  equation  (5.12)  of  H  I  one  sees  that  they 
are  equivalent.  The  projection  operators  Ya  in  (5.12)  of  H  I  were  intended 
to  limit  the  intermediate  states  to  those  states  which  contribute  to  Da(z). 
In  the  language  of  diagrams  this  means  that  only  completely  disconnected 
diagrams  should  be  taken.  The  identity  of  the  states  |^a>as  defined  in  (13.1) 
with  the  states  |a>as  in  H  I  is  thereby  established. 

14.  Metastable  states.  Up  till  now  we  have  considered  states  |a>  such  that 
Da(z)  has  a  pole  in  Ea.  This  value  Ea  is  a  root  of  the  equation 

eOL-x~Ka(x)=0>  (14.1) 

where  ea  is  the  unperturbed  energy  and  Ka(x)  is  defined  by  (5.4).  If  /a(#), 
also  defined  by  (5.4),  vanishes  in  a  neighbourhood  of  Ea  (or  if  this  quantity 
approaches  zero  sufficiently  fast  for  x  ->  Ea)  the  states  |^a>±  defined  by 

\fa>±~Nl  [l-D(Ea  ±  io)  V+D(Ea  ±  to)  V D(Ea  ±  io)  V  —  ...]<  |a>,  (14.2) 

where  AT""1  =  1  +  K'^EJ,  are  stationary  states. 

We  already  mentioned  that  in  field  theory  the  above  condition  is  always 
fulfilled.  There  are  however  many  quantum  mechanical  systems  where  for 
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some  or  all  of  the  states  |a>  ^  |<po>,  one  has  Ja(Ea)  ^=  0.  By  (5.5)  Ja{Ea)  is 
then  positive.  Under  such  conditions  it  is  still  possible  to  define  states 
\V)a)±  DV  tne  relation  (14.2),  but  these  states  have  in  general  no  simple 
physical  meaning.  However  in  the  special  case  that  /a(£a)  is  very  small,  we 
shall  see  that  |^a>+  still  approximately  behaves  as  a  stationary  state.  States 
of  this  type  will  be  called  metastable.  They  are  frequently  encountered  in  the 
many-particle  systems  of  statistical  mechanics  and  play  also  an  important 
role  in  the  theory  of  nuclear  matter.  They  are  investigated  in  the  present 
section. 

According  to  (5.1)  we  can  write 

Da(z)-i  =  ea-z-Ga(z). 

At  the  point  z  ='E<X  -f  io  we  have  D~1{E0L  +  io)  =  —  iJa(Ea).  We  expand 
D~1(z)  in  a  power  series  of  (z  —  Ea)  for  z  in  the  neighbourhood  of  Ea  +  io 
and  obtain  in  this  way  an  analytic  continuation  of  D~1(z)  from  the  upper 
to  the  lower  half  of  the  complex  plane.  Thus,  to  first  order, 

D~\z)  -  -  iJa(Ea)  +  (Ea  -  z)(\  +  G'a(Ea  +  to)). 

JJx)  is  assumed  to  be  small  for  x  near  Ea.  We  put  accordingly 

G'a(Ea  +  io)  =  K(Ea) 

and  find 

D~Hz)  =  iV"1  [E„  -  iNJa(Ea)  -  z],  (14.3) 

with 

Equation  (14.3)  shows  that  DJz),  if  continued  analytically  from  above  to 
below  the  real  axis,  has  a  pole 

Fa  =  Ea  -  iNJa(EJ.  (14.4) 

The  time-dependent  wave  function  corresponding  to  |ya>+  is,  according 
to  (3.3),  given  by 

U(t)  |v>a>+  -  (27r*)-V+~+?  dC  R(C)  e-*  |v>a>+  (14.5) 

where  we  assume  t  >  0.  This  leads  us  to  a  study  of  the  matrix  element 
<fi  |7?(C)|  ya>+  for  arbitrary  \p>  and  Im  £  >  0.  If  we  apply  both  sides  of 
(5.8)  to  the  state  |a>,  putting  z  =  £  z'  ==  Ea  +  io,  we  get  after  some  simple 
manipulations  using  (14.2), 

</J|i?(0|Vo>+  = 

=  Ni(t  -  EJ-l  0  \R(Z)\ <x>  D~\EK  +  io)  -  (f  -  </S|%,>+.  (14.6) 

We  have  seen  that  D-l(Ex  +  io)  =  —  »'/„(£„),  a  quantity  assumed  to 
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be  small.  Nonetheless,  owing  to  the  singularity  at  £  =  Ea,  the  first  term  on 
the  right-hand  side  cannot  be  neglected  when  inserting  (14.6)  in  (14.5). 
Equation  (14.6)  can  be  rewritten  as 

<P  |22(C)  |  ^a>+  =  -  iJ*(EJ  .  2V*  .  (C  —         W  m)  ^MOI  a>  - 
-  <p  \R(Ea  +  to)  D-\Ea  +  io)\  a>]  £>a(£)  + 
+  Da(C)(C-£a)-i[2>-i(£a  +  io)  -D-1©]  •  <P\Wo>+-  (14.7) 

It  is  now  legitimate  to  drop  the  first  term  in  the  right-hand  side.  The  second 
term  no  longer  has  a  singularity  at  £  =  Ea,  but  its  analytical  continuation 
in  the  lower  half  of  the  £-plane  has  a  pole  at  £  =  Fa  =  Ea  —  iNaJa(Ea). 
Neglecting  terms  of  the  order  of  Ja{Ea)  we  are  left  with 

0  \R(C)\  y>a>+  =  (£  -  Ea  +  iNJa(Ea))~i  <p\Woi>+,  for  Im  £  >  0. 

If  we  substitute  this  approximate  result  in  (14.5)  we  find,  for  positive  t 
large  of  order  /a(£a)_1  and  arbitrary  |/?>, 

W)\  Wa>+  =  exp  (-  iEj  -  NJa(Ea)t)  </%a>+  *).  (14.8) 

This  equation  shows  that  \tpa>+  is  a  metastable  state  with  an  energy  Ea 
and  a  mean  life-time  Ta  =  XjNJJE^  =  l/Pa.  The  quantity  Ta  plays  for 
our  case  of  continuous  spectra  a  role  analogous  to  the  level  width  of  discrete 
spectra.  Just  as  we  derived  (14.8)  we  could  establish  for  t  <  0 

<fi\  U(t)  |Vb>-  =  exp  (-  iEj  +  NJa(Ea)t)  <fi  |y„>- 

a  formula  which  however  has  little  physical  interest. 

Before  commenting  upon  the  significance  of  (14.8)  we  shall  derive,  along 
the  lines  of  sections  10  and  12,  simpler  expressions  for  ra  and  |ya>+.  In 
section  10  we  introduced  the  function  Da(so  +  z)  which  was  defined  by  means 
of  diagrams  without  ground  state  components.  It  was  established  that  the 
validity  of  the  equation  Ja(fi0  +  x)  =  0  f or  %  in  a  neighbourhood  of  Ea  (Ea 
was  the  root  of  equation  (10.6))  implies  Ja(x)  =  0  in  a  neighbourhood  of  Ea. 
In  the  case  considered  here  we  have  clearly  Ja(eo  +  Ea)  #  0,  and,  as  we 
shall  see  below,  Ja(£0  +  Ea)  is  positive  but  small.  Using  (9.23)  and  (10.1) 
we  can  write 

D^eo  +  z)  =  No{E0  -e0-  z)~^  *  Da{s0  +  *)  +  y(eo  -  E0  +  z)  *  D^eo  +  z). 

To  study  the  singular  behaviour  of  Da(z)  obtained  by  analytical  continu- 
ation in  the  neighbourhood  of  Ea  the  second  term  on  the  right-hand  side 
can  be  neglected  and  we  have  approximately 

DJz)  =  N0  Da{e0  -  E0  +  z)  for  \z  -  Ea\  small.  (14.9) 


*)  It  is  essential  for  the  validity  of  this  equation  that  |/?>  is  a  state  with  only  a  finite  number  of 
particles  and  holes. 
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Taking  the  value  at  z  =  Ea  =  Eq  +  Ea  we  get 

-  iJJfia)  =  ~  iN0Ja(e0  +  fj. 
This  gives  the  important  formula 

r.  -  A^/a^J  =  RJa(*o  +  Ea),  (14.10) 

which  expresses  the  life-time  r~x  in  terms  of  diagrams  without  ground  state 
components.  In  particular  we  conclude  that  ra  is  independent  of  the  volume 
Q  of  the  system,  since  both  Na  and  Ja(eo  +  Ea)  have  this  property. 
The  wave  function  \ipa)+,  defined  by  (14.2),  can  be  written 

Wa>+  =  0+  \n>, 

where 

o:  =  N\AJEa  +  io)  D-\Ea  +  io).  (14.1 1) 

The  operator  Aa(z)  was  defined  in  section  1 1  by  (1 1.2).  According  to  (12.4) 
we  have 

^a(eo  +  z)  =  ia(e0  +  ^)  *  -4o(eo  + 
Following  exactly  the  same  arguments  as  in  the  derivation  of  (14.9)  we  find 

Aa(z)  =  —  ^e0  [A0(z)]  .  Aa(s0  —  E0  +  z),  for  \z  —  Ea\  small. 
Substituting  this  expression  in  (14.1 1),  one  obtains,  using  (1 1.8)  and  (14.9), 

o:  =  sa+ .  oo.  i^a>+  =  o:  \wo>  (i4.i2) 

with 

Notice  that  this  formula,  which  only  has  an  approximate  validity,  is  exactly 
of  the  same  form  as  (12.8). 

Examples  of  metastable  states  in  systems  with  continuous  spectra,  in  the 
sense  defined  here,  are  actually  well  known.  We  mention  only  one,  the 
so-called  cloudy-crystal-ball  model  of  heavy  nuclei,  which  is  meant  to  describe 
the  scattering  of  nucleons  at  low  energies  2) .  The  imaginary  part  of  the 
potential,  introduced  in  the  model  to  describe  the  "absorption"  of  the 
incident  nucleon  in  nuclear  matter,  (leading  to  compound  nucleus  formation) 
corresponds  to  our  quantity  Ta.  In  a  forthcoming  paper,  which  will  deal 
with  the  application  of  the  Fermi  gas  model  to  the  problem  of  nuclear 
structure,  we  shall  have  opportunity  to  come  back  to  this  point  in  greater 
detail.  Let  us  only  mention  here  that  in  the  Fermi  gas  model,  states  con- 
taining in  addition  to  the  Fermi  sea  one  particle  with  momentum  k  are 
metastable  in  our  sense  (small  jTJ  when  k  is  near  the  Fermi  momentum  &p. 
Application  of  (10.12)  shows  immediately  that  states  containing  more 
additional  particles  are  then  also  metastable.  Furthermore  it  is  easy  to 
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verify  the  approximate  validity  of  (10.13)  for  the  case  at  hand.  This  formula 
expresses  now  the  excitation  energy  of  a  state  containing  several  additional 
particles  as  the  sum  of  the  excitation  energies  of  the  single  particles,  whereas 
the  inverse  life-time  of  the  total  state  becomes  the  sum  of  the  individual 
inverse  life-times.  Also  the  considerations  concerning  asymptotically  statio- 
nary states  are  approximately  valid  for  metastable  cases.  The  asymptotically 
stationary  states  are  essential  for  the  description  of  scattering  processes.  In 
H  I  and  H  II  they  are  used  to  establish  a  formula  for  the  S-matrix.  If  one 
is  interested  in  collision  processes  in  dissipative  systems  (e.g.,  collisions 
between  two  additional  nucleons  in  nuclear  matter)  one  can  apply  this 
S-matrix  formalism  provided  the  life-time  of  the  metastable  states  is  long 
compared  to  the  time  in  which  the  collision  takes  place. 

Chapter  VI.  Conclusion 

15.  Summary  of  results.  We  have  now  come  to  the  end  of  our  analysis  and 
we  shall  briefly  summarize  what  has  been  achieved.  Our  starting  point  was 
the  resolvent  operator  R(z)  from  which  one  can  derive  most  of  the  desired 
information,  such  as  energies  and  wave  functions  of  stationary  states  and 
life-times  of  metastable  states.  The  resolvent  was  expanded  in  powers  of  the 
perturbation,  as  shown  in  (3.5).  The  different  contributions  to  each  term  in 
(3.5)  were  analysed  by  means  of  diagrams.  In  section  6  we  investigated  the 
dependence  of  these  contributions  upon  the  volume  Q  (or  the  total  number 
of  particles)  of  the  system  under  consideration.  We  found  that  diagrams 
containing  a  certain  number  n  of  ground  state  components  give,  in  the  limit 
of  Q  ->  oo,  a  contribution  proportional  to  Qn,  whereas  in  the  same  limit  all 
other  diagrams  give  finite  contributions.  Because  diagrams  containing  any 
number  of  ground  state  components  contribute  to  R(z),  the  straight  per- 
turbation expansion  (3.5)  has  terms  with  arbitrarily  high  powers  of  Q. 
Clearly  such  an  expansion  is  extremely  inadequate  for  the  application  to  large 
systems. 

The  analysis  of  chapters  III  and  IV  showed  how  this  important  difficulty 
can  be  overcome.  On  the  basis  of  a  general  theorem  (expressed  by  (7.4))  we 
derived  the  basic  formula  (8.1)  which  expresses  an  arbitrary  matrix  element 
<P  \R(z)  |  a>  by  means  of  a  convolution  integral  involving  the  unperturbed 
ground  state  matrix  element  <9?0  \R(z)\  <po>  =  D0(z)  and  the  matrix  element 
<fi  \R(z)  \  a>-  The  latter  differs  from  (ft  \R(z)  \  a>  in  this  respect  that  the  only 
diagrams  contributing  to  <^  \R{z)\  a>  are  those  without  ground  state 
components.  Consequently  <^  \M(z)  |  a>  is,  in  the  limit  of  Q  -*  oo,  finite 
and  independent  of  Q.  The  whole  ^-dependence  is  thereby  isolated  in  Dq(z). 

To  investigate  D0(z)  we  derived  by  a  new  application  of  (8.1)  the  integral 
equation  (8.4).  This  equation  can  be  solved  explicitly,  the  solution  being 
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given  by  (9.23) .  It  expresses  D0(z)  in  terms  of  the  function  G0(z) .  According  to 
its  definition  (8.3),  only  connected  ground  state  diagrams  contribute  to 
G0(z),  so  that  it  is,  for  large  Q,  simply  proportional  to  Q. 

Two  quantities  of  physical  interest  can  be  derived  from  D0(z).  They  are  the 
pole  E0  of  this  function,  giving  the  perturbed  energy  of  the  ground  state, 
and  the  residue  —  iV0  in  this  pole.  The  factor  N%  plays  the  role  of  a  normali- 
zation factor  in  the  expansion  of  the  exact  ground  state  wave  function  \tpo> 
in  unperturbed  states.  The  values  of  E0  and  N0  are  given  by  (9.24)  and  (9.21). 
We  see  that  these  expressions  involve  only  the  values  of  G0(z)  and  of  its 
derivative  at  z  =  e0,  both  proportional  to  Q  (e0  is  the  unperturbed  ground 
state  energy).  Two  of  our  intermediate  formulae,  (9.25)  and  (11.16),  which 
we  used  for  the  shift  AE0  =  E0  -  e0  of  the  ground  state  energy  and  for  the 
wave  function  \tpo  >were  found  recently  byGoldstone5)  who  derived  them 
from  a  time-dependent  perturbation  method  originally  introduced  by  G ell- 
Mann  and  Low7).  These  expressions  differ  considerably  from  our  final 
formulae  (9.26)  and  (1 1.23).  The  simplicity  of  (1 1.23)  as  compared  to  (1 1.16) 
lies  in  the  fact  that  the  former  involves  only  connected  diagrams.  In 
addition  the  reduction  of  the  diagrams  to  their  irreducible  form  (using 
the  method  introduced  by  Van  Hove  in  HI)  makes  our  formulae  much 
more  suitable  for  the  application  to  infinitely  large  systems.  The  perturbed 
ground  state  wave  function  is  obtained  by  application  to  its  unperturbed 
analogue  of  the  operator  (1 1.23)  involving  the  exponential  of  a  very  simple 
operator  Oo. 

Going  over  to  the  consideration  of  excited  states  (i.e.,  for  the  example  of 
a  Fermi  gas,  of  states  differing  from  the  ground  state  by  the  presence  of 
some  additional  particles  and  some  holes),  the  main  results  of  this  paper  are 
expressed  by  (10.11)  and  (12.9).  The  importance  of  these  formulae  can  be 
expressed  by  saying  that  the  excitation  energy  Ea  and  the  operator  0± 
have  a  finite  and  simple  limit  for  Q  oo.  Ea  is  the  perturbed  energy 
difference  between  excited  and  ground  state,  while  <5±  is  the  operator  which 
transforms  the  perturbed  ground  state  wave  function  into  the  perturbed 
wave  function  of  the  excited  state.  As  a  further  result  we  might  mention- 
formula  (13.1)  which  gives  a  very  concise  and  transparent  expression  for  the 
asymptotically  stationary  states  as  defined  by  VanHoveinHI  and  H  II. 
These  states  play  an  important  role  in  the  theory  of  collisions. 

A  striking  property  of  many  systems  with  a  large  number  of  degrees  of 
freedom  is  the  existence  of  dissipative  effects.  For  systems  with  an  excitation 
energy  of  the  order  of  the  total  number  of  particles,  these  effects  are 
responsible  for  the  trend  towards  thermal  equilibrium;  they  were  studied 
extensively  by  VanHove8).  Also  for  smaller  excitation  energies  (a  situation 
corresponding  to  zero-temperature)  such  dissipative  effects  can  play  an 
important  role.  One  aspect  of  them  has  been  investigated  here:  the  case  of 
metastable  states,  i.e.  of  states  which  would  be  stationary  were  it  not  that 
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they  show,  as  a  result  of  the  perturbation,  an  exponential  decay  with  a  long 
life-time.  Such  states  have  been  studied  in  section  14.  An  important  example 
is  provided  by  a  slow  nucleon  penetrating  into  nuclear  matter  and  traveling 
a  considerable  distance  before  the  compound  nucleus  is  formed. 

16.  Final  remarks.  At  the  start  of  our  investigation  we  assumed  the 
convergence  of  the  expansion  (3.5)  of  R(z)  in  powers  of  the  perturbation, 
at  least  for  z  non-real.  Our  final  results  are  still  expressed  as  series  expansions 
but  the  latter  differ  from  the  original  expansion  by  the  fact  that  a  number 
of  partial  summations  have  been  performed  explicitly.  This  circumstance 
manifests  itself  clearly  in  our  results,  inasmuch  as  the  class  of  diagrams 
contributing  to  the  final  expressions  is  very  much  smaller  than  the  class 
contributing  to  the  original  ones.  We  have  therefore  every  reason  to  believe 
that  the  convergence  of  our  resulting  expressions  is  much  better.  We  know 
in  particular  that  this  convergence  is  no  longer  affected  in  any  way  by  the 
large  size  of  the  system  and  its  large  number  of  degrees  of  freedom.  The 
question  under  what  condition  on  the  strength  and  form  of  the  two-body 
potential  our  final  series  converge  is  however  unsolved.  Let  us  devote  a  few 
comments  to  this  difficult  point. 

Let  us  take  a  large  vessel,  with  volume  Q,  filled  with  a  gas  of  interacting 
Fermi  particles.  Considering  the  ground  state  of  the  system  we  distinguish 
the  following  cases. 

1.  The  particles  are  distributed  homogeneously  throughout  the  vessel, 
exerting  a  pressure  on  the  walls.  This  situation  certainly  occurs  whenever 
the  forces  are  repulsive,  but  also  partly  attractive  forces  can  obviously  give 
rise  to  it.  For  not  too  singular  forces  it  is  to  be  expected  that  our  expansions 
converge. 

2.  The  particles  are  bound  together  by  their  mutual  interaction,  thus 
occupying  only  a  part  Q'  of  the  volume  Q.  The  volume  Q'  and  the  energy 
are  proportional  to  the  number  N  of  particles,  as  will  be  the  case  for  satu- 
rating forces.  A  large  nucleus  of  volume  Q'  enclosed  in  a  vessel  of  volume 
Q  >  Q'  is  an  example  of  the  case  considered  here.  For  such  a  system  the 
perturbation  theory,  even  in  case  of  convergence,  is  not  strictly  valid:  the 
state  |^0>,  obtained  by  perturbation  of  the  unperturbed  ground  state, 
would  then  not  represent  the  state  of  lowest  energy.  If,  however,  we  reduce 
the  vessel  to  a  volume  <  Q' ,  thus  increasing  the  particle  density,  we  are 
back  to  the  first  case. 

3.  In  contrast  with  case  2,  the  forces  may  be  such  that  the  ground  state 
corresponds  to  a  particle  density  and  an  energy  density  increasing  with 
the  total  number  of  particles.  This  corresponds  to  non-saturating  forces. 
For  such  forces  the  perturbation  method  will  break  down  completely. 

Another  remark  concerns  the  normalization  factor  N\  in  ( 1 1 .23) .  This  factor 
has  the  simple  form  exp  (—  G'0(eo)).  The  exponent  is  proportional  to  Q  and 
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consequently  N0  approaches  zero  in  the  limit  of  Q  ->  oo.  Consequently,  if 
this  limit  is  actually  carried  out,  all  expansion  coefficients  are  zero  and  a 
proper  expansion  of  |^0>  in  unperturbed  states  is  no  longer  possible.  Another 
way  of  stating  this  remarkable  fact  is  to  say  that  the  ground  state  |^0>  as 
well  as  any  other  eigenstate  1^)*  of  the  total  hamiltonian,  become  orthogon- 
al to  all  unperturbed  states  |a>  in  the  limit  Q  ->  oo.  This  is  connected  with 
the  fact  that  in  this  limit  the  system  has  infinitely  many  degrees  of  freedom 
(e.g.,  infinitely  many  particles),  so  that  the  set  of  basic  vectors  spanning  the 
Hilbert  space  of  its  state  vectors  is  no  longer  countable.  In  this  non-separable 
Hilbert  space  many  separable  subspaces  can  be  formed.  On  the  one  hand, 
the  unperturbed  ground  state  \(p0>,  and  all  unperturbed  states  |<x>  differing 
from  \<p0>  by  excitation  of  a  finite  number  of  particles  (and  holes)  span  a 
separable  Hilbert  space.  On  the  other  hand  a  separable  Hilbert  space  is  formed 
by  the  perturbed  states  \tp0>  and  1^)*.  The  vanishing  of  N0  for  Q  =  oo 
implies  that  these  separable  Hilbert  spaces  are  orthogonal  to  each  other. 
As  was  remarked  by  Van  Hove9),  a  similar  situation  occurs  also  in  field 
theories  where  the  vacuum  is  not  affected  by  the  perturbation  (no  pair 
creation).  It  is  then  caused  by  ultra-violet  divergencies.  In  such  theories  it 
is  irrelevant  whether  the  volume  in  the  configuration  space  is  finite  or  not, 
the  essential  fact  is  the  occurrence  of  divergencies  in  momentum  integrations, 
i.e.,  the  occurrence  of  an  infinite  "effective"  volume  in  momentum  space. 

Finally  some  words  must  be  said  on  the  relation  of  the  present  investigation 
to  the  formalism  of  current  field  theory.  Applying  our  formalism  to  field 
theory,  one  would  be  tempted  to  identify  the  function  Dk(s0  +  *)»  being 
the  diagonal  element  of  R(e0  +  z)  for  a  state  of  one  particle  with  momentum 
k,  calculated  with  omission  of  all  disconnected  diagrams,  with  the  Fourier 
transform  of  the  one-particle  propagation  function  A'F(x,  t)  as  introduced 
by  Dyson  10).  This,  however,  is  not  generally  true.  One  can  show  that  the 
identity  exists  only  in  those  theories  where  the  free  vacuum  is  not  affected 
by  the  perturbation.  It  can  nevertheless  be  established  that  the  singularities 
of  both  quantities,  which  determine  the  mass  renormalization  of  the  particle, 
are  the  same  n). 
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Appendices 

Appendix  1.  An  alternative  proof  of  equation  (7.1)  can  be  obtained  by 
comparison  with  the  case  of  a  system  composed  of  two  completely  inde- 
pendent subsystems.  The  hamiltonian  H  of  the  total  system  can  be  written 

H  =  HX  +  H2> 

where  H\  and  H2  are  the  hamiltonians  of  the  two  independent  subsystems. 
We  shall  denote  the  resolvent  operators  by  R(z),  Ri(z)  and  R2(z).  They 
are  commuting  operators. 
If  one  multiplies  the  identity 

H  -  z=  (Hi  -  t)  +  (#2  -  z  +  f ) 

by  the  product  R(z)  Ri(C)  R2(z  —  £)  one  gets 

Ri(C)  R2(z  -  0  =  R(z)  (Ri(£)  +  R2(z  -  £)). 

Taking  Im  z  0  and  integrating  on  both  sides  over  the  variable  £  along 
the  path  defined  in  section  7  eq.  (7.2)  one  obtains  the  formula 

-(2m)-i§&CRi(t)  R2(z-C)=R(z)[-(2m)-^d£R1(t)-(2m)-^d£R2{z-t)]. 

The  second  term  on  the  right-hand  side  is  zero,  owing  to  the  fact  that 
R(z  —  £)  has  no  singularities  on  the  real  £-axis.  The  first  term  within  the 
brackets  is  equal  to  one,  as  one  sees  from  (3.3)  by  putting  t  =  0.  We  are 
left  with 

R(z)  =  Ri{z)  *R2(z),  (Al.l) 

where  we  used  the  notation  introduced  in  section  7. 

Suppose  now  that  the  two  subsystems  are  identical  though  independent 
systems  of  the  type-  studied  in  this  paper.  As  an  example  one  could  think 
of  two  vessels  of  equal  volume  filled  with  the  same  number  of  identical  Fermi 
particles.  The  hamiltonians  are  Hi  =  H\  +  V\  and  H2  =  H\  +  V2.  The 
total  resolvent  R(z)  can  be  expanded  in  powers  of  V  =  Vi  +  V2 

R(Z)  =  Hf^H^Tz  ~  Hl  +  Hl-z  {Vl  +  Vi)  H°  +  Hl-z  + 

and  the  contributions  to  the  different  terms  can  again  be  represented  by 
diagrams.  Consider  such  an  arbitrary  diagram.  It  contains  two  different 
kinds  of  vertices  corresponding  to  Vi  and  V2.  The  diagram  falls  apart  into 
two  subdiagrams  A'  and  B'  which  contain  all  vertices  of  systems  1  and  2 
respectively.  A'  and  B'  are  not  connected  with  each  other,  there  being  no 
lines  joining  a  vertex  of  system  1  with  a  vertex  of  system  2.  Together  with 
this  diagram  we  consider  all  diagrams  which  can  be  obtained  from  this  one 
by  changing  the  positions  of  the  vertices  of  A'  with  respect  to  B' .  The  con- 
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tributions  of  these  diagrams  differ  only  by  the  energy  denominators.  Let 
us  denote  the  sum  by  <a'0'  \C'(z)  |a£>  where  |a>  and  |a'>  are  the  initial  and 
final  state  of  system  1 ,  |/5>  and  |£'>  of  system  2.  If  we  denote  the  contribution 
of  A'  to  Ri(z)  by  <a'  \A'(z)\  a>  and  the  contribution  of  B'  to  R2(z)  by 
</?'  \B'(z)\       application 'of  (Al.l)  gives  immediately  the  formula 

\C'(z)\ dc£>  =  <a'  \A'(z)\  oc>  *  <p'  \B'(z)\  0>.  (A1.2) 

It  is  valid  for  two  uncoupled  systems  and  must  not  be  confused  with  (7.4). 
We  can  however  use  (A  1.2)  to  establish  the  validity  of  (7.4)  by  means  of  the 
following  argument.  Let  us  take  the  diagrams  A '  and  B'  identical  with  A  and  B 
of  section  7.  The  quantities  <<x'  \A'(z)  \  a>  and  <£'  \B'(z)  \  are  then  formally 
identical  with  <a'  \A(z)  |  a>  and  <£'  \B(z)  |  of  section  7.  Let  us  now  compare 
<a'0'  \C'(z)  \  a£>  with  <0V  \C(z)\  a£>.  Although  these  quantities  clearly  have 
different  meanings,  the  only  formal  difference  is  the  fact  that  in  the  latter 
the  energy  e0  of  the  unperturbed  ground  state  is  counted  only  once  and  not 
twice  in  the  energy  denominators.  This  difference  can  be  compensated  for 
by  substituting  z  —  e0  for  z  in  <0V  \C(z)\  a/ff>.  This  leads  to  the  formula 

</?V  \C(z  -  eo)\        =  <a  \A(z)\  a>  *  <0'  /?>, 

an  alternative  form  of  (7.4)  or  (7.1). 

Appendix  2.  It  will  be  shown  in  this  appendix  that  the  integral  equation 
(9.7)  has  at  most  one  solution  f(z)  which  is  holomorphic  outside  the  real  axis 
and  bounded  for  large  \z\.  It  is  sufficient  to  prove  that  the  homogeneous 
equation 

zf(z)  =  -(2m)-if&Ch(C)  f(z-C) 

has  no  such  solution  f(z). 

By  (9.1 1)  this  equation  can  be  written 

zf(z)  =/0~<W)/(z-£).  (A2.1) 

We  shall  make  use  of  the  fact  that  the  integrals 

poo  r°o  l^/^AI 

L  =       \p{x)\  dx  and  M  =      jr±JL  dx  (A2.2) 
Jo  J  o  x 

are  convergent.  These  properties  of  p(x)  are  an  immediate  consequence  of 

(9.13)  and  (9.2).  We  choose  an  arbitrary  point  z,  not  on  the  real  axis,  for 

which  Rez  <  0.  The  tunction  f(z  +  a)  of  the  real  variable  a  is  bounded; 

consequently  there  exists  a  positive  number  N(z)  such  that 

|/(2  +  a)\<  N(z)  for  all  a. 

Iterating  equation  (A2. 1 )  n  times,  one  obtains 


I     /»oo  /»oo  /»oo 

f(z)  =  —     dli   d£„  d|w+i 

^  Jo  Jo  Jo 


P(h)  Piin) 


0  Jo         Jo  Z  —  SI  2  —  £1  —  ^2—  ...  —  £« 

.  />(ln+l)  /(*  —  ll  —  - 
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This  equality  can  be  changed  into  an  inequality:  take  the  absolute  value 
of  both  sides  and  replace  the  integrand  by  its  absolute  value.  The  right-hand 
side  is  increased  further  if  one  replaces  the  denominators  \z  —  £i  —  ...  — 
by  h  -f  ...  +h,  and  \f(z  -  fi  -  ...  -  by  N(z).  One  finds,  using  (A2.2), 

< ^ f"*  J"*. ^  rJ^-+r l  m. 

\z\Jo  Jo  h  h  +  h+  ...  -f  in 

The  integral  at  the  right-hand  side  is  not  changed  by  a  permutation  of  the 
variables  £1,  I2,  •     in  in  the  integrand.  Using  the  simple  algebraic  equation 

Ep  irHii  +  h)-1  («!  +  &  +  ...  +  w-1  =  ir1 sr1 ...  c\ 

where  the  sum  is  extended  over  the  n\  permutations  of  the  n  variables,  one 
is  led  to  the  inequality 

m<±±r*  fdf„j«  z^lw. 

\z\  n\  Jo  Jo  ii  in 

or  by  (A2.2) 

|/(2)|  <  LN(z)         .  M»/»!. 

This  inequality  holds  for  all  «.  Hence,  noticing  that  limn^0oMw/w!  =  0, 
we  find  f(z)  =  0  for  all  non-real  z,  for  which  Re  z  <  0.  This  is  enough  to 
conclude  that  f(z)  =  0  and  that  the  homogeneous  integral  equation  has  no 
non-zero  solution  which  is  holomorphic  outside  the  real  axis  and  bounded 
for  \z\  ->  00.  This  proves  our  statement. 

Appendix  3.  In  section  9  the  integral  equation  (9. 14)  was  solved  by  means 
of  a  Laplace-transformation.  We  shall  prove  here  that  the  function  q>(s), 
given  by  (9.16),  is  the  Laplace-transform  of  a  function  <p(x)  given  by  (9.18). 
The  known  properties  of  p(x)  imply  the  absolute  convergence  of 
fo°  P(x)  exP  (—  sx)  and  /q00*-1  pipe)  exp  (—  sx)  dx  for  s  =  0  as  can  be  seen 
from  (A2.2).  From  this  we  conclude  that  both  p(s)  =  /0°°  p(x)  exp  (—  sx)  dx 
and  /0°°  x-1  p(x)  exp  (—  sx)  dx  are  analytical  functions  of  s  for  Re  s  >  0 
(see  e.g.  G.  Doetsch,  Handbuch  der  Laplace-Transformation  I,  Satz  1  [3.2]). 
Consequently  the  same  holds  true  for  the  functions  q>(s)  and  <p'(s)  given  by 
(9.16)  and  (9.15).  From  the  behaviour  of  p(x)  near  the  origine  (9.17)  we 
can  determine  the  asymptotic  behaviour  of  p(s)  and  /0°°  x~1p(x)  exp  (—sx)  dx 
for  large  s.  Application  of  one  of  the  Abelian  theorems  (see  e.g.  Doetsch, 
Satz  5  [14.1])  immediately  gives 

p{s)  =  0(|s|-i-«)  and  /0°°  x'1  p(x)  exp  (—sx)  dx  =  0(\s\~a)  for  \s\  ->  00. 

Hence,  from  (9.16), 

lim|SKoo  rW  =  0 

and  from  (9.15) 

y'(s)  =  0(|s|-i-a)  for  \s\  00. 
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This  asymptotic  property  of  £'(s)  is  sufficient  (see  e.g.  Doetsch,  Satz  3 
[7.2])  to  ensure  the  existence  of  a  function        such  that 

=/o°°  *(*)  exP  (— **)  d*- 
is  given  by  the  complex  integral 

zM  =  &»)-lS±£ti  /W  exp  (*s)  ds,  a  >  o. 

Another  Abelian  theorem  (see  e.g.  Doetsch  Satz  1  [15.5])  predicts  the 
behaviour  of  near  the  origin  from  the  asymptotic  behaviour  of  £'(s) 
for  large  |s| : 

Z(*)  =  OM. 
This  enables  us  to  define  the  Laplace-transform 

^(s)  ^/o00*-1  #M  exP  (— s*)  d*- 

F(s)  is  an  analytical  function  for  Re  s  >  0,  with  the  same  derivative  as 
9?(s).  Both  F(s)  and  £(s)  tend  to  zero  for  s  ->  oo  and  are  consequently  equal. 
This  proves  that  £(s)  is  the  Laplace-transform  of  a  function        =  a;-1 
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Synopsis 

The  general  perturbation  method  presented  in  an  earlier  paper  *)  is  applied  to  a 
study  of  some  aspects  of  the  Fermi  gas  model  of  nuclear  matter.  The  two  extreme 
cases  of  very  low  and  very  high  particle  density  are  investigated.  It  is  shown  that  the 
theory  recently  developed  by  Brueckner2)  can  be  considered  as  an  improved  low 
density  approximation.  The  validity  of  some  other  approximations  made  in  the 
Brueckner  theory,  involving  the  energy  denominators  in  intermediate  states  are 
briefly  discussed.  The  study  of  the  case  of  high  density  reveals  the  interesting  fact  that, 
contrary  to  indications  presented  by  Swiatecki3)  and  Be  the  4),  the  convergence  of 
the  perturbation  expansion  gets  worse  with  increasing  density,  while  in  that  case  the 
Brueckner  approximation  becomes  extremely  poor. 

It  is  furthermore  shown  that  a  slow  nucleon,  travelling  through  nuclear  matter,  can 
be  considered  as  being  in  a  metastable  state  and  an  exact  expression  for  the  inverse 
life-time  of  such  a  state  is  given ;  this  quantity  must  be  identified  with  the  imaginary 
part  of  the  potential  in  the  optical  model. 

1.  Introduction.  The  Fermi  gas  model  of  heavy  nuclei,  which  forms  the 
subject  of  the  present  paper,  is  meant  to  give  a  description  of  properties 
which  are  independent  of  the  size  or  the  detailed  structure  of  the  individual 
nuclei.  It  is  to  be  expected  that  some  properties  of  nuclear  matter,  in  the 
interior  of  large  nuclei,  such  as  the  binding  energy  per  nucleon  or  the  shift 
of  the  energy  of  an  additional  nucleon  penetrating  into  the  interior  of  a 
nucleus,  can  be  studied  by  considering  a  large  box  filled  with  interacting 
nucleons,  with  a  particle  density  equal  to  the  density  of  actual  nuclei.  This 
model  might  be  called  the  Fermi  gas  model  of  nuclear  matter. 

In  the  past  there  have  been  several  attempts  to  make  calculations  of  the 
binding  energy  of  heavy  nuclei  on  the  basis  of  the  Fermi  gas  model,  in 
particular  by  Euler  and  by  Huby  5).  The  interaction  between  the  nucleons 
was  treated  as  a  perturbation  and  the  binding  energy  per  nucleon  was 
calculated  to  second  order  in  the  interaction.  The  results  of  such  calculations 
were  not  very  encouraging  and  seemed  to  confirm  the  general  believe  that, 
due  to  the  strong  correlations  between  the  nucleons,  perturbation  theory  is 
inadequate  for  the  treatment  of  nuclei. 

Recently  Swiatecki3)  re-examined  the  calculation  of  Euler.  He  studied 
the  ratio  AE^/AE^  of  the  second  and  first  order  terms  of  the  binding 
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energy  AEo  as  a  function  of  the  particle  density  of  the  nucleon  gas.  He 
showed  that  this  ratio  decreases  rapidly  with  the  density.  Hence,  in  the 
limit  of  large  density,  the  first  order  term  becomes  predominant.  This 
behaviour  raised  the  hope  that,  in  the  case  of  large  densities,  the  pertur- 
bation expansion  would  converge  well.  This  expectation  however  is  not 
confirmed,  as  will  be  shown  in  the  present  paper. 

New  interest  has  been  aroused  in  the  Fermi  gas  model  by  Brueckner 
e.a.  2)  who  proposed  a  new  approach  to  the  many  particle  problem.  The 
method  of  Brueckner  can  be  considered  as  an  improved  Hartree  method. 
The  interaction  between  two  nucleons  is  treated  exactly,  whereas  the  in- 
fluence of  all  other  particles  is  taken  into  account  by  means  of  a  self- 
consistent  Hartree  potential.  The  method  aims  at  giving  the  theoretical 
foundation  of  the  shell  model.  Although  attempts  have  been  made  to  adapt 
the  method  to  the  treatment  of  finite  nuclei,  the  method  of  Brueckner  is  in 
essence  an  approximation  method  for  the  imperfect  Fermi  gas.  There  has 
been  much  discussion  on  the  limits  of  validity  of  the  Brueckner  approxi- 
mation, but  this  difficult  question  is  far  from  settled. 

A  detailed  study  of  the  Fermi  gas  using  perturbation  theory  was  always 
hampered  by  the  fact  that  the  conventional  perturbation  theory  is  very 
inadequate  for  the  treatment  of  many  particle  systems.  In  particular  the 
occurrence  of  terms  containing  arbitrarily  high  powers  of  the  number  of 
particles  in  the  perturbation  expansion  was  a  well  known  difficulty.  In  a 
recent  paper  *)  (to  be  referred  to  as  I)  a  perturbation  formalism  was  de- 
scribed which  is  particularly  suited  for  the  investigation  of  systems  with 
many  degrees  of  freedom.  In  the  present  paper  several  of  the  results  of  I, 
where  the  theory  of  the  Fermi  gas  was  already  considered  as  an  example, 
will  be  applied  to  some  aspects  of  the  nuclear  structure  problem. 

We  base  our  discussion  on  a  consideration  of  the  two  limiting  cases  of 
very  small  and  very  large  densities.  In  section  2,  the  case  of  small  density 
(the  average  distance  between  the  particles  is  then  large  compared  to  the 
range  of  the  forces)  will  be  studied.  It  is  shown  how,  starting  from  this 
extreme  case,  the  Brueckner  approximation  presents  itself  in  a  natural  way 
as  an  approximation  for  not  too  high  densities.  In  section  3  we  study  the 
opposite  case  where  the  particle  density  is  high.  The  leading  term  of  the  nth 
order  (n  >  2)  contribution  to  AEo  is  shown  to  be  proportional  to  k#+l, 
where  the  Fermi  momentum  kp  is  used  as  a  measure  for  the  particle  density. 
This  shows  that,  in  the  case  of  high  particle  density,  the  perturbation  ex- 
pansion gets  worse  with  increasing  density.  In  the  same  section  the  ^in- 
dependence of  the  different  terms  of  the  Brueckner  approximate  expansion 
are  calculated  asymptotically  for  large  kF,  yielding  for  the  nth  order  term 
the  factor  k%~n.  Consequently  the  Brueckner  approximation  is  very  poor 
and  misleading  at  high  densities  because  it  leaves  out  completely  the  leading 
effects  in  this  density  region. 


In  section  4  the  motion  of  an  additional  nucleon  with  momentum  \k\  >  kF 
through  nuclear  matter  is  investigated.  This  is  of  interest  in  connection 
with  the  optical  model  for  the  scattering  of  nucleons  on  heavy  nuclei. 
Under  some  very  reasonable  assumptions,  a  state  with  an  additional  particle 
with  momentum  \k\  >  kF  is  shown  to  be  metastable.  The  expression  derived 
in  I  for  the  inverse  life-time  of  such  a  state,  a  quantity  which  corresponds 
to  the  complex  part  of  the  potential  in  the  optical  model,  leads  in  lowest 
order  of  approximation  to  a  formula  derived  by  Brueckner,  Eden  and 
Francis  6). 

2.  The  case  of  low  particle  density.  In  I  the  energy  shift  AEo  of  the  ground 
state  of  the  Fermi  gas,  caused  by  the'interparticle  interaction  V,  was  found 
to  be  (see  I  9.25) 

AEo  =  <yo\[V  -  V(H0  -  eo)-^  +  ...]c|?o>.  (2.1) 

For  the  meaning  of  the  symbols  one  is  referred  to  I.  By  this  formula  the 
binding  energy  —  AEo  is  expressed  in  contributions  of  connected  ground 
state  diagrams  only.  Consequently,  for  large  volume  Q,  AEo  is  asymptotically 
proportional  to  Q. 

If  we  take  spinless  particles  with  central  two-body  forces  (the  extension 
to  the  case  of  particles  with  spin  will  be  given  when  necessary)  the  first  term 
of  (2.1)  gives 

AE{P  =  \Q(2ti)-s /S'&*tniJ$'&*m  (v(0)  -  v(m1  -  w2)).  (2.2) 

The  integration  in  (2.2)  is  extended  over  all  momenta  m\  and  ra2  inside  the 
Fermi  sphere  of  radius  kF  (As  in  I  we  use  the  convention  that  the  symbols 
ki  [Mi)  denote  momenta  outside  (inside)  the  Fermi  sphere.).  If  kF  is  very 
small,  corresponding  to  the  case  of  low  density,  the  integrand  can  be  ex- 
panded in  powers  of  \m\  —  m?\.  We  get  in  lowest  order 

AE™  =  -  \Q{2n)-* /SF  d3wi  /**  &tn2  |»i  -  m%\  v'(0). 

This  expression  is  proportional  to  kF,  six  factors  kp  arising  from  the  6-fold 
integration  and  one  from  the  integrand.  This  last  factor  would  be  absent  if 
we  had  taken  Serber  forces  between  particles  with  spin  \.  The  major  change 
in  the  latter  case  would  be  a  plus  sign  in  the  interaction  V  instead  of  a  minus 
sign,  and  the  integrand  in  (2.2)  would  not  vanish  for  small  \m\  —  w2|. 

It  is  now  very  easy  to  see  which  higher  order  diagrams  give  the  largest 
contribution  to  AEo  for  small  kp.  They  are  the  diagrams  with  the  smallest 
possible  number  of  hole  lines.  In  each  order  in  V  there  is  always  exactly 
one  diagram  with  only  two  such  lines.  They  are  of  the  type  as  shown  in 
figure  \a.  It  is  easily  established  that  the  contributions  of  these  diagrams 
(except  the  lowest  order  one)  are  proportional  to  kF,  two  factors  kp  arising 
from  the  integrand.  In  the  more  realistic  case  of  Serber  forces  the  diagrams 
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considered  would  give  a  contribution  of  order  k%.  All  other  diagrams  give 
contributions  containing  higher  powers  of  &p  and  can  be  neglected  in  the  case 
of  very  low  density. 

The  leading  diagrams  for  low  density  are  seen  to  correspond  to  iterated 
collisions  between  two  particles.  This  result  has  nothing  surprising.  Indeed, 
in  the  kinetic  theory  of  dilute  gases  it  is  well  known  that  all  but  binary 
collisions  can  be  neglected. 


Fig.  1 .  The  diagrams  giving  the  main  contribution  in  the  case  of  extreme  low'density . 
The  diagrams  a,  b  and  c  respectively  correspond  to  the  ground  state,  a  state  with  an 
additional  particle  and  a  state  with  a  hole. 

For  states  with  the  Fermi  sea  and  one  additional  particle  of  momentum  k, 
or  with  one  hole  of  momentum  m  in  the  Fermi  sea,  one  has  to  study  the 
functions  Gjc(eo  +  z)  or  Gm(eo  +  z),  i.e.,  the  function  Ga(eo  +  z)  defined  in 
(I  10.2)  taken  for  a  state  |a>  equal  to  \k;>  or  |  ;  w>.  The  diagrams  contri- 
buting to  these  functions  have  one  external  line  at  both  ends.  Exactly  as 
before  it  is  seen  that  the  diagrams  b  and  c  of  fig.  1  give,  in  the  case  of  low 
density,  the  main  contributions  to  Gjc(eo  +  z)  and  Gm(eo  +  z)  respectively. 
They  all  have  one  internal  hole  line. 

In  the  approximation  where  the  contributions  of  all  other  diagrams  are 
neglected,  the  energy  denominators  (sy  —  so)'1  and  (ey  —  eo  —  z)'1  for  the 
intermediate  states  |y>  occurring  in  AEo,  G]c(so  +  z)  and  Gm(eo  +  z)  contain 
the  unperturbed  energies  ey  —  eo-  If  one  wants  to  improve  the  approximation 
and  incorporate  in  the  intermediate  states  the  energy  shift  of  the  additional 
particles  caused  by  the  presence  of  all  other  particles  in  the  gas,  the  following 
extension  of  the  low  density  approximation  presents  itself  in  a  natural  way. 

Instead  of  equation  (I  9.25)  for  the  energy  shift  of  the  ground  state,  we 
take  (I  9.26)  as  our  starting  point: 

AEo  -  <cpo\[V  -  VD(e0)V  +   ]ic\cpo>-  (2.3) 
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Here  the  matrix  element  involves  the  contributions  of  all  irreducible  con- 
nected ground  state  diagrams.  The  factors  Dy(so),  which  replace  the  factors 
(ey  —  £o)_1  m  the  intermediate  states  of  (2.1),  are  obtained  from  (I  10.3) 

Dy(e0  +  z)  =  [ey-e0-z-  Gy(e0  +  z)]"1  (2.4) 

where 

&(v  -  yWeo  +  *)  =  </[-  v  +  -]idL\y>.  (2.5) 

In  the  latter  equation  only  irreducible  diagrams  without  ground  state 
components  are  taken  into  account.  The  announced  extension  of  the  low 
density  approximation  is  obtained  if  the  irreducible  diagrams  occurring 
in  (2.3)  are  restricted  to  the  type  a  of  fig.  1 ,  while  the  irreducible  diagrams 
in  (2.5)  are  restricted  to  diagonal  diagrams  the  components  of  which  are  of 
the  type  b  and  c.  This  approximation  represents  a  considerable  improve- 
ment above  the  original  low  density  approximation. 

As  will  be  shown  in  section  4  the  functions  Dy(eo  -f  z)  for  |y>^|<p0>  have 
no  pole.  However,  for  small  excitation  energies,  one  has  in  good  approxi- 
mation 

Dy(eQ  +  *)  =  Ny(Ey  -        +  yy(e0  +  z). 

with  fy  small  for  z  =  Ey.  Ny  is  defined  in  (I  10.9).  Ey  is  approximately  the 
perturbed  excitation  energy  of  the  state  |y>;  as  shown  in  I  section  10,  it  is 
the  sum  of  the  perturbed  energies  of  the  individual  particles  and  holes  of 
|y>.  The  equations  become  formally  much  simpler  if  in  all  intermediate  states 
|y>  of  (2.3)  and  (2.5)  we  put  approximately 

Dy(eo  +  z)=*  (Ey  -  z)~\  (2.6) 

If  this  is  done  (we  come  back  later  on  the  error  involved  in  this  step),  the 
improved  low  density  approximation,  described  above,  becomes  equivalent 
to  the  Brueckner  approximation.  To  show  this  equivalence  we  calculate 
AEq  and  the  functions  Gjc(eo  +  z),  Gm(eo  +  z)  from  (2.3),  (2.5)  and  (2.6), 
thereby  limiting  ourselves  to  diagrams  of  the  type  of  figure  1 .  We  find 

f  f  v{m\m2k^k2)  v{k1k2m2mi) 

AE0  =  i         v{mYm2m2m{)  +  J  +  .... 

J  mxm2  J  m1m2k1Jc2  &kx  ~r  -^k2  T"  &mx  T" 

v(k'm\k\k2)  v{k\k2m\k) 


d(k'— k)Gk(eQ+z)  =  —  |  v{k'mim1k)-\\ 


6{m  -tn)Gm(eo+z)=     v(mmlm1m  )  +  J  — — —  

Let  us  define  a  quantity  Glhfahh),  depending  on  the  4  momenta  hhhh, 
by  the  integral  equation 

GihhhU)  =  v(hl2hh)  +  \  d3£id3£2 th — -= — — -=—  , 
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where  it  should  be  remembered  that  the  energy  Em  of  a  hole  is  negative. 
G{hhhh)  is  the  modified  scattering  matrix  of  Brueckner.  The  factor  \  in  the 
second  term  on  the  right-hand  side  takes  care  of  the  fact  thateach  intermediate 
state  is  counted  twice.  The  above  equations  now  reduce  to  the  simple  form 

AE0  =  i/mim2  G{m1m2m2m1),  (2.7) 

6{k'  -  k)Gk{Ek)  -  -fmx  Gik'mxmxk),  (2.8) 

d(m  -  m')Gm(Em)  =  fmx  G(mmxmxm').  (2.9) 

As  shown  in  I,  section  10,  —  Gk(Ek)  and  —  Gm(Em)  represent  the  energy 
shifts  of  the  particle  and  hole  respectively.  If  we  define  the  diagonal  matrix 
<l'\W\l>  =  d{l'  -  l)W(l)  by 

W(k)  =  -  Gk{Ek)  for  \k\  >  kF 

W(m)  =  Gm{Em)  for  \m\  <  kF, 

equation  (2.8)  and  (2.9)  can  be  written 

S(lf  -  I)  W(l)  =  fd^m  G{l'mml).  (2.10) 

The  total  perturbed  energy  of  a  single  particle,  with  momentum  /  either  out- 
side or  inside  the  Fermi  sea  (in  the  latter  case  this  energy  is  defined  as  minus 
the  energy  of  the  hole),  is  thus  given  by 

|/|2/2M  +  W(l).  (2.11) 

Finally,  by  (2.7)  and  (2.9),  the  energy  shift  AE0  of  the  ground  state  of  the 
system  is 

AE0  =  iSm  W(m)  =  iQ(2rc)-3  f«*&m  W(m) .  (2. 1 2) 

In  these  equations  we  used  the  definitions  for  the  symbols  d(m'  —  m)  and 
fm  introduced  in  I  section  2.  The  formulae  (2.10),  (2.11),  and  (2.12)  corre- 
spond with  the  formulae  (9.14),  (9.1),  and  (9.3)  of  Bet  he's  presentation  of 
the  Brueckner  theory  4) . 

A  remark  must  still  be  made  on  the  approximation  (2.6),  i.e.  the  replace- 
ment of  Dy(e0  +  z)  by  [Ey  —  z)'1.  In  I  section  10  the  following  formula  was 
derived  for  Ny: 

N'1  =  1  +  G'y(e0  +  Ey). 

Hence,  the  deviation  of  Ny  from  unity  is  given  by  Gy(eo  +  Ey),  a  quantity 
which,  for  small  density,  has  exactly  the  same  ^-dependence  as  the  energy 
shift  Gy(eo  +  Ey).  If  the  latter  is  taken  into  account  as  a  correction  to  the 
energy  in  the  intermediate  state  |y>  there  is  no  reason  to  neglect  the  former. 
The  same  holds  true  for  the  function  yy(e0  +  z).  Although  it  might  well 
happen  that  by  accidental  cancellations  the  replacement  (2.6)  would  be 
justified,  there  is  no  indication  to  this  effect  and  one  should  consequently 
not  be  surprised  to  find  considerable  errors  brought  in  by  this  approxi- 
mation. 
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3.  The  case  of  high  density.  We  investigate  in  this  section  how  the  various 
terms  in  the  simple  perturbation  expansion  (2.1)  of  AE0  behave  for  high 
density,  i.e.,  how  they  depend  on  the  Fermi  momentum  kF  in  the  case  of 
large  kF.  We  assume  the  interparticle  potential  not  to  be  too  singular.  For 
high  densities  the  Fermi  sphere  has  a  large  radius  and  the  transitions  take 
place  only  near  its  surface.  Consequently  there  is  a  complete  symmetry 
between  holes  and  particles  in  all  terms  of  (2.1),  except  the  first.  The  contri- 
bution of  a  diagram  (of  order  n  >  2)  is  not  changed  if  in  that  diagram  all 
particle  lines  are  replaced  by  hole  lines,  and  conversely.  The  first  order  term 
of  (2.1)  forms  an  exception  because  in  the  interaction  V  the  ^-operators 
precede  the  £*-operators  (in  the  order  from  right  to  left). 

This  term  was  already  calculated  in  section  2  and  is  given  by  (2.2).  In  the 
present  case  of  large  kF  the  leading  term  of  (2.2)  is  clearly  the  first.  In  the 
second  term,  in  view  of  the  factor  v(mi  —  m2),  mi  and  m2  are  bound  to  be 
close  together  (relatively  to  kF),  which  gives  a  strong  restriction  on  the 
domain  of  integration.  Neglecting  the  second  term  in  (2.2)  the  energy  shift 
per  particle  is  found  to  be 

AE^/N  =  i>(0)4/12tt2,  (3.1) 

where  we  used  formula  (I  2.9)  for  the  particle  number  N. 

There  is  only  one  second  order  diagram  contributing  to  AEo  in  (2.1),  the 
contribution  being  given  by 

AE™  =  -  MQ(2n)-*  j &ki  d*k2  d3mi  d3m2  . 

v{ki  -  wi)2  -  v{k!  -  mi)  v(ki  -  m2)  .    ,  « 

'   ,2  +  ,2_wf_w|  m  +        -  -1  -  ™*)>  (3-2) 

as  is  easily  found  by  the  method  described  in  I,  section  3.  The  integration  is 
extended  over  momenta  k±  and  k2  outside  the  Fermi  sphere  and  over  mi  and 
m2  inside  it.  Let  us  compare  the  first  and  second  term  in  (3.2).  In  the  first 
term,  through  the  factor  v{k\  —  mi)2,  the  momenta  k\  and  mi  must  be 
close  together,  and,  through  the  factor  6{k\  +  k2  —  m\  —  m2),  also  k2  and 
m2.  Hence,  remembering  that  \k\\,  \k2\  >  kP  and  |mi|,  |m2|  <  kp,  for  the 
integrand  to  have  an  appreciable  value,  the  four  momenta  must  be  close  to 
the  surface  of  the  Fermi  sphere,  where  two  of  them  (e.g.,  mi  and  m2)  may 
be  chosen  arbitrarily.  The  second  term  in  (3.2)  contains  the  factor 
v{k\  —  mi)  v(k\  —  m2).  There  all  four  momenta  must  remain  in  the  neigh- 
bourhood of  each  other  at  the  surface  of  the  Fermi  sphere,  where  only  one 
of  them  can  be  chosen  arbitrarily.  Clearly,  this  term  is  small  compared  to 
the  first. 

We  shall  now  calculate  the  main  term.  Putting  k\  =  m±  +  q  and 
k2  =  m2  —  q,  and  remembering  that  the  values  of  q  that  contribute  to 
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(3.2)  are  small  compared  to  kp  one  can  write 

f  via)* 

AEf  =  -  MQ(2n)-*    d*q  d^tm  d^m2    -    ,  —  (3.3) 

J  2kFq(/Lii  —  jU2) 

In  the  denominator,  powers  of  q  higher  than  the  first  are  neglected.  The 
variables  jui  and  /U2  are  the  cosines  of  the  angles  of  m\  and  with  the  vector 
q,  which  is  chosen  in  the  ^-direction.  The  integration  over  m\  and  is 
restricted  by  the  requirement  that  the  momenta  k\  =  m\  +  q  and  k2  =  ni2  —  q 
lie  outside  the  Fermi  sphere.  Always  neglecting  higher  powers  of  q/kp  one 
finds  after  some  simple  manipulations 

AE™/N  =  -  1  M(2n)-*f™  dqq*  v(q)* /}  d^if}  <Wi  Mf*i  +  m)'1'-  (3-4) 

This  term  is  independent  of  kp  (in  the  limit  of  large  kp)  whereas  (3.1)  is 
proportional  to  kF.  In  the  case  of  high  density  the  first  order  term  (3.1)  is 
much  larger  than  the  term  of  second  order,  in  accordance  with  the  conclusion 
of  Swiatecki  mentioned  in  the  introduction.  However,  as  we  shall  see  now, 
some  of  the  terms  of  higher  order  in  the  perturbation  contain  increasing 
powers  of  kp. 

We  consider  an  arbitrary  connected  ground  state  diagram  of  order  n, 
and  investigate  how  the  contribution  of  this  diagram  depends  on  kp,  in  the 
limit  of  large  kF.  The  momentum  transfer  q  in  each  interaction  V  is  small 
compared  to  kp.  In  order  to  find  the  number  of  factors  kp,  we  may  put 
simply  q  =  0.  Then  each  interaction  V  (corresponding  to  a  vertex  in  the 
diagram)  gives  rise  to  two  relations,  each  of  them  relating  the  momentum  of 
an  incoming  line  to  the  momentum  of  an  outgoing  line  in  that  vertex.  These 
relations  restrict  the  number  of  independent  variables  in  the  integration, 
thereby  reducing  the  number  of  factors  kp  in  the  result.  Such  relations  can 
be  of  three  types:  =  ntj,  h\  =  kj  and  k%  =  mj.  Each  relation  of  the  first 
two  types  reduces  the  number  of  independent  integration  variables  by 
three.  A  relation  of  the  latter  type,  however,  gives  one  additional  constraint 
because  both  k%  and  mj  must  be  near  the  surface  of  the  Fermi  sphere.  In  this 
case  the  number  of  independent  integration  variables  is  decreased  by  four. 
One  should  notice  that  the  relations  corresponding  to  different  points  of  the 
diagram  can  be  identical.  This,  in  fact,  sometimes  reduces  the  total  number 
of  restrictions  on  the  integration  variables  considerably.  Finally,  each  energy 
denominator  contains  a  factor  kp  (as  in  (3.3)),  which  gives  an  extra  factor 
klF~n  in  the  whole  contribution. 

Counting  in  this  way  the  number  of  factors  kF  of  the  leading  term  of  each 
diagram,  one  obtains  the  following  result.  For  arbitrary  order  n  >  2  the 
diagrams  of  the  type  shown  in  figure  2  give,  for  large  density,  the  main 
contribution  to  AEo.  As  will  be  shown  now,  this  contribution  is  of  order  kF+1. 
For  the  relations  between  the  momenta  in  each  vertex  we  take  the  following 
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choice : 

h  =  mi,  (i  =  1,  2,  n). 

The  momenta  m$  can  be  integrated  independently  over  the  surface  of  the 
Fermi  sphere,  which  leads  to  a  2«-fold  integration,  i.e.,  a  factor  tip.  Together 
with  the  factor  k)fn,  arising  from  the  energy  denominators,  we  obtain  the 
total  factor  tip'1.  For  the  energy  shift  per  particle  one  can  write 

AE^jN  ~  knf2,  (3.5) 

a  result  in  agreement  with  our  earlier  conclusion  concerning  AE$K 


Fig.  2.  This  figure  shows  the  type  of  diagrams  giving  the  main  contribution  to  AE0 
in  the  case  of  large  density.  Diagram  a  is  an  arbitrary  example  of  this  type.  The 
contribution  of  the  simple  diagram  b  is  calculated  in  the  text. 

The  diagram  shown  in  figure  2b  is  a  very  simple  example  of  the  type 
considered.  A  straightforward  extension  of  the  calculation  of  (3.4)  gives  the 
following  result : 

AEM/N  =  (-  I)""1  3(27r)-2"  M»"i  knF~2  j  dqq*  v(q)n 

/}  dpi  .../q1  dpn  m  ...  fln{fli  +  ...  (pi  +  Pn)'1,  (3.6) 

which  is  valid  f  or  n  >  3.  For  w  =  2a  factor  J  must  be  added  to  accoun.t  for 
the  two  pairs  of  equivalent  lines  one  has  in  that  case  (see  I  section  3) .  Apart 
from  this  factor  (3.6)  reduces  to  (3.4)  f or  n  =  2.  We  see  further  that  (3.6)  is 
in  agreement  with  (3.5). 

Before  commenting  on  these  results  we  shall  calculate  the  ^-dependence 
of  the  contributions  of  the  Brueckner  diagrams  of  fig.  \a.  The  nth-order 
diagram  of  this  type  contains,  in  the  limit  of  large  density,  the  factor  &|rn. 
For  the  energy  shift  per  particle,  when  calculated  from  these  diagrams  only, 
we  find  for  n  >  2 

AE{q]/N  ~  k2fn  (Brueckner  approximation),  (3.7) 

a  contribution  which,  for  large  kp,  decreases  rapidly  with  n.  It  is  negligible 
compared  to  the  main  contribution  of  the  same  order  for  high  density.  It  is 
even  very  easy  to  see  that  the  Brueckner  diagrams,  together  with  the  dia- 
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grams  obtained  from  them  by  interchanging  holes  and  particles,  give  the 
smallest  contributions  in  this  case. 

The  conclusion  of  the  above  considerations  is  shown  in  the  following  table, 
where  for  each  order  n  in  the  perturbation  we  give  the  highest  power  of  kp 
occurring  in  the  total  energy  per  particle  Eo/N  and  also  the  power  which 
would  be  found  from  the  Brueckner  diagram  of  the  same  order. 


Order  n  = 

0 

1 

2 

3 

4 

5 

6 

Main  term 

2 

3 

0 

1 

2 

3 

4 

Brueckner  term 

2 

3 

0 

—  1 

—  2 

—  3 

—  4 

One  sees  that  the  terms  in  the  perturbation  expansion  contain  higher  and 
higher  powers  of  kp,  so  that  the  convergence  of  the  expansion  gets  worse 
with  increasing  density.  It  is  furthermore  seen  that  comparison  of  the  first 
order  with  the  second  order  term  in  the  expansion  is  highly  misleading  as  a 
test  for  overall  convergence. 

In  order  to  study  the  validity  of  the  Brueckner  approximation  Be  the  4) 
calculated  the  expression  (3.6)  in  3rd  order  in  the  perturbation.  His  result 
agrees  with  ours,  apart  from  some  constant  factors  arising  from  the  fact  that 
he  uses  Serber  forces.  It  depends  linearly  on  kp  for  large  density.  Thus  it  is 
indeed  small  compared  to  the  first  order  term  of  the  Brueckner  approxi- 
mation, but  it  is  large  compared  to  the  Brueckner  term  of  the  same  order. 
Our  general  results  show  clearly  that  the  Brueckner  approximation  neces- 
sarily is  very  poor  in  the  case  of  large  densities. 

The  density  of  nuclear  matter  falls  in  between  the  two  extreme  regions 
considered  in  the  previous  and  present  section.  It  is  certainly  not  excluded 
that  the  Brueckner  method,  which  is  in  essence  an  improved  approximation 
method  for  low  densities,  is  still  applicable  to  actual  nuclear  matter,  at  least 
for  qualitative  purposes,  but  one  should  realize  that  this  important  issue 
cannot  be  decided  on  the  basis  of  the  numerical  calculations,  published  so 
far  by  the  various  authors  working  in  this  field.  It  nevertheless  seems  clear 
that  the  Brueckner  method  should  not  be  expected  to  achieve  any  degree  of 
quantitative  accuracy. 

4.  On  the  metastable  character  of  the  excited  states.  It  was  already  stated  in  I 
that,  in  the  theory  of  an  imperfect  Fermi  gas,  none  of  the  perturbed  states, 
distinct  from  the  ground  state,  are  exactly  stationary.  In  this  section  we  shall 
show  how  this  conclusion  can  be  reached.  We  shall  base  our  discussion  on  the 
considerations  in  I,  in  particular  sections  10  and  14. 

As  shown  there,  to  each  unperturbed  state  |a>  #  |9?0>  there  corresponds  a 
quantity  Ea,  which  is  defined  as  the  root  of  equation  (I  10.6).  This  quantity 
Ea  is  the  energy  of  a  stationary  state  of  the  perturbed  system,  provided  the 
function  Ga(eo  +  z)  is  regular  at  the  point  z  =  Ea.  If,  on  the  other  hand, 
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£a(eo  _|_  z)  is  discontinuous  for  z  crossing  the  real  axis  at  Ea,  this  energy  has 
in  general  no  simple  physical  meaning.  If,  however,  the  discontinuity  of 
£a(eo  _j_  z)  at  z  =  Ea  is  small,  Ea  is  the  (approximate)  energy  of  a  metastable 
state.  The  discontinuous  change  of  Ga(e0  +_z)  at  2?a_can  then  be  written  as 
2iJa(e0  +  Ea),  where  the  positive  energy  J^sq  +  Ea)  gives  a  measure  for 
the  inverse  life-time.  In  fact,  as  shown  by  (I.  14.10),  the  inverse  life-time  is 

r^NJ^eo  +  K).  (4.1) 

Without  any  loss  of  generality  we  can  limit  our  considerations  to  excited 
states  |oc>  which  are  either  one-particle  states  \k  ;  >  (one  particle  in  addition 
to  the  Fermi  sea)  or  one-hole  states  ]  ;  my.  We  have  to_make  an  assumption 
concerning  the  perturbed  excitation  energies  Ek  and  Em  of  such  states  (we 
recall  that  Em  is  defined  as  negative).  We  shall  namely  suppose  that  the 
energies  Ek  and  Em  have  their  minimum  values  for  particles  and  holes  at 
the  surface  of  the  Fermi  sphere,  an  assumption  which  is  quite  reasonable  in 
our  case.  Introducing  the  perturbed  Fermi  energy  EF,  which  is  equal  to 
Ejc  and  —  Em  for  \k\  =  \m\  =  kF>  our  assumption  is  expressed  by 

Ek  >  EF  for  \k\  >  kF>  (4.2) 

and  Em>  —  EF  for  \m\  <  kF. 

To  decide  whether  the  states  considered  are  stationary  or  only  metastable, 
we  study  the  functions  Gk(e0  +  z)  and  Gm{s  +  z)  which  were  defined  in  I 
by  the  formulae 

d(k'  -  k)Gk(e0  +  z)  =  <*')[-  V  +  VD(e0  +  z)V  -  ...]idC  \k>,  (4.3) 

6{m'  -  m)Gm(eo  +  *)  =  <m'\[-  V  +  VD(s0  +  z)V      ...]wc  \tn>.  (4.4) 

From  these  equations  and  the  inequality  (4.2),  it  can  be  shown  that  the  line 
of  discontinuity  of  the  function  Gk{e0  +  z)  is  the  same  for  all  k  and  runs  from 
EF  to  +  oo,  while  the  line  of  discontinuity  of  Gm(e0  +  z)  always  runs  from 
—  EF  to  +  oo.  This  has,  as  one  can  easily  see,  the  consequence  that  for 
arbitrary  \k\  >  kF  the  function  Gk(e0  +  z)  is  not  continuous  at  Ek>  whereas 
Gm{eo  +  z)  is  not  continuous  at  Em.  Thus  the  states  considered  are  non- 
stationary. 

We  limit  ourselves  to  a  brief  outline  of  the  proof  of  this  important  property 
for  the  case  of  Gk(e0  +  z).  The  argument  for  Gm(e0  +  z)  is  similar.  The 
essential  point  is  that  in  (4.3)  one  has  among  others  intermediate  states  with 
energies  Ey  smaller  than  Ek  (This  situation  is  in  contrast  with  the  case  in 
field  theory  where,  in  diagonal  diagrams,  the  energies  in  the  intermediate 
states  are  always  larger  than  the  energy  of  the  state  considered).  The  proof 
consists  of  two  steps.  In  the  first  step  one  shows  that  the  line  of  discontinuity 
of  Gk[eQ  +  z)  extends  from  EF  to  +  oo  when  \k\  =  kF.  The  second  step 
extends  this  conclusion  to  the  case  \k\  >  kF. 
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It  must  be  emphasized  that  the  validity  of  the  proof  rests  entirely  on  the 
use  of  the  equations  (4.3)  and  (4.4),  where  the  energy  shift  in  the  inter- 
mediate states  is  explicitly  taken  into  account.  The  use  of  more  conventional 
formulae  for  Gk(so  +  z)  and  Gm(eo  +  z)  involving  the  unperturbed  energy 
denominators  (ey  —  z)_1  would  easily  lead  to  erroneous  results. 

Having  thus  indicated  why  no  perturbed  stationary  states  correspond  to 
the  unperturbed  states  \k  ;  >  and  |  ;  w>  of  one  particle  and  one  hole  re- 
spectively, we  still  have  to  show  that,  for  momenta  k  and  m  close  to  the 
surface  of  the  Fermi  sphere,  these  states  are  metastable.  A  close  examination 
of  different  approximate  expressions  for  Jk(eo  +  x)  and  Jm(eo  +  x),  which 
can  be  obtained  from  (4.3)  and  (4.4),  reveals  that,  for  \k\  and  \m\  close  to 
kF  and  for  small  x  >  0,  Jk(e0  +  EF  +  x)  =  0(x2),  Jm(e0  —  EF  +  x)  =  0(*2). 
This  behaviour  immediately  implies  that  Jk(eo  +  Ek)  and  Jm(eo  +  Em)  are 
proportional  to  (Ejt  —  EF)2  and  (Em  -f-  EF)2  respectively,  for  momenta 
near  the  Fermi  momentum.  These  quantities  are  consequently  small,  thus 
ensuring  the  metastable  character  oi  the  states  considered. 

The  conclusion  that  a  state  of  one  (additional)  particle  is  not  stationary 
but,  for  not  too  high  energies,  metastable  is  in  agreement  with  experiments 
on  the  scattering  of  nucleons  on  heavy  nuclei.  It  is  found  experimentally 
that  slow  nucleons  travel  a  considerable,  though  finite,  distance  through 
nuclear  matter  before  their  kinetic  energy  gets  absorbed  to  form  a  compound 
nucleus.  The  results  of  such  experiments  can  be  analysed  by  means  of  the 
optical  model  7) ,  where  the  interaction  between  the  nucleon  and  the  nucleus 
is  described  by  a  square  well  potential  with  a  small  imaginary  component. 
The  imaginary  part  of  this  potential  corresponds  exactly  with  the  decay 
constant  rk  =  NjtJjt(so  +  Ek)  given  by  (4.1). 

On  the  basis  of  the  Brueckner  approximation,  Brueckner,  Eden,  and 
Francis6)  derived  a  formula  for  the  imaginary  part  of  the  optical  po- 
tential. This  formula  can  also  be  obtained  from  the  exact  formulae  (4.1)  and 
(4.3)  if  a  number  of  approximations  are  made.  We  neglect  in  (4.3)  all  terms 
except  the  first  and  replace  the  function  Dy(eo  +  z)  in  the  intermediate  state 
|y>  by  (Ey  —  z)*1.  The  latter  approximation  was  already  discussed  in  section 
2;  it  involves  among  others  the  omission  of  the  factor  Ny  belonging  to  the 
intermediate  state.  The  decay  constant  J*  is  then  easily  found  to  be 

d(k'  -  k)rk  =  Nk7tfdy<  ;  k'\V\y>  <y\V\k  ;  >  d(Ey  -  Ek), 

a  formula  which  reduces  to  the  formula  of  Brueckner,  Eden  and  Francis 
if  also  the  factor  Nk  belonging  to  the  state  \k  ;  >  is  replaced  by  one.  As  stated 
before,  the  omission  of  the  two  factors  Nk  and  Ny  can  easily  lead  to  con- 
siderable errors  in  the  result.  Our  formula  (4.1)  provides,  however,  the  basis 
for  more  accurate  calculations  of  the  inverse  life-time  of  metastable  states. 

Acknowledgements.  The  author  is  indebted  to  Professor  L.  Van  Ho  ve  for 


235 

FERMI  GAS  MODEL  OF  HEAVY  NUCLEI  545 


many  helpful  discussions  and  for  his  continued  interest.  The  author  also 
wishes  to  thank  Professor  L.  Rose nf  eld  for  his  hospitality  at  the  theoretical 
Institute  of  Manchester  and  Dr.  E.  J.  Eden  for  many  fruitful  discussions. 

This  work  is  part  of  the  research  program  of  the  "Stichting  voor  Funda- 
menteel  Onderzoek  der  Materie",  which  is  financially  supported  by  the 
Netherlands  Organization  for  pure  scientific  Research  (Z.W.O.). 

Received  13-4-57. 

REFERENCES 

1)  Hugenholtz,  N.  M.,  Physica  23  (1957)  481  (this  issue). 

2)  See  e.g.,  Brueckner,  K.  A.  and  Levins.on,  C.  A.,  Phys.  Rev.  97  (1955)  1344;  also  Bethe, 
H.  A.,  Phys.  Rev.  103  (1956)  1353,  where  an  extensive  list  of  references  to  other  work  of  Brueck- 
ner and  coll.  can  be  found. 

3)  Swiatecki,  W.  J.,  Phys.  Rev.  103  (1956)  265. 

4)  Bethe,  H.  A.,  Phys.  Rev.  103  (1956)  1353. 

5)  Euler,  H.,  Z.  Physik  105  (1937)  553. 

Huby,  R.,  Proc.  Phys.  Soc.  (London)  A  62  (1949)  62. 

6)  Brueckner,  K.  A.,  Eden,  R.  J.  and  Francis,  N.  C,  Phys.  Rev.  100  (1955)  891. 

7)  Feshbach,  H.,  Porter,  C.  E.  and  Weisskopf,  V.  F.,  Phys.  Rev.  96  (1954)  448. 


35 


236 


A  THEOREM  ON  THE  SINGLE  PARTICLE  ENERGY 
IN  A  FERMI  GAS  WITH  INTERACTION 
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Synopsis 

This  paper  investigates  single  particle  properties  in  a  Fermi  gas  with  interaction  at 
the  absolute  zero  of  temperature.  In  such  a  system  a  single  particle  energy  has  only  a 
meaning  for  particles  of  momentum  \k\  close  to  the  Fermi  momentum  kp.  These  single 
particle  states  are  metastable  with  a  life-time  approaching  infinity  in  the  limit  \k\  ->  kp. 
The  limiting  value  of  the  energy  is  called  the  Fermi  energy  £>.  As  a  special  case  of  a 
more  general  theorem,  it  is  shown  that  for  a  system  with  zero  pressure  (i.e.  a  Fermi 
liquid  at  absolute  zero)  the  Fermi  energy  EF  is  equal  to  the  average  energy  per  particle 
E0/N  of  the  system.  This  result  should  apply  both  to  liquid  He3  and  to  nuclear  matter. 

The  theorem  is  used  as  a  test  on  the  internal  consistency  of  the  theory  of 
Brueckner1)  for  the  structure  of  nuclear  matter.  It  is  seen  that  the  large  discrepancy 
between  the  values  of  EF  and  E0/N,  as  calculated  by  Brueckner  and  Gammel  2), 
arises  from  the  fact  that  Brueckner  neglects  important  cluster  terms  contributing 
to  the  single  particle  energy.  This  neglection  strongly  affects  the  calculation  of  the 
optical  potential. 

1.  Introduction.  In  Brueckner's  theory1)  on  the  structure  of  nuclear 
matter  the  interior  of  a  nucleus  is  considered  as  a  gas  of  strongly  inter- 
acting Fermi  particles.  To  each  particle  a  separate  energy  Ei  is  assigned, 
which  depends  on  the  momentum  /  of  the  particle.  This  energy  is  written 
as  the  sum  of  the  kinetic  energy  l2/2M  and  a  potential  energy  Vh  The 
computation  of  Vi  from  a  set  of  implicit  equations  is  the  main  problem  in 
this  theory.  Once  V\  is  known,  the  energy  of  the  whole  system  in  its  ground 
state  is  given  by  the  simple  formula 

Eo  -  Lw<to  (mM  +  Wi)-  (0 

The  summation  is  extended  over  all  occupied  states,  i.e.  over  all  momenta 
smaller  than  the  Fermi  momentum  kp  *). 

One  might  ask  the  question,  what  is  the  physical  meaning  ol  this  single 
particle  energy  E\  or  the  "potential  energy"  Vi  in  a  system  of  strongly 
interacting  particles.  To  answer  this  question  we  consider  the  theory  of 
Brueckner  as  a  special  approximation  of  a  general  time-independent 

*)  •  We  put  h  =  1  throughout  this  paper. 
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perturbation  formalism  which  was  developed  earlier  by  the  authors  3) 
(to  be  quoted  as  I,  II  and  III).  As  will  be  shown  in  section  2,  it  then  turns 
out  that  only  to  particles  with  momentum  I  in  the  neighbourhood  of  the 
Fermi  momentum  kF  an  approximate  energy  Et  can  be  assigned.  Only 
in  the  limit  that  |/|  approaches  kF  the  energy  Ex  gets  a  precise  meaning. 
This  limiting  value  of  Ex  is  called  the  Fermi  energy  EF. 

Section  3  will  be  devoted  to  an  important  theorem  concerning  this  Fermi 
energy.  It  will  be  shown  rigorously  that  for  a  system  of  Fermi  particles  at 
its  ground  state  the  Fermi  energy  as  defined  above  is  equal  to  the  mean 
energy  per  particle,  provided  the  system  has  zero  pressure.  Nuclear  matter 
is  an  example  of  such  a  system. 

This  theorem,  which  is  a  special  case  of  a  more  general  formula,  derived  in 
the  first  half  of  section  3,  can  be  used  as  a  test  for  the  validity  of  the  ap- 
proximation of  Brueckner.  In  recent  calculations  of  Brueckner  and 
Gammel  2)  the  ground  state  energy  per  particle  is  found  to  be  —15  MeV, 
whereas  these  authors  find  for  the  Fermi  energy  the  value  —  34  MeV  *).  The 
cause  of  this  discrepancy  is  investigated  in  the  last  section.  Indications  are  pre- 
sented that  the  largest  part  of  the  discrepancy  comes  from  the  inaccuracy  of  EF. 

2.  The  single  particle  energy.  The  considerations  of  this  and  the  following 
sections  are  mainly  based  on  I  and  III.  We  consider  a  system  of  a  large 
number  N  of  Fermi  particles  enclosed  in  a  box  of  volume  Q.  For  simplicity 
we  assume  the  particles  to  have  no  spin  or  charge.  We  are  interested  in 
particular  in  the  case  that  both  N  and  Q  are  very  large  with  a  finite  density 
p  =  NjQ.  The  hamiltonian  H  of  the  complete  system  is  written  as  a  sum 
of  the  kinetic  energy  H0  and  the  interaction  V,  which  in  the  occupation 
number  representation  for  plane  wave  states  have  the  form 

H0=f1(\l\*l2M)  ft*ft, 

For  the  notation  we  refer  to  III.  ft  and  ft*  are  annihilation  and  creation 
operators  for  a  particle  with  momentum  I,  obeying  the  anticommutation 
relations 

{h,  ft*}  =  £(27r)-3  dkl. 
In  the  limit  Q      oo  the  right-hand  side  goes  over  into  the  Dirac  ^-function 
d(k  -  I). 

The  ground  state  |<p0>  of  the  unperturbed  system  is  the  state  where  all 
states  of  the  Fermi  sea,  i.e.  all  one  particle  states  with  momenta  less  than 
the  Fermi  momentum  kF,  are  occupied.  The  Fermi  momentum  kF  is  related 
to  the  particle  density  by  p  =  kF3/67i2. 


*)  As  Dr.  Brueckner  kindly  pointed  out  to  us,  the  numbers  quoted  here  are  not  quite  correct 
and  must  be  replaced  by  —  14.6  MeV  and  —  27.5  MeV.  The  discrepancy  is  therefore  13  MeV.  (Note 
added  in  proof). 
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All  other  stationary  states  of  the  unperturbed  system  are  characterized  by 
the  momenta  k\,  k<i,  ....  of  the  additional  particles  present  and  the  momenta 
mi,  mz,  ....  of  the  holes  present  (holes  are  unoccupied  states  of  the  Fermi 
sea) .  We  respectively  use  the  letters  k  and  m  to  indicate  momenta  larger  and 
smaller  than  the  Fermi  momentum  kp.  Because  the  annihilation  of  a  particle 
in  the  Fermi  sea  is  equivalent  to  the  creation  of  a  hole,  it  is  useful  to 
reinterpret  fm  and  |m*  for  \m\  <  &f  as  creation  and  annihilation  operators 
for  holes. 

We  have  thus  obtained  a  hamiltonian  which  exhibits  a  close  formal 
resemblance  to  a  field  theory  with  pair  creation.  There  is,  however,  an  im- 
portant difference,  which  will  be  considered  in  this  section.  Whereas  in  field, 
theory,  for  not  too  strong  coupling,  to  each  unperturbed  state  corresponds 
at  least  one  stationary  state  of  the  complete  system ;  this  is  not  the  case  in 
our  system,  which  is  essentially  dissipative.  In  I  and  II  a  simple  criterion 
was  given  for  the  existence  of  a  perturbed  stationary  state  corresponding 
to  a  state  |a>  of  the  unperturbed  system.  It  amounts  to  the  existence  of  a 
pole  for  the  expectation  value  of  the  resolvent  R(z)  =  (H  —  z)-1  for  the 
state  |a>.  As  shown  in  III  the  expectation  value  Dq(z)  of  R(z)  for  |<po>  has 
always  a  pole.  Consequently  there  exists  a  stationary  state  |^o>,  the  ground 
state  of  the  system  of  interacting  particles,  which  corresponds  to  the  un- 
perturbed ground  state  |<po>.  The  energy  of  |^o>  we  call  Eq.  The  explicit 
expression  of  |^o>  and  E$  was  determined  in  III. 

Next  we  consider  an  unperturbed  state  with  one  additional  particle  with 
momentum  k  (\k\y  kp)\  it  will  be  denoted  by  \k;>.  According  to  I  we  must 
study  the  function  Djt(z)  =  D%(z)  -*  Dq(z)  *)  of  the  complex  variable  z.  D^z) 
is  the  expectation  value  of  the  resolvent  R(z)  for  \k;>  except  for  a  factor 
d(o):  i;k  \R(z)  \  k' ;>  =  d(k  —  k')  Djt(z).  The  product  -*  is  the  convolution 
product  defined  and  extensively  used  in  III.  Dk(z)  was  defined  in  III 
(section  10)  by  a  series  in  increasing  powers  of  the  interaction  V,  all  terms 
of  which  can  be  represented  by  means  of  connected  diagrams  with  one  ex- 
ternal particle  line  at  both  ends  (the  diagrams  used  are  defined  in  III, 
section  3;  particle  lines  have  arrows  pointing  to  the  left,  lines  corresponding 
to  holes  the  opposite  direction).  The  decisive  point  is  now  whether  or  not 
D]c{z)  has  a  pole.  A  pole  would  mean  that  the  complete  system  has  a  statio- 
nary state  corresponding  to  the  unperturbed  state  |&;>.  The  absence  of  a  pole 
would  reveal  the  dissipative  nature  of  the  unperturbed  state  \k;}.  As  shown 
previously  (see  a  fourth  paper  4)  to  be  quoted  as  IV)  Djc(z)  has  no  pole  and 
consequently  D  &  (z)  can  have  none,  so  that  the  state  \k;>  is  a  dissipative  one  f). 
The  only  singularity  of  Djc(z)  is  a  cut  in  the  complex  plane  along  the  real 
axis,  running  from  some  point  Ep,  independent  of  k,  up  to  +00.  Whereas  the 

*)  To  avoid  the  unnecessary  appearance  of  the  term  eo  in  our  formulae  the  function  Dk(eo  +  z) 
defined  in  III  is  denoted  here  simply  as  Dk{z). 

t)  For  a  further  discussion  of  dissipative  states  see  5). 
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real  part  of  Dk(z)  varies  continuously  if  we  cross  this  cut,  the  imaginary 
part  changes  its  sign.  If  we  now  consider  the  discontinuity  of  the  imaginary 
part  of  Djc(z)  for  all  points  of  the  cut,  we  find,  in  the  case  that  \k\  is  very 
close  to  the  Fermi-momentum  kF,  a  high  narrow  peak  for  some  point  Ek  *). 
This  situation  is  to  be  compared  with  the  ^-singularity,  which  one  would 
find  if  Ek  was  a  pole  of  Dk(z).  In  the  limit  \k\  ->  kF  the  point  Ek  approaches 
the  branching  point  EF,  the  difference  Ek  —  EF  being  proportional  to 
|#|  _  kF.  The  width  rk  of  the  peak  decreases  as  (Ek  —  EF)2,  so  that  for 
\k\  —  kF  small  enough,  the  width  of  the  peak  is  small  compared  to  its 
distance  from  EF. 

Such  a  situation  was  analysed  in  III  (section  14).  In  the  case  that  rk  <^ 
Ek  —  EF  a  state  vector  \ipky  can  be  constructed,  which  corresponds  to  a 
metastable  state  with  an  approximate  energy  Ek  +  E0  and  a  life-time 
equal  to  JY-1.  The  metastable  character  of  \y>k>  is  exhibited  by  the  equation 

<Wr  \e~im\  Wk>  =  &{k'  -  k)  exp  [-i(E0  +  Ek)t  -  rk  \t\], 

which  holds  for  values  of  t  of  the  order  of  TV1  f).  The  energy  Ek  can 
then  be  interpreted  as  the  energy  of  a  metastable  particle  with  mo- 
mentum \k\y  kF,  moving  in  the  Fermi  gas  with  slow  dissipation  of  its 
momentum  and  energy  into  collective  types  of  motion  of  the  gas.  The 
success  of  the  optical  model  for  the  scattering  of  nucleons  on  heavy  nuclei 
is  experimental  evidence  for  the  existence  of  such  metastable  states  in 
nuclear  matter.  Conversely  we  can  say  that  our  theory  of  the  Fermi  gas 
with  interaction  accounts  for  the  low  energy  behaviour  of  the  optical 
potential. 

In  the  limit  of  \k\  ->  kp  the  single  particle  energy  Ek  tends  to  EF.  We  call 
this  limit  the  Fermi  energy.  The  life-time  /V1  tends  then  to  infinity,  and 
it  can  even  be  shown  that  EF  is  the  pole  (in  the  somewhat  broadened  sense 
defined  in  III  section  9)  of  the  function  Dkp(z).  Hence  a  state  with  one  addi- 
tional particle  at  the  surface  of  the  Fermi  sea  is  exactly  stationary,  with  an 
energy  E0  +  EF. 

Instead  of  states  with  an  additional  particle  one  can  also  consider  states 
with  a  hole  of  momentum  \m\  <  kF.  This  case  is  very  much  analogous  to  the 
former  one.  The  function  Dm{z),  which  is  defined  in  terms  of  connected 
diagrams  with  one  external  hole  line  at  both  ends,  has  for  \m\  close  to  kF 
a  similar  behaviour  as  Bk(z)  for  \k\  close  to  kF.  This  implies  for  the  case 
that  \m\  is  close  to  kF  the  existence  of  a  metastable  state  of  a  hole,  with 


*)  In  IV  this  quantity  was  denoted  by  Ek,  whereas  the  notation  Ek  was  there  used  for  Eo  +  Ek- 
The  notation  used  here  agrees  with  the  usual  one  in  the  Brueckner  theory. 

t)  In  III,  eq.  (14.8)  and  the  subsequent  equation  as  well  as  their  derivation  are  incorrect.  The 
definition  of  the  two  states  |ya>±  as  given  by  eq.  (14.2)  of  III,  however,  is  correct.  In  the  case  that 
|a)>  =  \k-,y  these  two  states  are  identical  and  are  denoted  by  |^fc^>. 
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an  approximate  energy  E0  —  Em.  Here  —  Em  is  the  point  on  the  real  axis 
where  Dm(z)  is  strongly  peaked  *).  It  can  be  interpreted  as  the  energy  of 
a  hole  of  momentum  —  m  near  the  surface  of  the  Fermi  sea,  and  Em  therefore 
can  be  regarded  as  the  energy  of  a  particle  of  momentum  m  in  the  Fermi  sea. 
In  the  limit  \m\  =  kF,  Dm(z)  does  have  a  pole  which,  as  was  surmised  in  IV 
and  will  be  confirmed  in  the  next  section,  is  equal  to  —  EF,  where  EF  is  the 
Fermi  energy  as  defined  above. 

We  should  like  to  stress  here  that  all  our  considerations  are  based  on  the 
assumption  of  convergence  of  all  series  involved.  It  may  very  well  be  that 
in  addition  to  the  ground  state  and  metastable  excited  states  here  considered 
for  the  Fermi  gas  with  interaction  there  exist  another  "abnormal"  stationary 
state  and  metastable  excitations  of  it,  depending  in  a  singular  way  on  the 
two-body  interaction  and  therefore  not  directly  accessible  to  our  methods. 
The  possibility  of  such  abnormal  states  for  a  Fermi  gas  with  attractive 
forces  has  been  established  by  Bardeen,  Cooper  and  Schrieffer  6)  in 
their  theory  of  superconductivity.  How  the  abnormal  states  can  be  obtained 
in  the  perturbation  formalism  based  on  diagrams  has  been  shown  by 
Bogolubov7).  The  possible  existence  and  observability  of  such  abnormal 
states  for  nuclear  matter  and  liquid  helium  3  are  questions  of  great  impor- 
tance which  we  shall  not  discuss  here. 

3.  Theorem  on  the  Fermi  energy  EF.  We  start  this  section  with  the  deri- 
vation of  a  formula  for  Dk(z),  which  brings  to  light  a  close  similarity  between 
this  function  and  the  ground  state  expectation  value  <<p0  \R(z)  \  <Po>  =  D0(z). 
We  shall  make  an  extensive  use  of  the  methods  presented  in  III.  Before 
doing  so  we  want,  however,  to  stress  the  following  point.  As  is  well  known, 
the  general  perturbation  method  as  developed  in  I,  II  and  III  is  only 
exact  if  the  particle  number  N  and  the  volume  Q  of  the  system  are  so  large 
that  terms  proportional  to  Q'1  or  iV"1  can  be  neglected.  Nevertheless 
several  definitions  and  results  of  III  are  also  exactly  valid  for  systems  with 
arbitrary  finite  N  and  Q.  This  is  the  case  in  particular  with  the  definitions 
and  calculation  rules  of  diagrams,  diagonal  diagrams,  connectedness  and  also 
with  the  theorem  on  the  convolution  of  the  contributions  of  two  diagrams 
(section  7,  eq.  4).  We  use  this  important  fact  in  the  following  derivation. 

We  take  a  finite  cubic  box  with  volume  Q,  and  impose,  as  usual,  periodic 
boundary  conditions.  Let  the  state  vector  \<p>,  which  is  normalized  to  one, 
describe  a  state  of  the  unperturbed  system  where  N  particles  occupy  N  given 
single  particle  plane-wave  states.  This  set  of  N  single-particle  states  we 
shall  call  the  "sea".  The  state  \<p>  may  be  different  from  the  unperturbed 
ground  state  |^0>-  AH  other  states  of  the  unperturbed  system  can  be  obtained 
from  \<p>  by  the  application  of  suitable  operators  §k*  or  gm,  thereby  creating 

*)  Em  in  this  paper  corresponds  to  the  quantity  Em  in  IV.  The  single  particle  energy  for  particles 
in  the  Fermi  sea  is  now  Em. 
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additional  particles  or  holes.  Clearly  the  momenta  k  of  the  additional 
particles  must  be  outside  the  sea,  whereas  the  momenta  m  of  the  holes 
must  belong  to  it. 

In  calculating  the  diagonal  matrix  element  <sp  \R(z)  |  <p>  we  make  use  of 
diagrams.  If,  just  as  in  III,  lines  running  from  right  to  left  (from  left  to  right) 
represent  particles  (holes),  we  obtain  diagrams  identical  with  those  which 
were  used  in  III  for  calculating  D0(z)  =  <<po  \R(z)  \  yo>.  Their  contributions 
are,  however,  different,  because  the  momenta  k  and  m  of  the  virtual  particles 
and  holes  have  now  to  be  summed  over  different,  discrete  sets  of  values.  The 
diagrams  contributing  to  <<p  \R(z)\  <p>  are  either  connected  or  consist  of  two 
or  more  connected  parts.  If  we  denote  the  total  contribution  to  <<p\R(z-\-e)\q>> 
of  all  connected  diagrams  by  B(z),  with  e  the  energy  of  \q>>,  the  total  contri- 
bution to  <<p  \R(z  +  e)  \y>  of  all  diagrams  consisting  of  two  connected  parts 
is  equal  to 

\B{z)*B{z). 

Here  we  used  the  convolution  in  the  complex  plane  introduced  in  III 
(section  7).  The  factor  J  accounts  for  the  fact  that  this  convolution  gives 
each  term  twice.  Proceeding  in  the  same  way  with  diagrams  consisting  of 
three  and  more  components,  one  finds  easily 

<sp  \R(e  +  z)  \<p>  =  -*-!  +  B(z)  +  \B(z)*B(z)  +  \  B(z)  *B{z)  * B(z)  +  ....  (2) 

For  the  special  choice  where  |<p>  =  |<po>  equation  (2)  leads  to 

D0{eo  +  z)  =  -z-i  +  B0(z)  +  %BQ(z)  *  B0{z)  + 

+  lB0(z)  *BQ(z)  *B0(z)  +  ....  8),  (3) 

where  Bq(z)  is  defined  as  the  sum  of  the  contributions  of  connected  ground 
state  diagrams;  £0  is  the  energy  of  the  unperturbed  ground  state  \<po>. 

We  now  also  apply  (2)  for  another  choice  of  \<p>.  We  take  for  |<p>  the 
unperturbed  state  \yicy,  where  in  addition  to  the  iV  particles  in  the 
Fermi  sea  of  |<po>  there  is  an  extra  particle  of  momentum  k  (\k\ykp).  The 
total  contribution  of  all  connected  diagrams  (without  external  lines)  to 
(<p]c  \R(e  +  z)  \  <p0,  where  e  =  eo  +  k2/2M,  we  denote  by  Bje(z).  Equation  (2) 
reads  for  this  case 

<<Pk\  R(eo  +  +  z)  \<pu>  =  -z-i  +  Bk(z)  +  \Bk(z)  *  Bk(z)  + 

+  J  Bk(z)  *  Bk(z)  *  Bk(z)  -h  

Introducing  the  notation  Bk(z)  —  Bq(z)  =  Bk(z)  we  are  lead  to  the  equation 
<<Pk\  R(eo  +  &I2M  +  z)\cpk>  =  -  z-i  +  (B0(z)  +  Bk(z))  + 

+  i(B0(z)  +  Bk(z))  -x-  (B0(z)  +  Bk(z))  +  


If  we  compare  this  series  with  the  exponential  series  we  see  immediately 
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that  it  can  be  written  as  the  convolution  of  two  functions  one  of  which,  by 
equation  (3),  is  equal  to  Do(eo  +  z).  Thus 

<<pk  \R{eQ  +  &/2M  +  z)\ <pk>  = 

=  D0{eo  +  z)*  [-^-i  +  Bk(z)  +  \Bk(z)  *  Bk(z)  +  ....].  (4) 

The  state  vectors  \cpky  and  \k;>  m  <p0>  describe  the  same  state. 
Remembering  their  different  normalization  we  can  write 

|£;>=£i/2(2rc)-3/2  |n>. 

Hence 

Dk{z)  8*(k  -  k')  m  <;k*  \R(z)\  k;>  =  dr>k  <.;k  \R(z)\  k;>  = 

=  Q{2n)-*  dk>,k  <cpk  \R(z)\  <pk>  =  <<pk  \R(z)\  9k>  d^{k  -  k'), 

where  we  used  the  relation  between  Kronecker  symbol  and  ^-function  for 
finite  Q  (see  III,  section  2) : 

d*(k  -  k')  =  ^(2tt)-3  <5*,*>. 

We  see  that 

<<pk\R(z)\<pk>  =  Dk(z).  (5) 

As  we  know  Dk(z)  can  be  expressed  very  simply  in  terms  of  Dk(z),  which 
is  defined  by  means  of  connected  one  particle  diagrams,  and  Do(z)  by  the 
formula  (see  III  (10.1)) 

Dk(e0  +  *)■«=  Dk(z)  *  D0(e0  +  z).  (6) 

Comparing  (4)  and  (6)  we  get 

Dk(k*/2M  +  z)  =  -  r*  +  £i(x)  +  *  5*^)  + 

+        *  JJ*w  *       +   (7) 

This  equation,  which  is  formally  quite  similar  to  equation  (3)  for  Dq(z), 
is  strictly  valid  for  a  finite  system.  We  are  ,  however,  specially  interested  in 
the  case  that  both  Q  and  N  are  infinite.  We  therefore  study  the  function 
Bk(z)  in  this  limit.  As  follows  from  its  definition  the  function  Bk(z)  can  be 
obtained  from  Bq(z),  if  in  the  latter  each  summation  fki  corresponding  to  a 
particle  line  is  replaced  by  (fkf  —  (2tt)3^-1  X  term  with  kt  =  k)  and  each 
summation  /  for  a  hole  line  is  replaced  by  (fmj  +  (2n)s Q'1  X  term  with 
m3  =  k).  Keeping  in  mind  that  Bq(z),  which  was  defined  in  terms  of  connect- 
ed ground  state  diagrams,  is  proportional  to  Q  in  the  limit  of  Q  ->  oo,  we 
see  that  Bk(z)  =  Bk(z)  —  Bq(z)  contains  a  main  term  independent  of  Q, 
and  other  terms  which  vanish  if  Q  tends  to  infinity.  The  function  Bk(z)  is 
therefore  well  defined  also  for  an  infinitely  large  system.  Replacing  summa- 
tions by  integrations  and  keeping  only  those  terms  which  are  independent 
of  the  volume  Q,  Bk(z)  is  calculated  in  the  following  way.  It  is  a  sum  of  terms, 
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each  of  which  is  obtained  from  the  function  (2n)z  Q~x  B$(z)  by  putting  the 
momentum  of  one  of  the  lines  equal  to  k  and  performing  the  integration  over 
all  other  momenta.  If  the  momentum  which  is  put  equal  to  k  belongs  to  a 
particle  line,  the  corresponding  term  gets  a  minus  sign.  Both  sides  of 
equation  (7)  have  well  defined  finite  limits  for  Q  ->  oo.  We  can  now  return 
to  this  limiting  case. 

Although  equation  (7)  for  general  k  is  interesting  in  itself,  giving  an 
alternative  way  of  calculating  Djt(z),  we  are  here  particularly  interested 
in  the  limit  of  \k\  tending  to  kp.  In  this  limit  the  relation  between  Bk(z)  and 
Bo{z)  has  the  following  very  simple  form 

Bkr(z)  =  2n*kF-*         (B0(z)IQ) .  (8) 
dkp 

To  prove  equation  (8)  we  notice  that  Bo(z)/Q  depends  on  kp  only  through 
the  limits  of  integration  of  the  integrals  over  particle  and  hole  momenta. 
Differentiation  of  Bo(z)/Q  with  respect  to  kp  gives  a  sum  of  terms,  in  each  of 
which  the  momentum  of  one  line  is  put  equal  to  kp.  There  is  in  addition 
a  common  factor  Ankp2  resulting  from  integration  over  the  surface  of  the 
Fermi  sphere.  Also  here  one  gets  a  minus  sign  if  the  fixed  momentum  belongs 
to  a  particle  because  then  kp  appears  in  the  lower  integration  limit.  The 
factors  Ankp2  and  2n2\kp2  give  together  exactly  (2tt)3,  thus  establishing 
equation  (8).  Using  the  well  known  relation  between  kp  and  the  density 
p  :  N/Q: 

p  =  kFS/67Z2, 

equation  (8)  gets  the  simpler  form 

B*M  =  ^-(Bo(z)IQ).  (9) 
dp 

We  now  make  essential  use  of  the  great  formal  similarity  of  equations  (3) 
and  (7).  Clearly  D0(s0  +  z)  changes  into  Dk{k2j2M  +  z)  if  in  (3)  B0(z)  is 
replaced  by  Bk(z).  It  was  shown  in  III  (section  9)  that  Do(e0  +  z)  can  be 
expressed  very  simply  in  terms  of  the  function  Gq{eq  +  z)  =  z2B$(z).  In 
particular  Dq(sq  +  z)  was  found  to  have  a  simple  pole  at  z  =  —  ^o(eo)  with 
the  residue  exp(—  Go' {so}),  where  the  prime  means  the  derivative  with 
respect  to  z.  This  was  a  consequence  of  the  fact  that  z2Bo(z)  =  Go{eo  +  z) 
had  no  singularities  on  the  negative  real  axis  of  the  z-plane.  The  same 
property  holds  for  z2Bk(z)  when  \k\  =  hp.  By  analogy  we  therefore  conclude 
immediately  that  DkF(kp2l2M  +  z)  has  a  pole  at  the  point 

z  =  -  lim^o  [z^BfCrizi)]  «.  -  JL  (G0(eo)/Q)t  (10) 

dp 

with  a  residue 


exp[-^-(Go'(*o)/fl)]. 
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As  follows  from  the  definition  of  the  Fermi  energy  EF,  the  pole  of 
DkF(kF2l2M  +  z)  is  equal  to  AEF  =  EF  —  kF2/2M.  We  have  thus  from  (10) 

AEF  =  (AEo/Q). 
dp 

The  same  relation  holds  for  the  kinetic  parts  of  EF  and  E0,  hence 

EF  =  -^(EolQ).  (11) 
dp 

This  equation,  if  written  in  the  equivalent  form 

Ef  =  (w)0' 

where  the  derivative  is  taken  at  constant  Q,  shows  that  the  Fermi  energy 
EF,  as  defined  in  the  previous  section  in  terms  of  one-particle  diagrams,  is 
equal  to  the  change  in  ground  state  energy  of  the  system  produced  by 
addition  or  removal  of  one  particle  at  constant  volume. 

For  the  function  Dm(z)  (\m\  <  kF),  which  is  the  counterpart  of  Dk(z) 
for  holes,  one  can  proceed  in  exactly  the  same  way.  Instead  of  (7)  one  finds 

Dm{-  m2\2M  +  z)  = 

=  _  z-i  +  Bm(z)  +  \Bm(z)  *  Bm(z)  +  \Bm(z)  *  Bm(z)  *  Bm(z)  +....,  (12) 

where  Bm(z)  is  defined  in  exactly  the  same  way  as  Bjc(z),  except  for  the 
momentum  k  being  replaced  by  m  and  the  roles  of  particle  and  hole  lines 
being  interchanged.  It  is  easily  seen  that  the  limit  of  Bm(z)  for  \m\  ->  kF 
is  equal  to  —  BjcF(z).  Forming  now  the  convolution  of  Dk(k2l2M  +  z)  and 
Dm(—  m2/2M  +  z)  for  \k\  =  \m\  =  kF  one  finds,  after  an  obvious  shift  of 
z  in  both  functions 

Dk(z)  *  Dm(z)  =  -  z~\  for  |^|  =  \m\  =  kF. 

This  equation  implies,  that  the  poles  of  Dk(z)  and  Dm(z)  for  |^|  =  \m\  =  kF 
add  up  to  zero,  while  the  corresponding  residues  have  a  product  equal  to  one. 
Since  the  sum  of  the  poles  is  zero,  the  energy  of  a  hole  at  the  surface  of  the 
Fermi  sea  is  equal  to  —  EF.  Therefore  the  energy  Ei  of  a  particle  of  mo- 
mentum |/|  close  to  kF,  as  defined  in  section  2  for  |/|  smaller  or  larger  than 
kF>  is  continuous  at  |/|  =  kF. 

Equation  (11)  can  be  expressed  in  terms  of  the  energy  per  particle  instead 
of  the  energy  per  unit  volume : 

EP  =  EolN  +  p-~(EolN). 

dp 
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In  terms  of  the  pressure 

/  dE0\  d 

this  equation  reads 

EF  =  E0/N  +  p/p. 

In  the  case  that  the  system  is  in  equilibrium,  i.e.,  at  a  density  such  that  the 
pressure  vanishes,  we  obtain  the  equation 

EF  =  E0/N.  (13) 

This  equality  of  the  Fermi  energy  and  the  average  energy,  which  we  have 
proved  generally,  was  derived  recently  by  Weisskopf  9)  on  the  basis  of 
the  independent  particle  model.  Be  the  10)  considered  it  to  be  only  a  rough 
approximation. 

4.  Test  on  the  accuracy  of  the  theory  of  Brueckner.  In  this  last  section  the 
theorem  ( 1 3)  derived  in  section  3  will  be  used  as  a  test  on  the  validity  of  the 
Brueckner  theory.  Recently  very  accurate  calculations  on  the  basis  of  this 
theory  have  been  made  by  Brueckner  and  Gammel  2).  The  following 
discussion  will  be  based  mainly  on  the  results  of  their  work. 

Our  considerations  will  be  of  special  interest  because  the  calculations  of 
Brueckner  and  Gammel  show  that  their  results  vary  strongly  with  slight 
changes  in  the  forces  between  the  particles  *).  Good  agreement  with  the  ex- 
periments does  therefore  not  guarantee  the  accuracy  of  the  theory.  The 
test  to  be  discussed  here,  on  the  contrary,  is  independent  of  the  choice  of 
the  forces,  for  equation  (13)  must  hold  for  all  forces. 

For  the  average  energy  Eo/N  and  the  Fermi  energy  £p  Brueckner  and 
Gammel  find  — 15  MeV  and  —34  MeV  respectively.  There  is  a  discrepancy 
of  about  20  MeV,  which  shows  that  at  least  one  of  these  values  is  very 
inaccurate.  To  investigate  the  origin  of  the  discrepancy  we  consider  the 
theory  of  Brueckner  as  an  approximation  of  our  exact  perturbation 
formalism,  as  was  done  in  IV  f).  It  was  shown  there  how  one  can  obtain 
the  theory  of  Brueckner  from  the  exact  theory  by  selecting  only  those 
terms  which  correspond  to  a  certain  class  of  diagrams.  The  relevant  terms 
for  E0,  Ek  and  Em  {\k\  >  kp  and  \m\  <  kF)  are  represented  by  the  diagrams 
of  type  a,  b  and  c  of  fig.  1  **). 

Let  us  consider  equation  (3)  and  equation  (7)  where  Bjt(z)  is  obtained 


*)  We  are  indebted  to  Dr.  J.  L.  Gammel  for  communication  of  this  and  many  other  as  yet 
unpublished  results. 

t)  The  equation  for  the  scattering  matrix  G  in  IV  at  the  bottom  of  page  537  contains  an  error. 
The  energy  denominator  must  read  Ekx  +  Ek2  —  |£l3l  —  \EiA\- 

**)  The  additional  complications  originating  from  the  use  of  shifted  energies  in  the  denominators 
are  not  relevant  for  our  discussion  and  are  omitted  for  simplicity. 
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from  B 0(2)  in  the  way  prescribed  in  section  3.  If  we  approximate  B0(z)  in 
these  equations  by  taking  the  diagrams  of  fig.  U  only,  we  must  still  ex- 
pect that  the  approximate  values  one  then  finds  for  Ep  and  Eo/N  coincide 
(the  latter  value  is  the  Brueckner  approximation  for  the  binding  energy). 


C 

Fig.  1.  The  Brueckner  diagrams.  The  diagrams  a,  b  and  c  correspond  to  the  ground 
state  energy  E0  and  the  energies  Ek  and  ~Em  of  particles  and  holes  respectively. 

The  function  Bk(z)  in  the  approximation  now  considered  is  equal  to  the  sum 
of  the  contributions  of  all  single  particle  diagrams,  obtained  from  the 
ground  state  diagrams  of  fig.  \a  by  replacing  any  internal  line  by  two  ex- 
ternal particle  lines.  This  leads  to  two  types  of  diagrams.  The  first  type, 
where  one  of  the  hole  lines  is  replaced  by  two  external  particle  lines,  is 
shown  in  fig.  \b.  The  other  type,  shown  in  fig.  2a,  is  obtained  from  fig.  \a  by 
replacing  one  of  the  many  internal  particle  lines  by  two  external  particle 


a  b 

Fig.  2.  This  figure  shows  some  single  particle  energy  diagrams  neglected  in  the  theory 
of  Brueckner;  the  diagrams  a  and  b  correspond  to  particles  outside  and  inside  the 

Fermi  sea  respectively. 

lines.  It  is  seen  from  (7)  that  in  the  present  approximation  Dk(z)  is  a  sum  of 
the  contributions  of  these  diagrams  and  of  the  more  complicated  ones 
constructed  by  linking  together  two  or  more  of  such  diagrams.  All  these 
single  particle  diagrams,  with  the  exception  of  the  one  in  fig.  \b,  are  ne- 
glected in  the  theory  of  Brueckner.  They  contain  three  and  more  particle 
clusters.  From  the  numerical  discrepancy  between  Eq[N  and  Ep  found,  as 
mentioned  above,  by  Brueckner  and  Gammel,  we  must  conclude  that  for 
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\k\  =  kF  the  total  contribution  of  the  diagrams  neglected  in  the  Brueckner 
theory  is  considerable.  It  must  account  for  a  difference  of  about  20  MeV. 
It  seems  reasonable  to  suppose  that  among  the  neglected  terms  the  most 
important  ones  are  those  represented  by  diagrams  of  the  type  of  fig.  2a  and 
the  corresponding  diagrams  for  holes  in  fig.  2b.  This  is  also  suggested  by 
the  following  consideration. 

The  theory  of  Brueckner  can  be  considered  as  the  first  term  in  the  so- 
called  cluster  expansion  n).  Using  the  if -matrix  instead  of  the  interaction  V 
all  quantities  are  expressed  by  means  of  a  very  much  smaller  number  of 
diagrams,  namely  those  diagrams,  where  no  two  successive  vertices  are  con- 
nected by  two  particle  lines  (G olds t one  n)  called  them  irreducible;  we 
have  used  this  term  in  III  already  with  another  meaning  ).  The  diagrams 
corresponding  to  the  first  three  terms  of  the  cluster  expansion  for  Eq  are 
shown  in  tig.  3.  To  each  dot  there  corresponds  a  if -matrix.  The  first  term  in 
the  figure  gives  the  Brueckner  approximation;  it  corresponds  to  diagram 
a  of  fig.  1 .  The  cluster  expansion  can  be  considered  as  a  power  series  in  the 


Fig.  3.  The  first  three  diagrams  of  the  cluster  expansion  for  Eq. 


If -matrix.  The  Brueckner  approximation  is  based  on  the  assumption  that 
this  series  converges  rapidly.  The  second  term  in  fig.  3  was  calculated  by 
Be  the  10)  for  the  case  of  Yukawa  forces.  It  was  found  to  be  less  than  1  MeV, 
which  is  indeed  very  small  compared  to  the  main  term.  We  notice  from  fig.  3 
that  the  cluster  expansion  for  Eq  contains  no  term  with  two  if -matrices. 
This  has  the  consequence  that  even  for  a  comparatively  slow  convergence  the 
first  term  can  be  a  reasonably  accurate  approximation. 

The  first  two  diagrams  of  the  cluster  expansion  for  the  single  particle 
energy  Ei,  are  given  in  fig.  4a  for  |/|  >  kp,  in  fig.  4b  for  |/|  <  kp.  Also  here 
the  first  diagrams  of  a  and  b  give  the  Brueckner  approximation  and  corre- 
spond to  diagrams  b  and  c  of  fig.  1 .  Comparing  the  first  diagrams  in  fig.  3 
and  fig.  4b  we  find  the  well-known  relation,  characteristic  of  the  Brueckner 
theory,  between  the  energy  shift  AE0  of  the  ground  state  and  the  shift 
Vi  =  Ei  —  l2/2M  of  the  single  particle  energy: 

AE0  =  i£(27r)-s  /*"  d^mVm> 

which  is  another  form  of  ( 1 ) .  In  the  case  of  particles  with  spin  and  isobaric 
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spin  J  a  factor  4  must  be  added  at  the  right-hand  side.  One  sees  again  that 
(1)  is  not  an  exact  equation  *). 

The  cluster  expansion  for  Ei  involves  a  term  with  two  i£-matrices  which 
might  be  quite  appreciable  in  case  of  a  slow  convergence  of  the  series.  This 
term  corresponds  exactly  to  the  type  of  diagrams  shown  in  fig.  2,  so  that  we 
must  expect  the  neglection  of  the  diagrams  in  fig.  2  to  be  largely  responsible 
for  the  discrepancy  between  Eo/N  and  Ep  in  the  theory  of  Brueckner. 
We  have  made  a  rough  estimate  of  this  term,  for  spin  and  charge  independent 
Yukawa  forces.  Making  the  same  approximation  as  Be  the  did  in  his  calcu- 
lation of  the  three-particle  cluster  term  in  Eo,  we  find  approximately  1 2  MeV 
for  the  second  term  in  fig.  4a  or  b,  for  a  momentum  |/|  =  kp.  This  shows  that 
even  for  these  unrealistic  forces  the  main  single-particle  energy  term  left  out 
by  Brueckner  is  quite  large.  A  calculation  of  this  term  and  other  cluster 
terms  neglected  in  the  Brueckner  theory,  on  the  basis  of  more  realistic 
forces  with  a  repulsive  core,  would  be  very  interesting.  We  may  conclude 
already,  however,  that  in  the  theory  of  Brueckner  the  single-particle 
energy  is  treated  very  inaccurately.  The  influence  of  this  inaccuracy  on  the 
calculation  of  the  ground  state  energy,  which  manifests  itself  only  through 
the  energy  denominators,  is  probably  not  very  large  in  the  nuclear  case.  For 
the  calculation  of  the  optical  potential  the  situation  is  completely  different 
and  one  clearly  must  take  into  account  the  terms  which  we  discussed  in  the 
present  section. 


Fig.  4.  The  first  two  terms  of  the  cluster  expansion  for  the  single  particle  energy  Et; 
a  and  b  correspond  to  |/|  >  kF  and  |/|  <  kF  respectively. 

Quite  recently,  one  of  the  present  authors  having  brought  the  large 
internal  inconsistency  revealed  in  Brueckner's  theory  by  the  theorem 
here  discussed  to  his  attention,  Brueckner  reconsidered  the  problem  in  the 
framework  of  his  theory  and  suggested  to  use  the  theorem  itself  for  obtaining 


*)  Differentiation  of  (1)  with  respect  to  the  density  p  would  lead  to  (1 1),  provided  Vi  would  not 
depend  on  p.  We  know,  however,  that  such  is  not  the  case. 
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a  better  definition  of  the  single-particle  energy*).  The  new  definition 
amounts  to  replacing  the  single-particle  energy  EiB  of  the  original  Brueck- 
ner  approximation  (first  term  in  fig.  4a  of  b)  by  a  shifted  value  EiB  +  e, 
where  the  quantity  e,  assumed  independent  of  the  momentum  /,  is  defined 
by  the  condition 

Ei?  +  e  =  Eo/N  for  |/|  =  kF. 

An  obvious  correction  term  is  then  added  to  the  formula  expressing  Eq  in 
terms  of  the  single-particle  energies.  This  elementary  way  of  circumventing 
the  inconsistency  suffers  from  two  obvious  defects.  The  momentum  inde- 
pendence of  e  is  completely  unfounded  in  a  theory  where,  as  in  B rue c li- 
ner's, the  potential  energy  part  of  EiB  has  an  important  momentum  varia- 
tion. In  the  second  place,  a  proper  definition  of  the  single-particle  energy 
should  be  entirely  formulated  in  terms  of  the  propagation  of  an  additional 
particle  (or  a  hole)  of  given  momentum  through  the  given  medium.  Such  is 
the  case  with  the  definition  of  Ei  in  the  general  theory  used  here  and  this  is 
the  only  reason  why  our  theorem  is  not  trivial.  Brueckner's  definition  of  e, 
on  the  contrary,  is  in  fact  based  on  a  comparison  between  two  states  of  the 
medium  with  two  different  densities. 

The  authors  are  very  grateful  to  Dr.  J.  L.  Gammel  for  many  stimulating 
discussions,  some  of  which  were  at  the  origin  of  the  present  work.  They  are 
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